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Abstract

We study in this thesis functional spaces involved in crack
problems in unbounded domains. These spaces are defined by
closing spaces of Sobolev H! regularity functions (or vector fields)
of bounded support, by the L? norm of the gradient. In the case
of linear elasticity, the closure is done under the L? norm of the
symmetric gradient. Our main result states that smooth func-
tions are in this closure if and only if their gradient, (respectively
symmetric gradient for the elasticity case), is in L?. We provide
examples of functions in these newly defined spaces that are not
in L2. We show however that some limited growth in dimension
2, or some decay in dimension 3 must hold for functions in those
spaces: this is due to Hardy’s inequalities.
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Introduction

Let d be 2 or 3 and U an open and bounded subset of R?. If d = 2
let I be a smooth open curve strictly included in U. It is assumed that T’
is a smooth curve, non self intersecting, with two end points, see Figure 1;
if d = 3, I' is assumed to be open and bounded in U and to be a smooth
manifold with a smooth boundary. In each case we assume that a normal
vector n to I' is well defined.

Consider the following crack problem

find a function w in U such that
Au=0inU\T

u =0 on U

[Onu] = 0 across T

[u] = g across T
where [u] is the jump of u across I', which is defined as

[u](z) = hhj& u(z + hn) —u(x —hn), zel

Problem (1-4) can model at least two physical situations. The first one, in
electrostatics, u is an electric potential forced to be zero on the boundary of
U. T' is a charged crack in U. The electric field is continuous across I'.

The second physical situation relates to two dimensional elastostatics: in
this case we assume that d = 2 and that U is a cross section of an infinite
domain that is linear in the third dimension. Displacements u all occur
along that third dimension. It is then assumed that the boundary of U is
immobile, a slip (along the third dimension) is imposed on ' and the elastic
domain deforms accordingly. The strain vector is assumed to be continuous
across the crack I'. u measures the displacements at each point.

It is well known that problem (1-4) is well posed for the unknown w in
the Sobolev space H (U \ T') and the forcing term ¢ in H2(I'), where this
latter space is defined as follows: if IV is a closed smooth curve if d = 2
(respectlvely a closed smooth surface if d = 3) which strictly contains T,
H2(T) is the space of functions in Hz(I") supported in T, see [9]. Problem
(1-4) can be easily solved from the following variational formulation. Let w
be in H'(U \ T') such that [w] = g, and w is zero away from a neighborhood



Figure 1 — The bounded domain U cut by the crack I’

of I'. The existence of w may be explained by potential theory. Let

1 1
G = —1

be the free space Green’s function for the Laplacian in R% Let ¢ be a
function in C2°(U) equal to 1 in a neighborhood of I'. We may define w as

w(z) = —p(a) / By G, )9 () dy

Set & = u—w. Solving for u is equivalent to solving the following variational
problem for u:

find a function @ in HJ(U) such that
/va-w:—/vm-w, Vv € Hy(U)
U U
or by solving the following minimization problem
find a function @ in H}(U) minimizing

1
5/U|W|2+/UVw-w, v e HYU)

In this thesis we address the following questions: how can we formulate
problem (1-4) in unbounded domains? Which functional space will need



to be considered to obtain a proper formulation? What can be said in the
case of full three dimensional elasticity equations? We will be particularly
interested in the case where the unbounded domain of interest is the half
space xg < 0 cut by I'. Focusing on this particular case is driven by appli-
cations to geophysics. In the case where the dimension d is 2, we will define
a functional space, V', which was crucial in a prior study, [3]. That paper
is actually about an eigenvalue problem derived from (1-4). The analog of
this eigenvalue problem in the bounded set U is

find a function v in U such that
Au=0in U\T

u =0 on oU

[Onu] = 0 across I’

Blu] = Oqu across T,

where (3 is the eigenvalue. This problem can be solved from the following
variational formulation:

find a function w in H'(U \ T') such that v = 0 on U and
/ Vu- Vv = ﬁ/ [u][v], Vv € H'(U\T) such that v =0 on OU
U r

or by solving the following minimization problem

find a function w in H'(U \ T') such that
fU IVol|?
Jr o)

The space V was actually defined in [3] and it was stated, without proof,
that V contains strictly the space H'(R?~ \ T'), where R?*~ is the half plane
2o < 0. In this thesis, we prove this fact and we go even further: we are able
to fully characterize functions in V' as functions which have local Sobolev
regularity H' and whose gradients are square integrable in R?~.

In three dimensions we are chiefly interested in linear elasticity and the cor-
responding elastic energy, rather than the Laplace operator and the L? norm
of the gradient. Introducing the correct space for the analog of problem (1-
4) for the equations of linear elasticity in unbounded domains was crucial in
[8]. Yet again it was mentioned in that paper that this correct space con-
tains vector fields of Sobolev H' regularity; no detailed discussion on how

u=0on U, [u]# 0 and minimizing
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Figure 2 — The unbounded domain : € is the lower half space cut by the
crack T’

to characterize vector fields in this space has been published.

Interestingly it turns out that results for the Laplace case are quite useful
to studying the elastic case: this is due to a strikingly powerful family of
inequalities comparing gradients to symmetric gradients in unbounded do-
mains. These were shown by Kondrat’ev and Oleinik in [5].

We now state the main two results for this thesis. In the following two
statements, if d = 2, ) is the open lower half plane x5 < 0 minus the open
curve I, see Figure 2; if d = 3, € is the open lower half space 3 < 0 minus
the open surface I'. We define V(R?) to be the closure of the space C°(R?)
under the norm defined by

Jull = ([ | 1vuP)?.

Theorem 0.1. A function u is in V(R?) if and only if it has local H'
reqularity and fRd Vul? is finite.

In particular the space V(RY) contains strictly H'(R?). More precisely,
we have the following specific example of a function in V(R?) and not in
H'(R?).

Proposition 0.1. The radial function f(r) = In(In(r*+2)) tends to infinity
uniformly as r tends to infinity. f is not in H'(R?) but f is in V(R?).

7



In the case of the unbounded domain 2 we define the functional space
V() as follows: we set it to be the closure of the space of functions in
H(Q) of bounded support under the norm defined by

Juull = ( / V)L,

We will prove the following:

Theorem 0.2. A function u is in V(Q) if and only if it has local H' regu-

larity in Q and [, |Vu|? is finite. The space V() strictly contains the space
HY(Q).

We now define precisely what is meant by elastic energy. Let u be a
smooth vector field in R?. Let A > 0 and p > 0 be the Lamé coefficients for
this elastic medium. We will denote the stress and strain tensors as follows,

Jij<u) = )\divu&j + u (8Zuj —+ ajui)’
1
€;(u) = 5(@'%’ + 0ju;).

For vector fields u, v whose gradient is square integrable we introduce the
bilinear product

B(u,v) = /R A(Vu)tr(Tv) + 2prtr(e(u)e(v)), (5)

where tr is the trace and ' marks transposition. See [1] for a thorough
account of how B relates to the equations of elasticity. We define the space
W (R?) to be the closure of C2°(R?)? under the norm defined by

lu|| = B(u,u)z. (6)

Explaining why (6) is a norm on C>°(R?)? will be part of our work. We will
then show that the space W (R?) is in fact quite similar to V(R?).

Theorem 0.3. The functional spaces W(R3) and V(R3)? are identical. A
vector field u is in W (R3) if and only if it has local H' reqularity and B(u, w)
18 finite.

Finally we state our most interesting result: it pertains to linear elasticity
in half space. We define the functional space W () as follows: we set it to



be the closure of the space of vector fields in H'(Q2)* of bounded support
under the norm defined by

[ulf = B~ (u,u)z,

where B~ is given by
B (u,v) = / Atr(Vu)tr(Vv) + 2utr(e(u)e(v)),
Q

We will prove the following:

Theorem 0.4. A vector field u is in W(Q) if and only if it has local H*
reqularity in Q0 and B~ (w, u) is finite.

Throughout this thesis will use the following notation: S9! will denote
the unit sphere in R? and w will be the variable on S9!, With these no-
tations spherical coordinates are given by (r,w) and the volume element by
r¢=tdrdw.

1 Spaces of functions of finite energy for the
gradient: proofs of Theorems 0.1 and 0.2

1.1 Inclusion of H!'(R?) in V(R?)
Lemma 1.1. The functional space V(R?) contains H'(R?).

Proof: Let u be a fixed function in H'(R?). We need to find a function
v in C®(R?) such that

|Vu — Vol?
Rd

is arbitrarily small. We first fix a plateau function p in C>°(R¢) such that

p is radial (7)
0<p<1 (8)

pla) = 1if 2] < 1 )
p(z) =0if |z| > 2 (10)



The plateau function p can be constructed by convolution, see [2|. We then
define

pu(z) = p(=). (11)

We now show that p,u tends to u in V(R?). Fix ¢ > 0. For all n greater or
equal that some NN large enough,

</ |m%hu/' VuP)? <.
|z|>n [z|>n

Next for n > N,

(S

LIVt = (f 9= pal)
< Vul?)? YV (pau)|?
<(f wuie(f 9

1
<2([ |VaP) s maxlpl ([ JuP)t < 26 max
|z[>n n

|z[=n

N|—=

Next we set

R JC))
Aty
and we define
pn(x) = np(nz). (12)

If w is any compactly supported function in H*(R%), the convolution product
pn * w is a function is a function in C°(RY) and the sequence p,, * w has
limit w in H'(RY), see [2]. Therefore for some m large enough

D=

([ IV(pnu— pm* (pyu))?)z <e

Rd
thus
([ |V(u— pm* (pyu))?)2 < 3¢ + max p/[e,
R‘i

which proves the Lemma. [J

10



1.2 Proof of Proposition 0.1

First we notice that since f tends uniformly to infinity at infinity, f is
not in L?(R?); hence f is not in H'(R?). Next we show that the gradient of
f is square integrable. We have

2r
n(2 +r2)(2 +r?)

Vf=:

But

o 2r 9
/2 (ln(2 +7r2)(2+ 7"2)) rdr

is finite if and only if
< 1
d
/2 rIn®(r) "

is finite, which is well known to hold. Fix a positive . Pick N such that

/ ViR <e
|z| >N

We now define the sequence f,, = (f —In(In(n?)))p,(r), where p,, was defined
n (11). We note that

o=
Nl

(LIvG=papt=(f 90—

§5+(/ IV ful?)z.
N<|z[<2N

There now remains to show that [y, [V fx|? tends to zero as N tends
to infinity. To do so we split it in two pieces

1

( / IV nl)E < ( / VPR + ( / 1 — In(ln(n?) P ()
N<e|<2N N<Ja|<2N N<e|<2N N2 N

1 2N In(2 + 7"2)

< N(— et/
_€+max\p\(N2/N In( Nz

1 2N In(2 2
At this stage it suffices to prove that —/ ID(M)T’dT tends to

N2 Jn In N2
zero as IV tends to infinity. This is easily done:
LA In2+r?) 1 4N?2 — N?_ In(2 +4N?)
_— In(———)rdr < — 1
N2 /N My S E o e )

11

r

N

[NIES

Yrdr)



2
= 1, thus A}im hrlM =

In(2 + 4N?)
but by L’ Hopital’s rule lim ————=
ut by opital’s rule lim im .

—oco  InN?
0. The proof of Proposition 0.1 is now complete. [J

Remark: In view of the properties of function f defined in Proposition
0.1, one might wonder what is the fastest growth at infinity of functions
in V(R?). The answer is given in the following Proposition. A byproduct

RV e T

1S in

of this Proposition is that for any f in V(R?
L?(R?).

Proposition 1.2. There is a positive constant C' such that given any f in
V(R?),

f? ,
/Rz (1+7r2)In(r2 + 2)2 < C/RQ IV f] (13)

Proof: The proof relies on Hardy’s inequalities. A derivation of Hardy’s
inequalities can be found in [6], but only for functions supported away from
zero. Let g be a smooth function in R? whose support is strictly between the
two spheres of radius a and b and centered at the origin. We use integration
by parts and Cauchy Schwartz inequality in the following

b b b
/(r_l(lnr)_lg)zrdrz/ r_l(lnr)_QQer:ﬂ/ (In7)"'g0,gdr| (14)
b
:2\/ g(Inr)"'r~20,gr2dr| (15)
1
=

b b
[yt o) [@gPrarl, 10

1
3 and re arranging we find that,

for any 7 > 0. Choosing n* =
b b
| / (r~*(Inr)"tg)*rdr| < 4/ (0,9)*rdr. (17)

It is clear that for some constant C'

1 -1 —1\2
(RS TN N N

for all positive r. Thus (17) becomes

b 2 b
g
/a (1+72)In(r? + 2)2”” = 4C/a (Org)rr, (18)

12




for all smooth functions ¢ in R? whose supports are strictly between the
two spheres of radius a and b and centered at the origin. Let now f be in
C>(R?). If we apply the integration by part from (14) to f, we obtain the
extra term |f%(a)(Ina)~!|, and eventually

b f2 b
/ AT+ 2)2rd7‘ < 4C'/ (0.f)*rdr + 20| f*(a)(Ina) |

As (' is independent of a and b, we may let a tend to zero to obtain

b f2 . 2
/o A5 1o & =140 /0 (0. f)rdr

After integration if the polar angle w, inequality (13) becomes clear for
all fin C>°(R?). Tt then must hold by density for all f in V(R?). O

1.3 Proof of Theorem 0.1

The only if part of the statement of Theorem 0.1 is already proved due
to Lemma 1.1. To prove the if part, we look at the proof of Proposition
0.1 for guidance. Our argument will consist of subtracting an appropriate
constant to the function w in V(R?). The constant is provided to us by this
particularly adequate version of Poincaré’ s lemma:

Lemma 1.3. Let U be an open and bounded subset in R?. For every u in
the space H'(U) we have

/ u—af?dr < 02/ Vul? de (19)
U U
1 . .
where a = —/ u(z)dz and C is a constant depending only on U.
meas(U) Jy
Denoting U, the set {nx : x € U} the previous estimate can be rescaled to
lu—al?dz < C’2n2/ \Vul|? dx (20)
Un Un

Proof: A proof for estimate (19) can be found in [2|. The estimate (20)

can be then inferred from (19) by setting 2’ = nz, da’ = nidx, Vy = —V,.
n
]

We first prove the following intermediate result:

13



Proposition 1.4. If f is in C®(R?) and Vf is in L*(RY) , then f is in
V(RY).

Proof: Let f be in C*°(R?) such that Vf is in L?(R?). Define

, = x.
meas({z :n < |z] < 2n}) Jo<jpi<on

Set f, = (f — an)pn, where p, was defined in (11). Clearly f, is in C°(R%);
we now want to show that ||V f — V f,|[12(re) can be made arbitrarily small.
Let € > 0 be given. There is a number N such that

/ VP2 < e
|z|>N

We note that

N

(LIFG=gom=(f  we—smpt e

§5+(/ VinlD)E (22)
N<|z|<2N
1 1 T 1
<er(f WP el e
N<lz|<2N N<|z|<2N
1
<oeh gmaxl|([ a2
N<|e|<2N
To bound the term | f — an|?* we apply Lemma 1.3, where {7 : 1 <
N<|z|<2N
|z| <2} plays the role of the bounded set U
[ oaersen[ o peene e
N<[a|<2N N<|z|<2N

Combining (24) to (25) we obtain
([ 190 = o))} < 26+ Cmax
which ends this proof as ¢ is arbitrary. [J
We are now ready to prove Theorem 0.1. Recall the definition of H} (R?):

14



it is the space of functions u defined on R such that if U is any bounded
open set in R? the restriction of u to U is in H*(U). We need to show
the the following: if w is in H._(R?) and Vu is in L*(R?), then there is a
function v in C°(R?) such that ||[Vu — Vv 12ga) is arbitrarily small. Fix a
positive €. First we observe that if we repeat the arguments from the proof

of Proposition 1.4, we can find a function w in H}(R?) such that
Vu — Vw|| 2ge) < € (26)

We now use the sequence of functions p,, defined in (12). As w*p,, converges
to w in H'(RY), for some integer m

|Vw — V(w * py) || 2re) < € (27)
Combining (26) and (27)
[Vu = V(w * pp) L2rey < 2¢, (28)

which completes the proof of Theorem 0.1 since w * p, is in C>*(RY) and ¢
is arbitrary. [J

Remark: Lemma 1.1 shows that H'(R?) is strictly contained in V(R?).
At this stage, using Theorem 0.1, it is straightforward to show that the
inclusion of H'(R3) in V(R?) is strict. The radial function

1

is clearly not in L?(R?), but V f is in L?*(R?). We can claim due to Theorem
0.1 that f is in V(R3). In view of function f defined in (29), one might
wonder what is the fastest growth at infinity of functions in V(R?). The
answer is given in the following Proposition. A byproduct of this Proposition

: : f f .
is that for any f in V(R3), ———— is in L*(R?).
V(1 +72)

Proposition 1.5. For all f in V(R?)

f? 9
/Rs a4 IV (30)

Proof: The proof relies on Hardy’s inequalities. Let g be a smooth
function in R3 whose support is strictly between the two spheres of radius a

15



and b and centered at the origin. We use integration by parts and Cauchy
Schwartz inequality in the following

b b b
/(r_lg)QTQdT:/ der:2|/ rg0,-gdr| (31)

1 b b
< 7 / g*dr +n? / (8,9)*r*dr, (32)

for any n > 0. Choosing n* = % and re arranging we find that,

b b
/(r_lg)ZTer < 4/ (0.9)*r?dr. (33)

It is clear that

L
,
(1472 = 7

for all positive r. Thus (33) becomes

b g2 b
|/ rdr| < 4/ (&g)Qrdr (34)

(1+1r2)

Let now f be in C°(R3). If we apply the integration by part from (31) to
f, we obtain the extra term |af?(a)|, and eventually

b 2 b
'/ (1ir2)r2dr] <4 [ (@) + 2laf(a)

As C is independent of a and b, we may let a tend to zero to obtain

P "0 12
|/0 (1+7“2)T dr|§4/0(8rf)7"dr

After integration if the spherical variable w, inequality (30) becomes clear
for all fin C*(R?). O

16



1.4 Proof of Theorem 0.2

The only if part of the statement of Theorem 0.2 is clear. To prove the
if part, we note that he main difference between proving this Proposition
and proving Proposition 1.4 is the choice of the open bounded set U where
Lemma 1.3 will be applied. We set

Up={z:24<0and n < |z| < 2n}.

Understanbly, we only define U, for n large enough to ensure that [ does not
intersect U,,. We sketched U,, in Figure 3 in the case d = 2 for the reader’s
convenience. Let f be a locally H! function in Q such that Vf is in L?(Q).
Set f, = (f — an)p, where

1
oy = ————— fdzx.

meas(Uy,) Ju,

fn is in V(€2) by definition of that space; we now want to show that ||V f —
V fullr2(rey can be made arbitrarily small. Fix ¢ > 0 be given. There is a

number N such that
/‘ IVf* <e
|z|>N, z4<0

We note that

( / IV = P = / IV~ fP) (35)

|z|>N,24<0
<e+([ |Vin)? (36)
Un
1 1 r 1
<e+ (| IVfPpuP)z+ (| If - aNFﬁ(J?’(N))Q)? (37)
Uy Un
1
<oeh pmaxl|([ 1F-anP) 39)
N U
To bound the term |f — ax|* we apply Lemma 1.3, where
Un

{z:1<|z|] <2and z4 <0}

plays the role of the bounded set U. This leads to

|f —an[* <CEN* [ |f]P < C°N%? (39)

Up, Un

17



Figure 3 — The bounded domain U, in the half plane o < 0
Combining (39) to (39) we obtain

( / V(f — fn)P)} < 2 + Cmax |p]e,
xq<0

which ends this part of the proof as ¢ is arbitrary.
To show that the inclusion of H(Q2) in V/(Q) is strict, define the function

f
In(In(r? 4 2)) if d = 2

Due to Proposition 0.1 and the remark from section 1.3 it is clear that f is
in V() but is not in L*(Q2). O

For sake of completeness, we now prove a further density result on V().
Recall that functions in V' (€2) may be non zero on the boundary x4 = 0 as
well as on the interior boundary I': this certainly prohibits the space C2°(12)
to be dense in V(€2). We then construct another space of smooth functions
of bounded support

CHo(Q) = {f € C*(Q) : supp f is bounded and Vf € L*(Q)}.  (40)

18



We have following density result:
Theorem 1.1. CF,(Q2) is dense in V(£2).

Proof: Let u be in V(Q). Fix a positive . Due to Theorem 0.2, we can
find a function w in H'(2) of bounded support such that

We now use the sequence of functions p,, defined in (12). As w*p,, converges
to w in H(Q), for some integer m

IV — V(w pu) ey < ¢ (12)
Combining (41) and (42)
[Vu — V(w * pp)||r2(0) < 2, (43)

which completes the proof since w * p,, is in C*°(Q2) and has bounded sup-
port, and ¢ is arbitrary. [

2 Functional spaces of vector fields of finite
elastic energy: proof of Theorem 0.3

2.1 Introductory results

In this section we review some well known results pertaining to the elastic
energy defined in (5).

Lemma 2.1. The bilinear product
(P,Q) — tr (PQ")
defines a dot product on the space of 3 by 3 matrices with real coefficients.

Proof: This is a well known result in Linear Algebra. To prove positive-

ness one has to apply the spectral theorem to the symmetric matrix PP?.
O

19



Lemma 2.2. Let U be a bounded open set in R3 with smooth boundary.
Define

By(u,v) = /U/\ tr(Vu)tr(Vo) 4+ 2u tr(e(u)e(v)),

for smooth vector fields u, v in U, and where A > 0 and > 0. If By(u, u) =
0 then w(x) is in the form Ax + C, where A is a constant antisymmetric 3
by 3 matriz, and C is a constant vector.

Proof: If By(u,u) = 0 then e¢(u) = 0 in U, so Vu is antisymmet-
ric. It follows that Oyu; = Oyug = Osus = 0. We also have Oyu; = —0 us
and Osu; = —Ojus, so that d3u; = d3u; = 0. This shows u; is a linear
function plus a constant. Similarly, us and ug are in the same form. Thus
u(z) = Az + C, for some matrix A and constant vector C. As Vu = A, A
must be antisymmetric. [

Lemma 2.3. By defines a dot product on C°(U)3.

Proof: It is clear that By is bilinear and non negative. To prove that it
is also definite, assume that By (u,u) = 0 for some u in C2°(U)3. According
to the previous lemma u must be in the form u(z) = Az + C. Therefore
if u is non zero, the null set of u is an affine space of dimension at most 2:
this can’t be as u is required to be zero everywhere on the boundary oU. [

[un

3
Lemma 2.4. The two norms By (u,u)? and (/ tr (G(U)G(’u,))) are equiv-
U
alent on C°(U)3.

Proof: It is clear that

Vi ([ o tetwgetw)

To show a reverse estimate, we first observe that for any real 3 by 3 matrix

N|=

S BU(uy U)%
1
P, tr (P) = §tr (P + P'"). Now as the trace is continuous, there exists a

20



constant, C' such that tr (Q) < C/tr (QQ?). We thus have that Atr (Vu)? <
C?tr (e(u)?), which we can integrate over U:

/U Mr (Vu)? < C? / tr (e(u)?)

U

>From here we infer that there exists a constant C' such that

<o(fw <e<u>e<u>>)%

NI

By (u,u)

It is now clear that the bilinear functional B introduced in (5) defines
a dot product on C>°(R?)3. We need one more lemma before moving on to
the proof of Theorem 0.3. Interestingly this lemma may also serve as an
alternative proof for Lemma 2.3.

Lemma 2.5. Let u be in C°(U)3. The following estimate holds:

L wap < | inewe(w) < [ [vup? (44)
), v ) |

The norms defined by By (u, )2 and ([ IVul?)2 are equivalent on C(U)?.

Proof: Let ej,eq,e3 be the natural basis of R3. Let u be in C°(U)3.
Denote n the exterior normal on QU. Using the divergence theorem we may
write

0= / (@-ujuiej — ajujuiei)n
oU
= / @uj(?jui —ajUjaﬂLi
U
1 1
= 5 /U(&uj + 8Ju2)(8juz + @u]) — /U@Jujazuz — 5 /U(&l’U/J)Q + (8jui)2,

summing over all indices 4, j in {1,2,3} we find that

2 [ wletwetw) - [ (@ivwp~ [ vuf <o
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which proves that %/ |Vul* < / tr(e(u)e(u)). As
U U
(@uj + 8jui)2 < 2(&1@)2 + 2(8jui)2,

/ tr(e(u)e(u)) < / |Vul|? is clear. Since the Lamé coefficients A and p are
U U

two positive constants, the fact that the norms defined by BU(u,u)% and
([, |Vul?)2 are equivalent on C°(U)? can be easily derived from (44). O

2.2 Proof of Theorem 0.3

W (R?) is the closure of C>°(R?)? under the norm defined by B(u,u)z
and V (R?) is the closure of C2°(R®)* under the norm defined by ([, [Vu[?)2:
it is now clear due to Lemma 2.5 that the two closures must be the same.
The remainder of the proof of Theorem 0.3 is still non trivial: although it is
clear due to 0.1 that if a vector field u has local H' regularity and [, |[Vu|?
is finite, u is necessarily in V(R3), it is not clear yet how to compare B and
the full gradient over the space W (R?). This is where the following lemma
due to Kondrat’ev and Oleinik comes into play.

Lemma 2.6. There is a positive constant C' such that for all vector fields u
which are in HY(U)3 for all bounded open set U in R3, the following estimate
holds

Vu—AP<C / e(w)?, (45)
R3 R3

where A is an antisymmetric 8 by 8 matrix depending on wu.

Lemma 2.6 is proved in even more generality in [5].
To finish the proof of Theorem 0.3, fix a vector field u which which has locally
H' regularity in R® and such that B(u,u) is finite. We then apply Lemma
2.6 and we set v(x) = u(z)— Az for the corresponding antisymmetric matrix
A. Clearly Vv is in L?(R?). Theorem (0.1) can be applied to v: there is a
sequence v, in C°(R?) such that Vv — Vv, tends to zero in L*(Q2). But
since

/]R3 tr(e(v—vy)e(v —v,)) < Vv —v,|?,

R3
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we have that B(v — v,,, v — v,,) tends to zero, which is the same as B(u —
Vp,u—v,). O

2.3 Proof of Theorem 0.4

To prove this theorem we will need the full force of Theorem 3 in [5],
a pivotal paper by Kondrat’ev and Oleinik. We note that the open set
K ={reR3: 23 <0} is acone: for any z in K and o > 0, ax isin K. In
addition I' is bounded. Therefore, according to Theorem 3 in [5], there is a
positive constant C' such that

[va—ap<c [ (46)

for all u whose restriction to all bounded open sets U included in €2 is in
HY(U), and A is an antisymmetric 3 by 3 matrix depending on u.

Fix a vector field u which which has local H! regularity in € and such that
B~ (u,u) is finite. We then apply inequality (46) and we set v(z) = u(z)— Az
for the respective antisymmetric matrix A. Clearly Vv isin L?(Q). Theorem
(0.2) can be applied to v: there is a sequence v, of vector fields of bounded
support in H'(2) such that Vv — Vv, tends to zero in L*(2). But since

[ et = vty =va) < [ [ov =

we have that B~ (v — v,,v — v,,) tends to zero, which is the same as
B (u—vy,u—v,). O

For sake of completeness, we now prove a further density result on W (£2).
Recall that vector fields in W (Q2) may be non zero on the boundary z3 = 0
as well as on the interior boundary I': this certainly prohibits the space
C(Q)® to be dense in W(Q). Recall the definition of the space CF5(2)
given by (40). We have following density result:

Theorem 2.1. C,(Q)? is dense in W(Q).

Proof: Let u be in W(2). Fix a positive . Due to Theorem 0.2, we
can find a vector field w in H'(Q2)? and of bounded support such that

B (u—w,u—w)2<e (47)
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We now use the sequence of functions p,, defined in (12). As wp,, converges
to w in H'(Q)3, for some integer m

B (W—Wpy, W—Wp,)? <e (48)

Combining (47) and (48)

D=

B_(u_W*Pnau_W*Pn> §257 (49)

which completes the proof since w * p, is in C*°(Q)3 and has bounded sup-
port, and ¢ is arbitrary. [

2.4 Example of a vector field u in W(Q2) which is not
affine, not in L*(Q)? and whose gradient is not in
L (Q)?
This example illustrates two facts:
- H'(Q)? is strictly included in W (),
- V() is strictly included in W (€2).

we set

u(z) = x9e; — w1E9 +

1
V1412
Note that the linear part of u, that is, xoe; — x1eo is antisymmetric: its
symmetric part is therefore zero. The other part, that is, —— was

1472
explained earlier not to be in L?*(Q) and to have its gradient in L%(Q).

24



3 Discussion and directions for future work

3.1 Decay at infinity of solutions to crack problems and
integral representations using adequate Green’s func-
tions

If d = 2 or 3, consider the following crack problem in the unbounded
domain {2

find a function u in  such that

Au=0in Q\T (50)
Ogt =0on zy=0 (51)
[Onu] = 0 across T’ (52)

[u] = g across T (53)

It is natural to assume that the forcing term g is in ﬁ%(f‘) and to express
problem (50-53) as a variational problem in the space V(Q2). Let w be in
H'(Q) such that w has bounded support and [w] = ¢g. Set & = u — w.
Solving for u is equivalent to solving the following variational problem for
w:

find a function @ in V(R?*7) such that (54)
/ Vi -V = —/ Vw- Vv, YveV(R*) (55)
Q Q

It is clear that any constant solves problem (50-53) if g = 0, and the varia-
tional problem (54-55) has a unique solution in V(R?").

Of particular interest is the following issue: how "fast" does u solution to
(50-53) decay to infinity? It should be fairly simple to address this question
using potential theory: the solution u could be expressed as an integral over
the crack I' of the adequate Green’s function for problem (50-53) times a
correct density.

The case of three dimensional elasticity is even more interesting, due to im-
portant applications in geophysics, see [4|. For d = 3, consider the following
crack problem in the unbounded domain €2, where the stress tensor is defined
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by o(u) = 2ue(u) + A div uls,

find a vector field u in Q2 such that

div (o(u)) =01in Q (56)
oc(u)jn=0o0n 23 =0 (57)
[o(u)] = 0 across I' (58)
[u] = g across T (59)

It is natural to assume that the forcing term g is in PNI%(F)?’ and to express
problem (56-59) as a variational problem in the space W(2). Let w be in
H'(Q)? such that [w] = g, [on(W)] = 0, and w is compactly supported
in a neighborhood of I'. The existence of w can be argued by use of an
appropriate Green’s tensor and use of a smooth cut off function. Set 1 =
u—Ww.

find a function @ in V(R3") such that (60)
B~ (i,v) = —B (w,v), VYveV(R), (61)

where the space V(R37) is the closure of smooth vector fields in R3~ of
bounded support for the norm defined by B_(V,V)%. It is clear that any
constant vector solves problem (56-59) if g = 0, and the variational problem
(60-61) has a unique solution in W (€2).

Of particular interest is the following issue: how "fast" does u solution to
(56-59) decay to infinity? The solution u could be expressed as an integral
over the crack I of the adequate Green’s function for problem (50-53) times
a correct density. Now, if more generally we allow solutions to (56-59) to
grow at infinity while having finite B~ energy, what is the general form
of these solutions? We would have to examine which antisymmetric linear
vector fields solve (56-59) if g = 0; the answer might also depend on the
geometry of T

3.2 Decay at infinity of solutions to crack problems and
adequate artificial boundary conditions for numer-
ical solutions in truncated domains

If d = 2, a numerical solution to problem (50-53) can be obtained by
solving a boundary integral equation on I'. Although the related integral
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operator is hypersingular, a very efficient and accurate numerical scheme
can be devised, see [3]. If d = 3 integral equation methods become much
more involved since I' is in that case a surface; there is no simple way of
treating the hypersingular character of the integral operator and matters
become even more complicated close to the boundary of I'. A simpler way
of obtaining a numerical solution to problem (50-53) is to employ a finite
element package. However an additional issue arises: the computational
domain must be bounded and an artificial boundary condition has to be
devised. This idea was implemented for the elasticity case, namely for an
eigenvalue problem related to (56-59): this was done in [8]. Numerical con-
vergence was observed. It was noted in [8] that this numerical method is
reliable since it was able to reproduce with great accuracy for the two di-
mensional case a numerical solution obtained by use of integral equations.
However no theoretical argument was given in [8] to validate the domain
truncation method. Denote

Q,={xeQ:|z| <n}

the truncated domain, and S, the part of the boundary of 2, where |z| = n.
If uisin W (Q) and solves (56-59), the following integral representation holds

/ Rz, y)e)dy, (62)

where K is the adequate Green’s tensor for problem (56-59), see [7]. Due to
the asymptotic form of K at infinity the following estimates hold for u

u(z) = oﬁ) (63)
dou(z) = O(ﬁ) (64)
| ule) + () = oﬁ) (65)

Let u,, be the solution to equations (56-59) in the truncated domain €,,:

find a vector field u, in H'(,) such that
div (o(u,)) =01in £,
o(u,)n=0o0nz3=0

[0(u,)] = 0 across I'

[u,] = g across T

o o
3 S

D
Nej

NN N N N
=1 (o)
(=] oo
— S —

u,, satisfies a boundary condition on S,
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Keeping in mind (63-65) it is natural to choose the boundary condition on
S, (70) to be one of the following three:

u,(x) =0 (71)
Oruy,(z) =0 (72)
— (@) + dhulz) = 0 (73)

]

We would then like to explore the study of the convergence of u,, solution
to (66-70) to u solution to (56-59) for each of the three possible boundary
conditions on S, (71) to (73).
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