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1 Introduction

Integral operators are ubiquitous in all areas of pure and applied mathematics, as
well as in modeling in population biology, wave propagation theory, mechanical engi-
neering, and image compression and deblurring. The simplest argument explaining
the omnipresence of integral operators is that an ordinary differential equation is
equivalent to an integral equation, and this provides the basis for the classic proof
of the Picard-Lindelof theorem for existence and uniqueness of solutions. Regarding
partial differential equations, integral operators appear as fundamental solutions [3].
Integral operators are also instrumental in applications such as image compression
and deblurring [9, 6] and other more general inverse problems [10].

The decay rate of the singular values of integral operators is crucial to building
computational inversions. Indeed, this decay rate is intimately related to the dilation
parameter in Tykhonov regularization and truncations of singular vector expansions
[10, 11, 12]. This decay rate is intimately related to the regularity properties of the
integration kernel. In dimension one, this relation is well understood and can be
analyzed using relatively elementary integral operator theory tools [5, 7, 2]. In this
thesis, we revisit the convergence rate proofs given in [7] (their work is also based
on [8]). We found that some arguments in [7, 8] are too succinct and hard to grasp
for a graduate student or just someone with limited familiarity in this field. We
provide additional explanations and a few more lemmas to make these arguments
more accessible. In addition, we explore how these arguments could be extended
to higher dimensions. We explain why this is a non-trivial endeavor; it will be the
subject of future work.

2 Fundamental functional analysis results involved
in this thesis

We state and prove a few functional analysis results that we will use to prove our
main result. The first two propositions pertain to the separability of classic func-
tional spaces. Next results show how given a separable Hilbert space, some continu-
ous linear operators can be defined using a Hilbert basis. We also show that in some
cases, simple criteria ensuring compactness can be found. Finally we state three
results on singular values of a compact operator on a separable Hilbert space. The
first result expresses the n-th singular value as the infimum over operator norms on
restrictions to subspaces of codimension n — 1. The other two results state general
estimates on singular values that will be essential in the rest of this thesis.

Proposition 2.1. Let E be a separable metric space and F' C E. Then F' is also
separable.

Proof. [Adapted from 1, p. 73] Let {u,} be a countable dense subset of £ and {r,,}
a sequence of positive numbers such that r,, — 0. Choose @y, € B(up, rm) N EF
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whenever this intersection is non-empty. Clearly, the set {a,,,} is countable. Fix
€ >0 and let z € F. Then there exist n,m > 1 such that d(z,u,) <7, < §in E.
Notice that B(u,,r,) N F is non-empty, since z is in this intersection. Therefore
A exists, and d(x, anm) < d(x, uy) + d(Up, Qpm) < 27, < €. Thus the set {anm}

is dense in F'. ]
Theorem 2.1. Let Q be an open set in RY, 1 < d < co. L*() is separable.

Proof. [Adapted from 1, pp. 98-99] Let
R: {(ahbl) XX (ad7bd) | a’i7bi S Qal S Z S d}

Set
E:{ZailRi\nEN,aiGQ,RiGR,lgiSn}.

i=1
Notice that R is countable, and thus £ is also countable.

We claim that £ is dense in L*(RY). Let f € L?*(R?) and € > 0. We know that
Cc(R?) is dense in L*(R?), so there exists f; € Cc(R?) such that ||f — filla < 5.
Choose R € R such that supp(fi) C R. Since fi € Co(R?), f; is uniformly
continuous, that is, Ve; > 0,3 > 0 such that

Vo,y €RY lr =yl <8 = [filz) - iy)| < e

We can divide R into finitely many smaller intervals R; € R with ||z — y||s < 0 for
all z,y € R; and choose rational «; € (inf,eg, f1(2),inficgr, fi(x) + €). Define

f2 = Z OéilRi.
=1

Clearly fo € &, and || f1 — f2lloo < €1-
As all norms are equivalent, ||f; — fall2 < ¢||fi — f2lle for some constant ¢ > 0.
If we choose €; = -, then || fi — fall2 < c||fi = faoll < cer = § Finally, we have

€ €
If = Folla < llf = Aillo +llfi = fella < 5+ 5 =
Thus £ is dense in L?(R%), and thus L*(R?) is separable.
For a subset Q of R? the extension by 0 outside Q defines an isometry from
L2(Q) to a subset of L2(RY). As L?(R?) is separable, so is this subset, and therefore
L?(9) is separable. O

Proposition 2.2 (Bessel’s inequality). Let H be a Hilbert space, and let {ex} be an
orthonormal sequence in H. Then for any x € H, > ;7 [{z,e)|* < ||z]*



Proof. For any n € N, we have that

n

T — Z(x,ek>ek

k=1

0<

= [lzl® = 2) (x, {z.ex)er) + D [ en)]?

n

= Jlzl® =2 [z, e P+ ) e, en)?

k=1
n
= Jlel® =)z, en)l.
k=1

Therefore .
Z ’<.Z', €k>’2 < HxH27
k=1
and as this holds for all n € N, the statement is proved. O

Theorem 2.2. Consider the sequence {v;} in H. Define A : V — H by setting
Aej = v;, where {e;} is an orthonormal basis for V and V = H. Assume that the
vj are pairwise orthogonal, that is, (v;,v;) = 0 for i # j. A is continuous if and
only if ||v;|| is bounded. In this case, extend A to H. A is compact if and only if
lim, o 5] = 0.

Proof. Suppose ||vj|| is bounded. Then there exists ¢ > 0 such that ||v;|| < ¢ for all
j > 1. Then for all z,y € V,

. 1/2 o 1/2
HA:c—AyH—(Z(xj—mvju?) 9(2@@—%)2) = cllz =yl

=1 j=1
Thus given € > 0,
e =yl <e/c = ||Az— Ay[| <e.

Hence A is uniformly continuous.

Suppose instead that ||v;|| is not bounded. Fix zg € V and let e = 1/2. Given
d > 0, we can choose ¢ > 0 such that ¢ > 1/6. Since ||v;]| is not bounded, we have
that ||vg]| > ¢ for some k > 1. Choose z = xo + e;. Then

4] )
lz = @oll = S llexl] = 5 <6

2
and 5 5 )
Az — Azg|| = <||vk]| > ze> = =€
Az — Aol = Slluell > Se >
We can construct such an x in this way for any § > 0. Hence A is not continuous.
If A is continuous, then we can extend A to H. Suppose that lim; , ||v;|| = 0.

Then given € > 0, there exists an integer N such that ||v;|| < € for all j > N. Define
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AV — H by Age; = v; for 1 < j <k and Age; =0 for j > k+ 1. Each Ay is
continuous, and so can be extended to H. Additionally, dimIm A, = k, so each A
is of finite rank. For k£ > N, we have that for all z € H,

0o 1/2 0o 1/2
|Az — Apz|| = ( > x§||vj|y2> <e ( > x§> < ez]|.

j=k+1 Jj=k+1

Thus ||A — Ag|| < e for k> N, so [|[A — Ag|]| — 0. As each Ay is of finite rank, this
shows that A is compact.

Conversely, suppose A is compact. Note that the sequence {e;} converges weakly
to zero since for all 2 in H, lim; o (x,e;) = 0, as 372 [(z, ¢;)[* converges. Since A
is compact, the sequence Ae; converges strongly to zero. O
Theorem 2.3. Consider the sequence {v;} in H. Define A : V. — H by setting

Ae; = v;, where {e;} is an orthonormal basis for V andV = H. IF 3732 loill* < oo,
then A is continuous and compact.

Proof. Let ¢ = 3772, |lv;||*. For all z,y € V,

- 0o /2 / « 1/2
Az — Ayl < (2 — yy) oyl < (Z(iﬂj - yj)2> <Z H%‘H2> = |lz =yl
j=1 Jj=1 J=1

Thus given € > 0,
o —yll < efe = 1Az — Ay| <.

Hence A is uniformly continuous. Define Ay : V' — H by Age; = v; for 1 < j <k
and Age; = 0 for j > k + 1. Then dimIm A < k, so each Ay, is of finite rank. Fix
e > 0. Since 322, [|v[|* < oo, there exists an integer N such that for all & > N,
> ek llvjll* < e Thus for k > N, we have that for all z € H,

0o 0o 1/2 0o 1/2
1Az — Apal] < ) agllog) < (Z x?) (Z |!ij2> < [lz[le.

j=k+1 j=k+1 j=k+1
Thus ||A — Ag|]| < e for k > N, so ||A — Ax|| — 0. As each Ay is of finite rank, this
shows that A is compact. n

Theorem 2.4. Let ay, be a sequence such that Y}~ a? diverges. There erxists an
operator A : V. — H, where V = H, such that ||Aeg|| = ar for k > 1 and A is not
continuous.

Proof. Define A : V. — H by setting Ae, = are;. Clearly ||Aeg|| = ag. Set

sn= 0y a2)""* and u, = s, > p_, agey. Notice that |ju,| = 1 for each n > 1.
But
| Aw, || = ||sn Z arAe|| = ||sn Z aiei| = (Z ai)
k=1 k=1 k=1
Thus [|Au,|| — 0o as n — 00, so A is not continuous. O
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Theorem 2.5. Suppose T is a compact operator on L*()). The singular values of
T have the characterization that

$p(T) = inf{||T'|g|| : H is a vector subspace, codim H <n — 1},

where Ty denotes the restriction of T to H. The infimum is attained when H is
the vector subspace formed by f € L*(Q2) which are orthogonal to the first n — 1
eigenfunctions ¢1,...,¢n_1 of T*T

Proof. Let {¢r}, {\r} be a basic system of eigenvectors and eigenvalues of T*T', and
let H be a subspace of codimension < n — 1. Then H* is a subspace of dimension
< n — 1, so there exists fy € span{¢i,...,¢,} such that ||fo| = 1 and f, L H*,
that is, fo € H. Write fo = > ,_, ar¢x. Therefore

IT1al? > 1T foll* = (T fo, T fo) = (T"T fo, fo) = Z/\kak > An Zak
= Al foll* = A = 50 (D),
so we have that
inf{||T|g|| : H is a vector subspace, codim H <n — 1} > s,(7T).
Suppose H = span{¢y,...,¢,_1}+ and let f € H with ||f|| = 1. We can write
[ =0, axdy. Therefore

ITfI? = (Tf,Tf)=(T"Tf, f) = Zxkakm Zak—xnfu?

But ¢, € H and

1T 6null* = (Thn, Tdn) = (T"Tpn, o) = Aullgnll* =

so we have that
1T 5] = max ITfI1? = A = sp(T).
llFll=1

Hence
sp(T) = inf{||T|g|| : H is a vector subspace, codim H < n — 1}.
[l

Corollary 2.1. Suppose T is a compact operator on a Hilbert space H. If r > 1
and G is a vector subspace of codimension < r, then

Sntr(T) < 80(Tc)- (2.1)
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Proof. Since codim G = m < r, there exist fi,..., f,, € H such that
G={feH:(ff;)=0 1<j<mj.
Let {¢} be a basic system of eigenvectors of T'|; and

Gi={9€G:(9,¢%) =0, 1 <k<n-—1}

Then
sn(Ta) = max 1T'g]|-
9€G1
But G, is the vector subspace orthogonal to the n +m — 1 functions fi,..., fu,

U1, Pp_1, 50 codimG; <n+m—1<n+r—1, and thus

Spr(T) < max [Tgll = sn(Tlc)-
geGy

[]

Proposition 2.3. If A: H — H is a compact operator and B,C : H — H are
bounded linear operators, then for n > 1,

sn(BAC) < || B[[|Cllsn(A)

Proof. From the characterization of the singular values in Theorem 2.5, we have
that

= 1 < 1 = .
sn(BA) = | min  max [|BAz]| < |[B]| | min | max [[Az]| = [| Bl|s(A)
zlH zlH

Since an operator and its adjoint have the same norm and the same singular values,
it follows that

sn(BAC) = s,((BAC)") = s,(C"(BA)") < [|C7|[sn((BA)) = [|C|lsn(BA)
< [IBI[[IC1[sn(A)-
O

Proposition 2.4. Suppose T is a compact operator on L*(Q). If K is positive
definite Hermaitian, then

Aint(T*KT) = $ppsn1(T*KT) < s, (K)$2(T) = A (K)M(T*T).  (2.2)

n

Proof. Since K is positive definite Hermitian, we can write T* KT = (KY/2T)*(K'/*T),
where K'/2 denotes the positive square root of K. So we have that

Mt (T'KT) = $pv i (T'KT) = s (KV2TY (KYV2T)) = &2,y (KT,
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Let ¢1, ..., ¢n_1 be the first n—1 eigenvectors of T* KT, and let H = span{¢y, ..., ¢n 1}

By Theorem 2.5, Corollary 2.1, and Proposition 2.3,

Smtn—1 (K?T) < 8,0(KY?T ) < (K2 a]| = s50(KY?)50(T).
Hence

Smin—1 (T KT) = 85, 1 (KYPT) < 57 (K'2)s0(T) = 5 (K) s, (T).

]

3 Application to integral operator theory, Mer-
cer’s theorem, and regular integration kernels

We first show that integral operators are compact. It follows easily that if A\, is
the sequence of singular values of such an operator then Y >° A2 converges due to
Proposition 5.1. In case of continuous kernels over compact sets, Mercer’s theorem
asserts that even >~ A, converges. Next we show that additional smoothness
of integration kernels implies a Mercer type expansion for derivatives. The proof
is adapted from [8] with a crucial additional argument that is lacking in Kadota’s

paper.

Proposition 3.1. Let Q be a compact subset of R?, and fix n > 0. Then € has a
finite cover {S;}1<i<m such that the S; are pairwise disjoint and diam S; < 1/n for
each 1 <i<m.

Proof. Set
C={B(z,1/2n) | x € Q}.

Clearly C'is a cover of €2. But €2 is compact, so there exists a finite subcover A C C'
of Q. Set m = |A|, and label the elements of A as Sy,...,S,,. For 1 <i < m, set
Si=8;\ U;-;ll S;. The S} are pairwise disjoint and form a cover of 2. Furthermore,
since each S; C B (wi, %) for some z; € Q, diam S; < 1/n. O

Theorem 3.1. Let Q2 be a subset of R? and k € L*(Q x Q). We write k(x,t), where
x,t € Q. The integral operator K defined by

Kf(z) = /Qk(:c,t)f(t)dt

is a compact operator on L*(Q).

Proof. Assume k € Co(2 x Q). As k has compact support, k(z,t) is zero outside
some compact set S C . For any given n € Z*, since S is compact, it has a finite
cover {S;,}1<i<a, such that the S;,, are pairwise disjoint and diam S;,, < 1/n for
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each 1 <17 < a,. Choose a representative point ¢;,, from each S;, M€} if this set is
non-empty, and let K, be the sequence of integral operators defined by

Kof(o) =3 Kot [ flo

Since dimIm K,, < a,, each K, is of finite rank, and since k € Cg(2 x Q), k
is uniformly continuous. Fix ¢ > 0. Then there exists 6 > 0 such that for all
x,s,t e,

|s —t]| <0 = |k(z,s) — k(z,t)| <e.

Hence for n > 1/9, for each 1 < i < a,,
\k(z,t) — k(z,t;,)] <e foral teS,.

Therefore

K7 =Kot P = [ || Kt = Yokt [ (o] da
:/Q /Sk(x,t)f(t)dt—;k(a:,tiyn) /Siynf(t)dt dz
=[] k)~ kot o

g/ﬂ(Z:;/SM|k(az,t)—/f(a;,ti,n)uf(t)ydt) da

<8L(Avwowx
< [ [iropad
e [ [1rwpdza

= €|l fI*

Thus ||K — K,|| < €. This shows that ||K — K| — 0, so K is compact.
Now let k € L*(2x Q). Then there exists a sequence of functions k, € Cc(Q2x Q)
such that ||k — k|| z2(axq) — 0. Define the sequence of integral operators K| by

dx

Kumzémmwww



We know that each K/ is compact. Fix ¢ > 0. Then for n large enough,

2
1K f = K fI1” = el ) =k, O1f (£t do
2
/ </ |k(x,t) — xt)||f()|dt) dx
/ (/ \k(z,t) — ky(z,1)] dt) | £ da
|\f||2//|k 2.t) — o, )2 dt
= lIfF1*lk - anL2(Q><Q)
< I fl%e".
Hence |[K — K] || — 0, so K is compact. O

Theorem 3.2. Let K be an integral operator with kernel function k € LQ(Q2) Then
K*K is also an integral operator with kernel function l(x,t) fQ (s,t)ds,
and | € L*(Q?)

Proof. Let K’ be the integral operator defined by

K'f(z) = /Q k(t, ) f(1)dt.

Notice that for all f, g € L?(Q),

r.a) = [ ([ w0sar) oy
/f (/ g (a:)da:) dt

= (f,K'g)
Hence K’ = K*. Therefore
K*'Kf(z) = / k(s,x) (/ k(s,t)f(t)dt) ds
Q Q

:/Q</Q k(s,x)k(s,t)ds) f(t)dt

- /Ql(x,t)f(t)dt



Moreover,

/Q/ﬂ|l(x,y)|2dxdy:/ﬂ/ﬂ /Qk(t,x)k:(t,y)dt
g/Q/Q [(/Q|k:(t,x)|2dt>l/2 (/Q]k(t,y)|2dt)1/2rdxdy
_ (/Q/Q]k(t,x)Ithda:> (L[)\k(t,;,)ﬁdt@) < .

Thus | € L*(Q?) O

2

dx dy

Theorem 3.3 (Hilbert-Schmidt theorem). Let k be a Lebesgue measurable function
on [a,b] x [a,b] such that k(t,s) = k(s,t) a.e. and sup,ci, f; |k(t, s)|>ds < oo. Let
{dn}, {\n} be a basic system of eigenvectors and eigenvalues of K, where K is the
integral operator with kernel function k. Then for all f € L*([a,b]),

[ M7 (6)ds = S lfdndente) o
a k=1

The series converges absolutely and uniformly on [a,b].

Proof. [Adapted from 5, pp. 132-133] By the Cauchy-Schwarz inequality,

n n 1/2 n 1/2
Z|>‘j<f»¢j>¢j(t)|§<Z|)‘j¢j(t)|2> (Z|<f,¢j>|2> :

We have that
b
Ny (t) = K oy(t) = / K(t, )6, (s)ds = (ks &),

where k;(s) = k(t,s). Since k; € L?([a, b]), it follows from Bessel’s inequality that

t€la,b]

00 0 b b
S s 0F = 32 1o} < [P = [ Ikt )Pds < sup [ fhit, ) ds
j=1 j=1 a @

= C? < 0.

Let € > 0. Since > 277, [(f, ¢;)1* < [If||* there exists N € N such that for all
n>m>N,

n

ST < e

j=m
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Putting together the previous three inequalities, we obtain that for all n > m > N
and t € [a, b],

>IN 65)05(1)] < Ce.

j=m

Hence » 7%, A;(f, ¢;)¢;(t) converges absolutely and uniformly on [a,b]. Since this
series also converges to K f(t), it follows that K f(t) is the limit of the series for
almost every t. O

Lemma 3.1. If k is continuous on [a,b] X [a,b] and f: fab k(t,s)f(s)f(t)dsdt > 0
for all f € L*([a,b]), then k(t,t) >0 for all t € [a,b].

Proof. [Adapted from 5, pp. 134-135] The function k(t,t) is real valued. Hence
k(t,t) = k(t,t). Suppose k(to,to) < 0 for some ty € [a,b]. It follows from the
continuity of k that Re k(¢, s) < 0 for all (¢, s) in some square [c, d] X [¢, d] containing
(to,to). Let g(s) = 1j,q(s). Then

0<// (t,s)g dsdt Re// (t,s)dsdt <0

which is a contradiction. Hence k(¢,t) > 0 for all t € [a, b]. O

Lemma 3.2. If k is a continuous complez-valued function on [a,b] X [a,b], then for
any ¢ € L*([a,b]), h(t) = f; k(t,s)é(s)ds is continuous on [a,b].

Proof. [Adapted from 5, p. 135] Fix ¢, € [a,b] and € > 0. As k is uniformly
continuous on [a, b] X [a, b], there exists 6 > 0 such that for all ¢ € [a, b],

t—to] <6 = |k(t,s) — k(to,s)| <e Vs € [a,b].

By the Cauchy-Schwarz inequality;,

1/2
Ih(t) - hto |</ Ikt 5) — (to, 9)|16(s)lds < |6 (/ k(t,5) — (to, ) ds)
< I9lle(b — ).

Hence h is continuous on [a, b]. O

Proposition 3.2 (Cantor’s intersection theorem). Let {C,,} be a sequence of non-
empty compact, closed sets such that Cyq C C,, for alln € N. Then N2, C,, # 0.

Proof. Choose a point x; € C; for i =1,2,.... Then z; € C; C C for each i. Since
C) is compact, there exists a subsequence x;; converging to a point = € C;. Notice
that for any n, there exists an integer N for which iy > n, so the subsequence
{4, }j‘; y is in C,,. Since C,, is also compact, it follows that = € C,. Since z € C,
for all n, we have that x € NS, C,,. O
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Theorem 3.4 (Dini’s theorem). Let {f,} be a sequence of real-valued continu-
ous functions on [a,b]. Suppose fi(t) < fo(t) < --- for allt € [a,b] and f(t) =
limy, 00 fn(t) is continuous on [a,b]. Then {f.} converges uniformly to f on [a,b].

Proof. [Adapted from 5, pp. 135-136] Given € > 0, let F,, = {t : f(t) — fu(t) > €}
for n € N. Clearly F,y; C F,,.

Let to € F,,. Arguing by contradiction, suppose ty ¢ F,, that is, f(to) — f,(to) =
¢ < €. Define €, =€ —c. As f — f, is continuous at ty, there exists 6 > 0 such that
for all t € (to — 9,0 + 0),

[f () = ful(t) = cl = [(f(£) = ful)) = (f(to) = fu(to))] < e,

But (tg — d,to + ) N F, # 0, that is, there exists t; € F), such that

[f(t1) = fults) —cf = [(f(t1) = fu(tr)) — (f(to) — fulto))] < e,
aa=e—c<|[f(tr) = fult)| —c=[f(tr) = fults) — ] <er.

This is the desired contradiction. Thus ¢y € F,,, and hence F}, is a closed set.

Since f, converges pointwise to f, it follows that N>, F;, = (). Suppose F,, # ()
for all n € N. Then since each F, is closed, N2, F,, # (Z) by Cantor’s intersection
theorem. This is a contradiction, so there must exist N € N such that F,, =
NY_,F, = 0. Thus for all n > N and t € [a, D],

[f(£) = fa(®)] = f() = fult) < f(2) — fn(t) <€
so {fn} converges uniformly to f on [a,b]. O

Theorem 3.5 (Mercer’s theorem) Let k be continuous on |a,b| x [a,b]. Suppose

that for all f € L*([a,b]) f f k(t,s)f(s)f(t)dsdt > 0. If {on}, {\u} is a basic
system of eigenvectors and e@gem}alues of the integral operator with kernel function
k, then for all (t,s) € |a,b] X [a,b],

s) = Z X ()65 (s)

The series converges absolutely and uniformly on |a,b] X [a,b].

Proof. [Adapted from 5, pp. 136-138] Let K be the integral operator with kernel
function k. It follows from the assumptions that K is compact and positive and
/\j = <K¢j7¢j> Z 0. Let

kn(t, 5) Z)\j@ ), (s)
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Since each ¢; is an eigenvector of K, it follows from Lemma 3.2 that ¢; is continuous,
implying that k, is continuous. Also, we can verify that for all f € L*([a, b)),

[ ([ wtesisas) o= [ </abk“’ s = Z Nl ¢j>¢j<t>) o

= (K[, f) - ZMMJ ZMMJ )2 >0,

j=n+1

so by Lemma 3.1 we have that for each t € [a, b],

0 < ky(t,t ZM%

As n is arbitrary, it follows that

ZAj|¢j(t)|2 < k(t,t) < max |k(s,s)| = C%. (3.1)

s€[a,b]

Applying the Cauchy-Schwarz inequality to the sequences {1/ A;¢;(t)} and {\/A;¢;(s
yields

1/2 n 1/2
ZAI@ )9i(s |<<ZA|¢>] |) (ZAA@(s)P) . B2

Fix t € [a, b] and € > 0. There exists an integer N(¢) such that for n > m > N(t),
Do Mleit)f < €. (3.3)
j=m

From (3.1), (3.2), and (3.3), we have that for n > m > N(t),

ZM% )¢;(s)] < Ce.

Therefore Zj’;l A;@;(t)p;(s) converges absolutely and uniformly in s for each ¢. Let

s) = Z A (t);(s)

For f € L*([a,b]) and fixed ¢ € [a,b], the uniform convergence of the series in s and
the continuity of each ¢, imply that (¢, s) is continuous as a function of s, and

/ k(t, 5) — K(t, )] f(s)ds = K f(2) ZA (. 67)65(1).

13



If feker K= (ImK)*, then Kf =0 and (f, ¢;) = %j(f,Kgbj) =0, so fab[k‘(t s) —
k(t,s)]f(s)ds = 0. If f = ¢; for some i, then

) = > N 60)85(t) = Nigi(t) — Nigi(t) =0,
7j=1

so again fab[k(t, s) — k(t, s)] f(s)ds = 0. Thus for each t, k(t, s) — k(t, s) is orthogonal
to L*([a,b]). Hence k(t,s) = k(t,s) for every t and almost every s. But k(t,s) and
k(t,s) are continuous, so

k(t,s) = k(t, s) ZAJ% )o;(s) Y(t,s) € [a,b] x [a,b].

In particular,
=D AlesF
j=1

The partial sums of this series form an increasing sequence of continuous func-
tions which converges pointwise to k(t,t), which is also continuous. By Dini’s the-
orem, this series converges uniformly to k(¢,t). Thus given € > 0, there exists an
integer N such that for n >m > N,

Y Nloi (0 < e Ve a,b].
j=m
This implies that for all n > m > N and (¢, s) € [a,b] X [a,b],

Z)‘|¢J ¢J s)| <e

Hence 372, A;j¢;(t)¢;(s) converges absolutely and uniformly on [a,b] x [a,b]. O

Theorem 3.6 (Trace formula for integral operators). Let k be continuous on |a, b] x
[a,b]. Suppose that for all f € L*([a,b]),

// (t, )£ ()7 B)ds dt > 0.

If K is the integral operator with kernel function k and {\;} is the basic system of

eigenvalues of K, then

b
ZAJ:/ k(t, t)dt.
j=1 a

14



Proof. [5, p. 139] Let {¢,} be a basic system of eigenvectors of K corresponding to
{\;}. By Mercer’s theorem, the series

t) = Z)\j\qﬁj(f) 2

converges uniformly on [a, b]. Hence

b o) (o)
/%wwzzww%{)f
a j=1 j=1

]

Theorem 3.7. Let K(z,t) be a real, symmetric, continuous, non-negative definite
kernel on [0,1]2. Let {¢;},{)\;} be a basic system of eigenvectors and eigenvalues of
the integral operator generated by K. If

827“

ol t) = 5oar

K(x,t)

exists and is continuous on [0,1]%, then ¢§r) exists and is continuous on [0,1] for
7>1and

§2A<#T )6 (t)
uniformly on [0, 1]%.

Proof. [Adapted from 8] As ¢, is an eigenvector of the integral operator generated

by K, we have that
1
— 1 | Kavo
/\j 0

for j > 1. Since K, exists and is continuous on [0, 1]?, we can differentiate both
sides r times to obtain

1 or
o O0z7

@) =1 [ K o0

Hence ¢§~r) exists and is continuous on [0, 1]. Define

k
Rep(z,t) = K (2,8) = > 2o (@) ().
j=1

15



Suppose Ry x(xg,x9) < 0 for some xy € [0,1]. Then, since R, is continuous, there
exists & > 0 such that Ry x(z,y) <0 for all z,y € [zg— 0, z9 +0]. Write x; = 29— ¢
and z§ = 9+ ¢. Then

oy pag
0>/ / Ry (z, t)dz dt
:/ / Ki(z,t) ZAM

= K(zg,27) K(I(J)raxo K(xo,x0)+K(x0,xO)

—Z)\/ ¢ (z d:zc/ ¢ (t

A [05(ad )0 () — b ()5 (2g) — b(wg ) s () + &5 (g ) s

dx dt

[
MS

1

J

—Z)\/ ¢ (x dx/ ¢ (t
_ZA/ ¢(x d:c/ ¢ (t)dt > 0.

k+1

This is a contradiction. Thus Ry x(z,z) > 0 for all = € [0, 1]. Hence

Rip(w,x) = Ki(z,2) — }:AWP>0

and therefore i
Ky(w,2) > Al (@))?
j=1

for all z € [0,1], for all £ > 1. Since the partial sums of this series form a non-
decreasing sequence which is bounded above by K (z,z), the sum

D Al
j=1

converges. Fix t € [0,1] and define M = max,¢jo1) Ki(z,2). Then, given € > 0,
there exists an integer N such that for all n > m > N,

>l
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By the Cauchy—Schwarz inequality, for n > m > N,

(ZA | (w ) (Z Aj!eb;-(t)IQ) < MZAj|¢;<t)12 < Me.

gcb

Therefore
K!(x,t) ZW

converges absolutely and uniformly in x for every fixed ¢. Similarly, it converges
absolutely and uniformly in ¢ for every fixed .
Note that K; and K are both measurable. Additionally,

/ot /OI[KM: v) = I (u,v)]du dv
:/Ot/OmKl(u,v)dudv—i/\j/oxgb}(u)du/ot#(v)dv

— /t /w Ky (u,v)dudv — [K(z,t) — K(z,0) — K(0,t) + K(0,0)] =0

Hence Ki(z,t) = K{(z,t) a.e. Thus for fixed x, K;(z,t) = K{(z,t) for almost every
t. But for any fixed x, both K; and K] are continuous in ¢, so this equality holds
for every t. Thus for every t, Ki(z,t) = K{(z,t) for almost every z. But for any
fixed t, K7 and K7 are also continuous in x, so the equality holds for every x and ¢.

We now have that .
DEDIPICACHE
j=1

The partial sums of this series form a non-decreasing sequence of continuous func-
tions converging to another continuous function. Therefore by Dini’s theorem, this
convergence is uniform. In particular, given € > 0, there exists an integer /N such
that for all n > m > N, for all ¢,

ZMW;@) ?

Hence by the Cauchy—Schwarz inequality,

(Z/\ |#(x > (Z Aj’¢}(t)|2> < MZ)\jkb;(t)F < Me,

and thus the series converges uniformly in both x and ¢ snnultaneousl%/
Replacing ¢;, K, ¢}, K1, K}, and Ry ; in the above proof by qb K., ¢§s+1)’
K1, K7, and R, ;, respectively, where s +1 < r, we establish that the result

holds for s + 1 if it holds for s. Therefore, by induction, the result holds for . [

]¢
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4 Singular Values of Integral Operators

The proof of the following proposition is adapted from [7]. However, we provide more
details at two crucial stages of the proof. Specifically, we show the full calculations
for the characterization of J* and for finding the eigenvalues of J*J.

Proposition 4.1. Let J be the operator on L*([0,1]) defined by

J1(x) = / F(t)dt.

Then J* is characterized by

J*f(x) = / " pn)dt

and the singular values of J are given by

sp(J) = ﬁ, n > 1. (4.1)

Proof. Let J' be the integral operator defined by
7w = [ s
0
Notice that for all f, g € L*([0,1]),

wra= [ ([ ss) stva

1

=[] s [ otor0s Ry 0 ([ ot a
= [ ([ oris)ar= (5.9

Hence J' = J*. Let ¢,, n > 1 be the eigenfunctions of J*.J. Then

bu(z) = ﬁJ*J%(m) _ ﬁ /0 ’ ( /t 1 ¢n(s)ds) dt. (4.2)

Notice that [ ¢,(s)ds is continuous in ¢, so ¢, () = W Iy (flt gbn(s)ds) dt is in

C'[0,1]. But if ¢, € C*[0,1], then [ $,(s)ds is in C**+1[0, 1], and it follows that
¢, € C*2[0,1]. Hence, by induction, ¢,, € C*[0,1]. In particular, ¢, € C?%([0,1]),
and so from (4.2) we obtain

! 5On(z) =0,  ¢,(0) = ¢/,(1) = 0.

¢ () + ()
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Solving this ODE yields

bn(2) = 1 5in (Snfj)) .

We cannot have ¢ = 0, since then ¢,(z) = 0. Therefore to satisfy ¢/ (1) = 0, we

must have that 5

(2n — )7

cos(snij)> —0 = s (J) =

]

The main result of this section is a theorem from [7]. The proof uses the result
of Proposition 4.2, and in Ha’s paper, they refer to a proof of this proposition from
[4, p. 122]. We believe that Gohberg’s proof of that proposition is unnecessarily
complicated and hard to follow. We present here a simple proof that only uses
elementary results on series.

Lemma 4.1. Let by be a sequence in N such that by, < bgyq for all k > 1. Then
> ()
pt bi41
Proof. Arguing by contradiction, assume
> ()
—~ br+1
P
lim (1— (b—’“> ) = 0.

P
Set a, =1 — (%) . Then limy_,, a = 0, so

diverges.

converges. Then

lim —In(1 — ag) _
k—o0 ag

Since ax > 0 and —In(1—ay) > 0 for all k and >~/ | a;, converges, > o~ [—In(1—ay)]
converges by the limit comparison test. Also,

—In(1—a;) =1In ((b’;—jy?) = pIn(bet1) — pIn(by),

SO
n

> = —ap)] =} (pln(brsr) — pln(bi)) = pln(bars) — plo(by).

k=1 k=1
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But b, > n, so

[e.9]

Z [—In(1 — ag)] = lim Z In(1 —ag) = lim pln(b,y1) — pIn(by)
—1 n—oo n—oo
> hm pln(n) — pln(by)
k—o00
diverges, a contradiction. O

Proposition 4.2. Let p > 0, and let a, > 0 be a decreasing sequence such that

o
E nfa,,
n=1

converges. Then

lim n**ta, = 0.
n—oo

Proof. Arguing by contradiction, suppose

lim n?*a, # 0.
n— oo

Then there exists e > 0 and a subsequence a,, such that

p+1
Ny Qp, > € = Ay, > —7T
T,

for all £ > 1. Therefore

Nk+1 Nk+1 Nk+1 Ngt1
P 4 p
D JaZan,, Yy "> p+1 > 7 p+1/ aPdx

j=ng+1 j=ng+1 Mgt j=ng+1 Mt1

B € - ( Ny )p+1
p+1 N1 '

But then
o0 n, \*!
a; > Pa, > —— 1—
o Sowe s (- ()
j=n1 k=1
diverges by the previous lemma, a contradiction. O]

Theorem 4.1. If K(x,t) is positive definite Hermitian and the symmetric derivative
2r

Ko, t) = oo K (0,1

exists and is continuous on [0,1]2, then

D 0P (K) < oo
n=1

Consequently,
lim n? ™\, (K) = 0.

n—oo
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Proof. [Adapted from 7| Define the operator J by

- / 1 f(t)dt

Let H; be the vector subspace formed by f € L?([0,1]) which are orthogonal to the
constant function e(t) = 1 and the function K (¢,0). Then H; is of codimension < 2.

If f € Hy, then
1 1
/ F)dt =0 and / K0, 1) f(t)dt = 0,
0 0

and so we have

:/O 2 [/ K(y.1) dt]dy+/ K(0,6)f(t)dt
L ([ f o] = [ston ([ e) e}
- { / K1) ( / 1 f(s)ds) dt} dy = 'K, f(2)

Let G be the vector subspace formed by g € L*([0, 1]) which are orthogonal to the
functions e(t) and K(t,1). Then for g € G,

/1g(t)dt:O and /IK(l,t)g(t)dtzo,

(4.3)

and so we have

:/1 8yUKy’ dt]d%/fflt()dt
:/ ([aymy, )/0 } /K1 y,t (/ ()d)dt)dy
/ [ / Ky (y.t ( / (s)ds) dt} &y = JK T g(a).

For r = 2, let H, be the vector subspace formed by f € H; which are orthogonal
to the functions J*e(t) and J*K;(¢,1). Then H, is of codimension < 4. If f € H,
then in addition to the above, f also satisfies

/1 JF(#)dt =0 and /1K1(1,t)Jf(t)dt:0.

(4.4)
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Applying (4.4) with K; and Jf(z) in place of K and g(x), respectively yields
KiJf(x) = JK2J* T f(x).

Substituting this into (4.3), we have
Kf(z) = J*JKJ* Jf(z).

For » > 3, we can continue to iterate. Let T be the identity operator and for
1<5<r, let

I )EY2f s odd
a (J*J)i/? if j is even
Let H, be the vector subspace formed by f € L?([0,1]) which are orthogonal to the
2r functions T7e(t) and T; Kj(t,a;) for 0 < j <r —1, where a; = 0 if j is even and
a; = 1if j is odd. Then H, is of codimension < 2r and for f € H,,

Kf(z) =TK,T, f(z).

Since T*T, = (J*J)" and is positive definite hermitian, \,(T*T,) = [A\,(J*J)]". By
(2.1), (2.2), and (4.1) for n > 2r + 1,

Aon(K) < Aopo1(K) < Aop—or 1 (17 K T)
< )\n72r(T:Tr))\n(Kr) = [)\nf2r(J*J)]r )\n<Kr)

e . (4.5)
< M (K) < — M\ (K.
~ (2n—2r —1)%g?r () n2r (£5)
Hence
D T A(K) = > (2n)" An(K) + Y (20— 1) Mgy (K)
n=2r+1 n=r+1 n=r+1
<27 Y M(K,) < oo,
n=2r+1
and thus -
ZnQT)\n(K) < 00.
n=1
Consequently, by Proposition 4.2,
lim ™\, (K) = 0.
n—oo
O
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Theorem 4.2. If K € C?([0,1]?) is positive definite Hermitian, then

M) = 0 (nplﬂ)

Proof. [Adapted from 7] If p is even, then p = 2r for some integer r > 1, so we have
from the previous theorem that

as n — Q.

lim n?™ )\, (K) = 0.

n—oo
If p is odd, set r = (p — 1)/2. Since K, € C'(]0,1]?) is positive definite Hermitian,

lim n?)\,(K,) =0,

n—o0

so from (4.5),

0 < lim nP™ A, (K) = lim (2n)* 2\, (K) < 222 lim n?\,(K,) = 0.

n—oo n—oo n—o0

4.1 MATLAB Code

The following MATLAB code uses three different methods to approximate the first
n singular values of the integral operator with kernel function k(z,t) = (x —1)P-1,5.
We expect

Sp~Cn® — Ins, ~InC +alnn

If p= 1.5, k is C! regular, so according to Theorem 4.1 we expect that o < —2. In
the plots below, we take n = 100 and perform a linear regression to approximate the
decay rate « using the first 80 computed singular values, as the last several values
are subject to high numerical error.

close all

n 100; 7% dimension of subspace
p = 1; % number of continuous derivatives

[A1,s1] = singular(p,n);
[A2,s2] singular2(p,n);
[A3,s3] singularFFT(p,n);

log_singular = log([sl,s2,s83]);
X = [ones(80,1), log(1:80) '];
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beta = X\log_singular(1:80,:);
alpha = beta(2,:);

% plot the approximated singular values of K
plot (log(1:80), log_singular(1:80, :))
legend ("Explicitly Computed Integral \alpha \approx " +
alpha (1),
"Numerical Integration \alpha \approx " + alpha(2),

"FFT \alpha \approx " + alpha(3))
title ("Approximated Singular Values for p
xlabel ('1n(n) ")
ylabel ('1In(s_n(K))"')

||+p)

% Using explicitly computed integral with kernel function
h k(x,t) = (x-t)7"p *x (x > t) and f_j(x) = n *x ((j-1)/n <=
x < j/n)
function[A,s] = singular(p,n)
pow = p + 2;
denom = pow .* (p+1) .*x n. (p+1);

A = zeros(n);

for j = 1:n
h <Kf_j, f_j>
A(j,j) = 1./denom;

% <Kf_j, f_k> for k > j. If k < j, this is O
for k = j+l:n
numer = (k-j+1) . pow - 2.x(k-j). pow + (k-j
-1) ."pow;
A(j,k) = numer./denom;
end
end

s = svd(A);
end

% Using numerical integration
function[A,s] = singular2(p,n)
% Numerically approximates the matrix A, where A_jk =
<Kf_j, f_k>
% and f_j(x) = n * ((j-1)/n <= x < j/n)
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end

% kernel function
K = @(x,t) (x-t)."p .*x (x > t);

A = zeros(n);
for j = 1:n
for k = 1:n
A(j,k) = n .* integral2(X, (k-1)./n, k./n, (j
-1)./n, j./n);
end
end

s = svd(A);

% Using FFT
function[A,s] = singularFFT(p,n)

end

% Numerically approximates the matrix A, where A_jk =
<Kf_j, f_k>
% and f_j(x) = exp(2pix*ijx)

% kernel function
K = @e(x,t) (x-t)."p .*x (x > t);

K_eval = zeros(n);
for j = 1:n
for k = 1:n
% K(x,t) evaluated at a grid ofdiscrete
points (j/n, k/n)
K_eval(j,k) = K(j./n, k./n);
end
end

% Kf_eval(j,k) is an approximation of Kf_j(k/n)
Kf_eval = ifft(K_eval, n).';

A ifft(Kf_eval, n);

svd (A);

0
Il
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Approximated Singular Values for p =1 Approximated Singular Values for p = 1.5

0 0
Explicitly Computed Integral o ~ -2.2336 Explicitly Computed Integral o =~ -2.7798
Numerical Integration o ~ -2.2336 Numerical Integration a ~ -2.7798
2 FFT o ~-1.9808 FFT o ~ -2.6143
4 5
< <
o b o
£ =
8 -10
-10
-12 -15
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 0 0.5 1 1.5 2 25 3 35 4 4.5
In(n) In(n)

Approximated Singular Values for p = 2

0
— Explicitly Computed Integral o = -3.3137
2 Numerical Integration a = -3.3137
FFT o = -3.2098
-4
-6
g 8
=
&2
£ -10
-12
-14
-16
-18
0.5 1 15 2 25 3 3.5 4 4.5
In(n)

Figure 1: Approximations of the first 100 singular values for the integral operator
K with kernel function k(z,t) = (z —t)P- 1,~,, computed for several different values

of p.

5 The Two-Dimensional Case

Proposition 5.1. If ¢,, n > 1 form a Hilbert basis for L*([0, 1)), then ¢mn(z,y) =
On(2)dm(y), m,n > 1 form a Hilbert basis for L*([0,1]?).

Proof. 1t is simple to show that the functions {¢,, n}mn>1 are pairwise orthogonal:

/o1 /o1 mon (@, Y)Pra(, y)dw dy = /01 /01 G (2)bn(y) dx(2) 1 (y)dz dy

= ([ ontwrintaras) ([ ontwrontoras)

_J1, iftm=Fkandn=1
0, otherwise '

Let f € L*([0,1]%). Fix z € [0,1]. For almost all z, the function y — f(z,y) is
in L*([0,1]), and thus

flry) = i ([ rvntoit) ento)
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It follows that

1 1 2
/ fla,y) dy = / fz,y)én(y)dy
0 0
for almost all = € [0, 1]. Denote
1
:/ f(x,y Om
0
Then clearly
/f:cycbn dy /frcy?dy,

so we have that

/0 Loz < /0 1 /0 (e y)de dy,

and therefore g, € L*([0,1]). Thus

[ tomtoas = i [ m@on(ari 2
Hence
<f,f>=/1/1f(x,y)2dydx— : /f:cy di

/ligm da:_Z/l dx—;Z/
/f:vy¢m ) )y d —ZZU,%

Suppose (f, ¢mn) = 0 for all ¢, ,, m,n > 1. Then

f>:ZZ’<fa¢m,n>|2:O = f=0.

m=1n=1

Thus span{ ¢, » }m.n>1 is dense in L*([0, 1]?).

Proposition 5.2. Let J be the integral operator on L*([0,1]?) defined by

it = | [ sts.nasa
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Then J* is characterized by

T f(,y) = /Oy /:f(s,t)ds dt.

and the singular values of J are given by

4
(2m —1)2n — 1)7?’

Smn(J) = m,n > 1.

Proof. Let J' be the integral operator defined by

T f(z,y) = /Oy /:f(s,t)ds dt.

Then for all f,g € L*([0,1]?), we have that

wra = [ [ ([ [ reoasar) ateasas
([ e e (e )
:/01/01/yl/omf(x,t)g(s,y)dsdtdydx

(e ] ()
[ [ e ([ [ ssodsa) dray = 5.7

Hence J' = J*. Let ¢ be an eigenfunction of J*J with corresponding eigenvalue \2,
so that X is a singular value of .J. Then

o(z, )——J*J¢xy A2// (//¢uvdudv>dsdt (5.1)

Notice that [| [ ¢(u, v)dudv is continuous in s and t, so we have that ¢(z,y) =
= Iy (ft fs u, v dudv) dsdt is in C*([0,1]%). But if ¢ € C*([0,1]?), then

fl [7 é(u,v)dudv is in C*1([0,1]?), and it follows that ¢ € C*2(0,1]*). Hence,
by induction, ¢ € C*°(]0,1]?). In particular, ¢ € C*(]0,1]?), and so from (5.1) we

obtain
84

1
W —¢(z,y) =0 (5.2)

¢($7 y) - 22

with 5 9
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Assume ¢ is of the form ¢(z,y) = f(x)g(y) for some functions f,g € L*([0,1]).
Then (5.2) becomes

with

Thus we have that

p 9(y) _
f(x) - /\Zg,,(y)f(fr) =0

for all x,y € [0, 1]. Hence it must be that —g(y)/g”(y) = ¢ for some constant ¢ € R
for all y € [0, 1]. We now have

F(x) + 35 f(2) =0
and ]
9"(y) + —9(y) = 0.
Solving these ODEs yields
f(z) = ¢y sin (%E) and ¢g(y) = cysin (%) :
Moreover, from the conditions f’(1) =0 and ¢'(1) = 0 we find that
A 2 2
e MV G
for some m,n € Z*. Thus we have that
4
(2m —1)(2n — 1)7w?

is a singular value of J with corresponding singular function

bmn(z,y) = sin (M> n (M) |

Sman(J) = A=

2 2

By Proposition 5.1, the functions {¢,, »}mn>1 form a Hilbert basis for L*([0,1]?),
and therefore these are the only singular functions, and thus the only singular values,
of J. O]

Proposition 5.3. Let J be the integral operator on L*([0,1]?) defined by

Jf(x,y)z/yl/:f(s,t)dsdt

and let s,(J), n > 1 be the singular values of J in decreasing order. Define f :
[1,00) = [1,00) by f(x) =2+ xInz. Then
4

sn(J) < m
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Proof. By Proposition 5.2, the singular values of J are given by

4
") =
i6l)) = o TR 1)
so we have that
D) > (2 - D)2k -1 <m —> jh<m — k<
7.k e 7r2m J = VLS = ] .

It follows that

{mssun 2 o =3

i=1

4 " m m
{k:s;7k(J)2 Wzm}‘ SZ—,Sm—I—/l ;dm

=m+ mlnm,

that is, the number of singular values of J which are greater than or equal to ﬁ
is at most f(m) = m + mInm. Therefore if n > f(m), then s,(J) < . Since
sn(J) = -3 for some integer [ > 1, it follows that s,(J) < m. Notice that f
is a strictly increasing function, and is therefore invertible. Moreover, its inverse is

also strictly increasing. Hence if f(m) <n < f(m + 1), then

4 1 4
WS D) T R ) S )

As this inequality holds for all m, we obtain the desired result that

4
Sp(J) < ———— forall n>1.

w2 f~1(n)

6 Conclusion

Although we found the eigenfunctions of J in the two-dimensional case and an upper
bound on its eigenvalues, we were unable to generalize calculations (4.3) and (4.4).
In the one-dimensional case, we considered a subspace of finite codimension, but the
higher dimensional case would require subspaces that do not have finite codimen-
sion. All in all, we believe that there is no straightforward generalization of Ha’s
arguments [7], unless the integration kernel k(z,y) is compactly supported in the
y variable. In that case, integration by parts are more easily manipulated since no
boundary terms appear. In future work, we will examine the case of general smooth
kernels k£ over general compact domains (2. We believe that using the Dirichlet and
Neumann eigenvalues for the Laplacian in combination with Weyl’s Theorem for
their decay rate will be relevant.
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