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Limit Cases of the p-Laplace Operator via
Mosco Convergence

April 24, 2013

Abstract

In the classic theory, p-Laplace operator (1 < p < 400) joined several main parts of
the mathematics in a fruitful way, and one important principle of mathematics is that
extreme cases reveal interesting structure. Looking at p-Laplace operator as subgradi-
ents of a sequence of convex functionals {E,}, as p goes to 1 and to infinity, we study
the connection of the dual problem between 1-Laplace operator and infinity-Laplace
operator using tools from convex analysis and the notion of Mosco convergence.

1 Introduction

This paper is a study about the limit cases of the family of Laplace operators. With parameter
p, the (strong) p-Laplace operator, A\, is defined as

Ayu = div (|VuP~*Vu)

N
= |Vulr* {|Vu|2Au +(p—2) Z uwiuxjuxﬂj} .

ij=1

for
l<p<2, p=2 2<p<oo.

When p = 2, it is the classic Laplace operator, which is the sum of the second order
partial derivatives. For the limit cases, the parameter p goes to 1 and to oo,

1. The 1-Laplace operator. Setting p =1,



2. The oo-Laplace operator. Letting p — oo,

N
AN —E —1
U = Ug Uz Uz o -
2 7 J (2adV]
GU
ij= [Vl

It is derived formally by dividing the p-Laplace equation —A,u = 0 by (p — 2)|Vu|P—2
then letting p tends to infinity.

Both limit cases have many applications in fields such as image processing, game theory,
etc [9, 10]. This paper will also introduce one of the applications in modeling growing sandpile
via Laplace operator and Mosco convergence [1].

The notion of Mosco-convergence plays an important role in many aspects of mathematics
such as Functional Analysis, Convex Analysis, mathematical modeling [4, 5]. In 1971, Mosco
established that the “sequential bicontinuity” of convex conjugate in reflexive spaces: if {f,}
is a sequence of closed proper convex functions on a Banach space, then f,, Mosco converges
to f if and only if {f¥} Mosco converges to f* [3]. In 1977, Attouch established that a
sequence of closed proper convex functions Mosco converges to a convex functions if and only
if the functions’ subdifferentials graph converge to the subdifferential of the limiting function
[6, 7). The definition of Mosco convergence is given later in Section 4, and the graph
convergence of the subdifferentials will be explained in Section 5.

2 Sobolev Space

Some basic facts of the Sobolev space are introduced, the (weak) p-Laplace operator and the
energy functionals are also defined in this section.

Let © be a bounded open set in RY and let 1 < p < oo. With C}(2) denoting functions
with compact support and continuous first order derivatives, recall the definition of Sobolev
Space

WP (Q) = {u € LP(Q) | 3g; € LP(R) such that /u¢ =— / g6 Vo€ (Jj(Q)} :
Q Q

N
lal e = Tull + > 17
i=1

The following norm is equivalent to the one from above,

al? 0, = / ulPde + / Vulda

|Vu|=<' mf) .

where



For 1 < p < oo, WHP(Q) is separable, reflexive. The space
WyP(Q) = the closure of C®(Q) in the space WP(Q)

is a closed subspace of W'?(Q), hence it is a Banach Space under the same norm and it is a
reflexive space as well.

The dual space (VVol’p(Q)yk is denoted by W~=4(Q), where 713 + % = 1. It is equipped with
the dual norm

||u*]]. = sup {(u*,v) v € Wo(22) and [[oly1r = 1} .
With the setup from above, the weak p-Laplace operator (1 < p < oo0) “—A,” is an
operator from the Sobolev Space Wy () to its dual W—19(€),
— A, WyP(Q) = W H(Q)

(—Apyu,v) = / |Vul|P~2Vu - Vo dz, for all u,v € WP (Q).
0
(—A,u,-) is linear by construction and

[(—A,u,v)| = |/ |VulP~2Vu - Vo dr| < / (VulP~! Vol dx
Q Q

< ([1wur dx)* ([ dw)?’

—1
< [Julligsllollwgs

thus (—A,u, ) € W14(Q).

With the following two properties,
1. The space Wy () = H}(Q) is a Hilbert spaces with the inner product

(1, v) g2 :/VU-VU dx;
Q

2. Wy (Q) € Wy (Q) whenever p; > po,

we now define the energy functionals.
For 1 <p < o0,

E,: Hy(Q) — RU {+oc0}
() = { Jo S\ VulPde if uw € Hg(Q) N W, (Q)

E
+00 if ue HY(Q)\W,P(Q),

P
and for p = oo,
Ey: Hy(Q) = RU{+oo}

i <
Fo(u) = { 0 if [Vu| <1 ae.

+00 otherwise.



3 Gateaux Derivative

Gateaux derivative is the generalized concept of directional derivative. From different au-
thors, the definition may vary. To be consistent, the following definition will be used through
this paper.

Definition. Let X be a Banach space and f: X — RU{+o0}, for all v € X

df(u;v) = lim fluttv) = f(u)

t—0 t

ueX

where § f(u;v) is a linear functional with respect to v, §f(u;-) is called the Gateaux differ-
ential of f at u, and the linear operator is called the Gateaux derivative. A function is
differeniable in the Gateaux sense in an open subset S C X if it has a Gateaux derivative at
every point of S.

Remark: Here, the Gateaux derivative is only required to be linear; it is not necessarily in
the dual space. Some authors require the Gateaux derivative to be both linear and continuous;
some require neither.

Lemma: F, is Gateaux differentiable on the subspace Hg(€2) NW,?(Q), and

6B, (u; ) — (A} we H(Q)NWIP(Q).

H§ (NWy " (2)
Proof. The proof related to the Laplace operator has two parts, 2 < p < oo and 1 < p < 2.

The Gateaux differentiability of F, is followed since the Laplace operator is continuous linear
and 0 E,(u; v) = oo in HE(Q)/ W, ().



E,(u+tv) — E,(u)

= lim (/ —|V(u+tv)]pdx—/Q—Wu\pdx)
n%%(// [ \Vu+stv)\p] dsda:)

1
im ~ // I p(i:1 uxi+stvxi)2 ds dx

p—2

5 /N
2
= 1151_{% - / / ( (uy; + stvy,) > <Zl 2(uy, + stvxi)tvxi) dsdx
1 N % N
= lim / / (g, + stvg,)? (Ug; + Stvg, )V, | dsdz

1 N % N
_ / / (Z(umf) (Zuv) ds dz
Q70 \ =1 i=1
1
:// |VulP2Vu - Vods dz
aJo

= / IVulP~2Vu - Vo d
Q

= (—Ayu,v)

p—2

Remark: The underlined term <Zf\i1(% + stvxi)2> * might take the form 0° and is not
well defined when p < 2.

The passing of the limit is adjusted using Lebesgue Dominated Convergence theorem.
Let

fi(z,s) = (Z(um + stvxi)2> (Z(ugg + stvxi)vxi> ,

i=1 =1

apply Cauchy-Schwartz inequality to the second product term,

Z(u% + Stvwi)vxi S (Z(uxz + SthEi)Z) (Z(U%)Z) ’

i=1 i=1



then

Using the fact that
|+ 0[] < [a] + [b] < 2max{]al, |b[}

la + b < 2°max{|al, |b|}° < 2°(|a|®+ |b]°) Va,b,c € R,c >0,

N ¢ N
<Z|az|> §N62|ai|6 Va;,c € R,c >0,
i=1 i=1

since by assumption, 2 <p<oo = 0<p—-1,0<

— i=1
1 N S
< Np% (Z |Ux,b + stug, p_1> N% (Z |U$i )
i=1 =1
1 N -
< N7 (Z 27 (Jug, [P~ + |3tvxi|p_1)) N (Z |vxl|>
p i=1
N N
< Vi (Z (It 1 + st )) (Z [0 ) ’
i=1 =1

and since t — 0, we can assume || < 1. Let us take t = 1 and define the function

N N

g(z,s) = N3P~ (Z (Jug, P71 + |sv$,-|p_1)> (Z |U$1’>

=1 =1
N N

= NEZTE ST (ka7 oy 4 [ o )

i=1 j=1



We show that ¢ is integrable,

//lg(x,s)dsdx
// Nbor- i S (Ju,

j=1

pillvxj| + |5’p71|vmi

Puy,|) ds da

1

= N 122// s,

P o, | + 87 Mg, [P vg, | ds da

=1 j5=1
N e e
i=1 j=1
N N 1
— N Y [/ e, pl\vxj]dx] 41 U o, pl\vxj]dx] ,
- — Q P lJo

Since u,v € W, (), all the integrals over  in “[ |” are finite for 7,7 = 1,2,..., N by

Holder’s Inequality,
1
e (o)) (fpore)
/|uxi|l?dx) ’ </ |U%|de>
Q Q

/ |U37i -
Q

which means

P 1
N?22P~ ! |:/ |U;B, p 1|Ux |d$:| - |:/ |Uaci|p_1|v$j| dlL’:|
1 el D lJa

is finite, thus ¢ is integrable. From how we defined g, we have |f;(x,s)| < g(z,s). By
Lebesgue Dominated Convergence Theorem, we can pass the limit ¢ — 0 inside the integral.

p—2

1 < p < 2, as mentioned before, the term <Zfil(um + stvxi)2> * is not well defined when

1

(zjil(um + stvxi)2> = |V(u+ stv)| = 0.



Again, let us look at

p—2

1 N 2 N
. 2
15%/9/0 (;Zl (ug; + stvy,) ) < g (ug, + stvxi)vxi) dsdx

=1

1
=: %1_13%/9/0 fi(z, s)ds dzx.

In order to solve this problem, we first assume u € C}(Q2). Let ©;,Qy C Q defined as
below

O :={zreQ : |Vul =0}
Qo :={xe€Q : |Vu| > 0}.

Since |Vu| is the sum and product of measurable functions, it is also a measurable func-
tion. The pre-image at zero is a measurable set, thus {2; is measurable, which means €, is
measurable as well.

1 1 1
11_1}3/9/0 ft(:c,s)dsdx:g%/ﬂl/o ft(z’s)deij}sg%/Qz/o fi(x, s)dsdx.

The second integral over {2, can be calculated similarly as before, since the bounding function

920,
1 1
//g(x,s)dsdmﬁ//g(x,s)dsdx<oo.
Qs Jo aJo

For the first integral over €2, u,, = 0, then it becomes

1 N % N 1 N %
lim/ / stu,, ) stv? | dsdx :lim/ / st|P~2st ve,)? | dsdx
i [ (Sptmr) (ot )y [ [ (0

Again using Lebesgue Dominated Convergence Theorem,
N 5 N 5
st st (Z(vx»?) < st (sz)

i=1 i=1
p)

N
< |stlr N8 (Z vz
=1

Take [t| = 1 since t — 0, and define

N
gla,s) i= |sP I NE <Z o
=1




To show g(z, s) is integrable,

1 1
//g(:v,s)dsdxg// g(x,s)dsdz
Q1 J0 QJo
1 N
:// |sPINE (Z |vxi|p> ds dx
@70 i=1

N 1
g p—1 p
= N2 P g, |P ds dx
i=1 7270
N

N
p 1 p 1l

:NEE /—vxipdx:N‘Z—E [/ Uzipdx].
i=1 Qp‘ p Q’ |

i=1

Since v € W, (), the above is finite and we could pass the limit inside the integral and get

1 1
lim/ / fi(z,s)dsdx :/ / Odsdx =0,
t—=0 Q1 J0 Q1 J0

dE(u;v) = 0= (—A,u,v) on
JE(u;v) = (—A,u,v) on s,

which means

thus
dE(u;v) = (—Apu,v) on €.

Now in general for any u € H}(2), let u,, € Cj(2) converge strongly to u in Hj (). We
have
(= Aptn, v) = (=Apu, v),

using the fact that the p-Laplace operator is demicontinuous and the space is reflective.
Here we will give the definition of demicontinuous,

Definition. Let X be a reflexive Banach Space, an operator A : X — X* is demicontinuous
if z,, — x strongly in X, then Az, — Az weakly* in X*.

O

4 Mosco Convergence

Definition. Let X be a reflexive Banach space and f,, : X — R U {+oc0}. The sequence
{f.} Mosco converges to f (f, M, f) provided for each x € X

{ Vo, = x  f(x) <liminf, f,(2,)
Iz, >z f(x) > limsup,, f,(x,),

(19

where “w” and “s” denote the weak and the strong topology of X.

10



Recall that for p < oo

E,(u) = fQ %|Vu|pdx ifue Hé(Q) N WOLP(Q)
P 400 if u e H{(Q)\WIP(Q),

and for p = oo,

E. : Hy(Q) = RU {+oc}

_J 0 if [Vu| <1 ae.
Eoo(u) = { +00 otherwise.

Theorem 4.1. E, Mosco converges to E.

Before the proof, recall the definition of essential domain and the following diagonalization
lemma by H. Attouch [§],

Definition. The essential domain of a function f : X — R U {400} is the set dom(f),
given by
dom(f) ={r e X : f(z)<+oo}.

Lemma (Attouch). Let a,,, be a doubly indexed family in R. Then, there exists a mapping
n +— m(n) increasing to +oo, such that:

1im SUp Gy () < limsup(lim sup a,, ).
n—00 m—00o n—00

Proof. 1. We first show that
1

Vu € dom(Ey) Fu, € dom(E,) : u, o, 4 and Eo(u) > limsup E,(u,).

n—o0

It suffices to show Yu € dom(FEy,) instead of Vu € H} () is because that the inequality
is trivial for u & dom(E,).

First assume u € dom(Ey) N C§(Q), construct u, := uf, for a sequence of smooth
functions {f,} with bounded derivatives. By product rule, the derivative is

(V| = [(Vu)(fp) + (w)(V f)l,

and we will see that each u, € dom(E,) since its derivative is bounded by construction.
By assumption u € dom(E..)NC(Q), we get ||Vul|o = supg |[Vu| < 1and E(u) =0,
in order to prove the strong limsup inequality, we need

/Q%KVU)(fp) - (W)(VF,) Pz — 0 as p— oo,

thus we want |(Vu)(f,) + (u)(Vf,)|” to be bounded.

11



Now [|[Vul|s <1 = u is bounded. To see this, fix an x € € such that u(z) < oo, then
for each y € ), we have

u(z) = u(y)] <[|Vullolz —yl,
since €2 is bounded, |x — y| is finite, thus u must be a bounded function on .

Then we have the following inequality

Yyl = [(Vu)(f) + @)V )] < (1l +CIVEI)

we want f, — 1 pointwise and V f, — 0 pointwise as p — co. To construct f,, define
g to be a smooth function that takes the value 1 in By(0), value 0 in RY/B(0), and
0 < g < 1lin By(0)/B;1(0) with 0 < ||Vg||s < 2 in By(0)/B1(0). Let f,(z) = g(z/p),
we see that

2
0<f,<1land |pr|§];.

Continue from the inequality above, we have
p 20\r
Vol < (Ifl+CIVEI)" < (1+7)
Thus, we get

lim sup E,(u,) = lim sup/ ! ‘(Vu)(fp) + (u)(Vf,) L do

p—0o0 p—0o0

lim sup —
p—oo P

p
(i) 0
p
(hm sup — > <hm sup (1 + E) dm)
p—oo P p—00 p
P
(hmsup ) (hmsup (1 + @) /ldx)
P00 p Q
0=

(Iimsup/‘ (Vu)(£,) + W) (V1| d

p—0o0

)

p—00 p
QC|Q|

lim Sup
p—)OO

To show that u, = uf, = v in W01’2(Q),
[ 19 Vo= [ 1Vu ((Tu)(5) + (@)(V1)Pds
Q Q
= /Q |Vu(l = f,) — qup\de
2
< [ (I9utt =)+ 19 4] da

9\ 2
§/9<1(1—fp)+05) dx

12



By Bounded Convergent Theorem,

212 212
lim / [Vu—VauPde < lim | (1(1-£,)+C) dx:/ lim (1(1—f,)+C=) dz = 0
Q Q p Q p

pP—o0 p—0o0 p—0o0

For general u € dom(Ey,), first approximate u with u,, € dom(E)NCA(Q) strongly in
HJ (), then construct the sequence u,, in dom(E,) N C} () converging to u,, strongly
in H}(Q) as above. By the diagonalization lemma, we have

limsup Ep,(tpn@py) < lim (limsup Ej,(up5))

P00 n—=00 " pyso

< limsup E(uy,)

n—o0
= limsup 0
n—oo
=0= E,(u),
which is the desired inequality.

. Now we show that

Vu € Hy (), whenever u, € dom(E,) and u, — u in Hy(f2), then liminf E,(u,) > E(u).

p—0o0

Once again, it suffices to work with Vu, € dom(E,) instead of H; () because else the
inequality becomes trivial.

Let z € Q be a Lebesgue point (Lebesgue points are almost everywhere in ) for
|Vu| € L?(Q) € L'(Q), and r sufficiently small such that B,(x) C €.

/ |Vup|dys(/ |Vup|pdy) B, (2)|F
B (x) Br(x)

1
1 P p—1
_ (p / —\Vup\pdy) B(2)5
Bn(z) P

1 p=1
= (PEp(up))” | Br(x)[ 7
Now if liminf, . E,(u,) is not bounded, the proof for the inequality

liminf £,(u,) > Ex(u)

pP—00

is done. Else if liminf, . E,(u,) < 0o, we have lim infpﬁoo(pEp(up))% < 1. And

liminf/ Vuydy < liminf (pE,(u,))? |B,(2)|7 < |B,(2)].
B,«(ac) p—00

pP—00
A well known theorem about the boundedness of weakly converging sequences states
that suppose
Vu, — Vu in L'(Q),

13



then
HVUH[/l S lim inf HVU’}?HLI'
pP—>00

Using this theorem and the fact that the weak convergence in L? implies weak conver-
gence in L', we have

/ |Vuldy < liminf/ |Vuyldy < |B.(x)],
Br(x) =0 JB,(x)

or
1

|Vu|dy < 1.
| B, (2)| /Br(x)

The Lebesgue differentiation theorem states that for almost every point, the value
of an integrable function is the limit of infinitesimal averages taken about the point
(Lebesgue points are almost everywhere). Taking the limit as 7 — 0, for almost every-
where

Vu(z)| = \Vuldy < 1.

lim
70 |B(2)| /B, ()

The desired inequality follows since u € dom(Ey),

ligljglf E,(up) > 0= Ex(u).

5 Subdifferential

Definition. Let f : X — (—o0,400] be a convex function defined on a Banach space X, a
functional z* in the dual space X* is called subgradient at z, € dom(f) in X if

f(z) = f(xg) > (z", 2 — xp) Vo e X.

The set of all subgradients at x is called the subdifferential at =, and is denoted with
Of(xo). If f(xg) = oo, df(xg) = 0. The subdifferential can also be seen as an operator
Of (1) : X — 2%,

The reason for studying the subdifferential is because of the following theorem due to
Attouch [6],

Theorem 5.1 (Attouch). Let X be a reflexive Banach space and let f, f,, : X — RU{+o00} be
proper lower semicontinuous convex functions. Then the following assertions are equivalent:

. M
(&) fo = f
Of. S of
(44) Normalization condition: there exist (a,a*) € Jf and a sequence (an,a’) € 0f,

such that a, — a strongly in X, a}; — a* strongly in X*, f(a,) — f(a).

The graph convergence of the subdifferentials is defined as

14



e for any convergent sequence {(an,a’) € X x X* | a! € 0f,(a,)} with (a,a*) as its
limit, one has a € df(a);

e for any (a,a*) with a* € Jf(a), there exists at least one such sequence {(a,,a}) €
X x X* | af € 0fn(an)} converging to it.

For p < oo and u € H}(Q) N Wy P(Q), the Gateaux derivative 6 E,(u; -) is not necessarily
continuous for p > 2. However, when restricting to the subspace, JE,(u; -)|H1(Q)mwl,p(m =
0 0
(—A,u, ) is a continuous linear functional.

Theorem 5.2 (Hahn-Banach). Let X be a normed vector space, and let Y be a subspace
of X. Then any continuous linear functional uv* € Y* on Y can be extended to a continuous
linear functional u* € X* on X. If Y is a dense subspace of X, then there exists a unique
element ©* € X* such that the restriction of 4* to Y is u*. That is, u* has a unique continuous
extension to all of X.

~

By Hahn-Banach Theorem, there should be a unique continuous extension(—A,u, -) €
HY(Q) such that

(—A,u, ) = (—Ayu,-) foreachl < p < oo.

HY (N, P (Q)

'This is still a work in progress to give an explicit expression for the continuous extension
—A,(u). It is easy to show that —A,u € 0E,(u),

~

E,(v) — f(u) > (—Ayu,v —u).
The right hand side is co whenever v € HL(Q)/WyP(Q); for v € H(Q) N W,P(Q), by

convexity,
E,(u+tv) — E,(u) = E,(tu +tv + (1 — t)u) — E,(u)
< tEy(u+v) + (1 = ) Ep(u) — Ep(u)
= t(Ep(u +v) — Ey(u)),

and we have

E,(u+tv) — E,(u)

(= Ayu,v) = (Ayu,v) = 6E,(u;v) = lim

t—0 t
< lim t(Ep(u +v) + Ep(u))
t—0 t

= Ep(u+v) = Ey(u),

this is just the subdifferential inequality in a different form.
For the infinity case, it is more delicate. The subdifferential of F., is the normal cone
over the convex set ||Vul|o < 1, defined as

OE(u) = {v" | (v, v —u) <0 V|Vy| <1ae. }.

The connection with — A is still being studied as part of the future work.

15



6 Convex Conjugate

Definition. Let X be a reflexive Banach space, and let X* be its dual space, for the functional
f X = (—OO,—f-OO],
the convex conjugate
ff X" = (—o0,+00]
is defined by
f(z") :=sup{(z*, z) — f(x)}.
zeX
Recall that © is a bounded open set in RY, and
E,: Hy(Q) — RU {+oc0}
B () = Jo 2IVulpdeif u e Hi () N WyP(9)
P+ if ue HHQ)\W,"(Q)

By (v") = :;Illrzm{@*, w) = Ep(u)}.

When1<q§2§p<oo,and§+%:1,wehave

Ep*(v*) = sup {(v",u) — Ep(u)}

weHL(Q)

= sup {(v,u)my — Ep(u)}
weHL(Q)

= EQ(U)a

—Av = v*
—Apu = v*.

For the calculation, since H} () is a Hilbert space with the inner product

where

(u,v) g = / Vu- Vv dz u,v € Hy(S2),
Q

the convex conjugate
E): HYQ) = RU {40}

Eyf(v*) = sup {(v",u) — Ep(u)}
uGH&(Q)

1
= sup {(v*,u)—/—|Vu|pdx}.
ueW ?(9) Qb

16



For each fixed v*, we calculate the Gateaux derivative of F(u) = (v*,u) — [, %\Vu\pdx.
Let ¢ € Wy (9),

5F (5 6) = lim (u+t tc? — F(u)
' — (v” LV (u+te)lP — 1VulPdx
g 0 t0) = () Jo, VOO VU
t—0 t t—0 t

= (v*, 9) —/ |VulP~2Vu - V¢ dx
Q
= <U*7 ¢> - <_Apu7 ¢>7

and setting dF'(u; ¢) = 0, we get
—Apu =v".
By Reisz’s Theorem, for each v*, there exists a unique v € H}(Q) such that (v*,-) =
(v, ) gy, that is
(v*,u) = / Vo - Vudz,
Q
which can be seen as
(v*,u) = (—Asv, u)

or
vt = —Asy0.

Since v* = —Ayu = —A,v, which means Vu = [Vv|P~2Vu,

1 1
/ Vv - Vu— —|Vul|Pde = / |VulP2Vu - Vu — —|VulPdz
Q p Q p
1
= / |Vul|P — =|Vu|Pdx
Q p

-1
:/p—|Vu|pd:E
Q P

:/Q]%IQVMPL)I?CZJ:

—1 v
:/p—|Vv|pldx
Q P

1
:/—|Vv\qu
Q4

= Ey(v),

Where%—i—%:l, and 1 < ¢<2<p<o0.
The convex conjugate of E, is more delicate and we will only present the basic form from
the definition,

Ex"(v") = sup  {{v"u)}.
u€H}
[Vu|<1 ae.

17



Due to a theorem by U. Mosco [3], we know
E, % B it B B

As part of the future work, we will study the convergence of E, AN Ei, and especially the
connection between F..* and Fj.

7 Application

In this section, we will take a look at the model of growing sandpile studied by M. Bocea,
M. Mihailescu, M. Perez-Llanos and J.D. Rossi [1]. Let us look at the following quasilinear
parabolic problem

&)gt(t) — Ayup, = f(t) a.e. t € (0,7)
vp(x,0) = uo(2) in RY,
f is nonnegative, and can be interpreted physically as a source term that adds material to

an evolving system whithin which mass particles are continually rearranged by diffusion. Let
us consider the following functionals

E, : LA(RY) — [0, +-o0]

1 p : 2 N 1Lp(mN
Fy(u) = Jo S |VulPdz %f u € L2(RN) N M1/ (% )
+00 if w e LA(RN)\WLP(RN).

The quasilinear parabolic problem above has the standard reformulation
ft) =229 € 9F,(v,(t))  ae. t€(0,7)
Up(2,0) = up(x) in RV,

When ug and f satisfy certain conditions, it is shown that there exists a sequence p — oo
and a limit function v, such that, for each T" > 0,

{vp — Voo a.e. and in L2((0,T) x RY),
Dvp, = Dvs, Upt — Voot weakly in L?((0,7) x RY),
where D is the weak derivative. Moreover, v, is a solution to the problem
{f(t) — 2=) ¢ gF (vn0(t))  ae t€(0,T)
Voo (2, 0) = vo(x) in RY,
where
Fy: L*(RY) = [0, +o9]

{ 0 if [Vu| <1 ae.

Foo(u) = +00 otherwise.

The limit problem governs the movement of a sandpile, with v (x,t) describing the amount
of sand at the point x at time ¢, under the assumption that the sandpile is stable if the slope
is less than or equal to one and unstable otherwise.

18



References

[1] M.Bocea, M. Mihailescu, M. Perez-Llanos, J. D. Rossi. Models for Growth of Heteroge-
neous Sandpiles via Mosco Convergence, Asym. Anal. 78 (2012), pp. 11-36

[2] U. Mosco, Convergence of convex set and of solutions of variational inequalities, Adv.
In Math. 3 (1969), pp. 510-585.

[3] U. Mosco On the Young-Fenchel transform for convex functions, J. Math. Anal. Appl.
35 (1971) pp. 518-535.

[4] U. Mosco, Approzimation of solutions of some variational inequalities, Ann. Sc. Norm.
Super. Pisa Cl. Sci. 21 (1967), pp. 373-394.

[5] U. Mosco, Composite media and asymptotic Dirichlet forms, J. Funct. Anal. 123 (1994),
pp. 268-421

[6] H. Attouch, Variational Convergence for Functions and Operators, Pitman, Boston,
(1984), pp.294, Theorem 3.66.

[7] H. Attouch and G. Beer, On the convergence of subdifferentials of convex functions,
Arch. Math., 60 (1993), pp. 389-400.

[8] H. Attouch, Variational Convergence for Functions and Operators, Pitman, Boston,
(1984), pp.33, Lemma 1.17.

[9] F. Schuricht, B. Kawohl, Dirichlet problems for the 1-Laplace operator, and the eigen-
value problem Commun. Contemp. Math. 09, (2007), pp. 515-543b

[10] Y. Peres, O. Schramm, S. Sheffield, D.B. Wilson, Tug-of-war and the infinity Laplacian
Journal of the American Mathematical Society 22, (2009), pp.167-210

19



