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ABSTRACT
New results in the multiscale analysis on perforated domains
and applications

DANIEL ONOFREI

Multiscale phenomena implicitly appear in every physical model. The under-
standing of the general behavior of a given model at different scales and how one can
correlate the behavior at two different scales is essential and can offer new important
information. This thesis describes a series of new techniques and results in the analy-
sis of multi-scale phenomena arising in PDEs on variable geometries. In the Second
Chapter of the thesis, we present a series of new error estimate results for the peri-
odic homogenization with nonsmooth coefficients. For the case of smooth coefficients,
with the help of boundary layer correctors, error estimates results have been obtained
by several authors (Oleinik, Lions, Vogelius, Allaire, Sarkis). Our results answer an
open problem in the case of nonsmooth coefficients. Chapter 3 is focused on the
homogenization of linear elliptic problems with variable nonsmooth coefficients and
variable domains. Based on the periodic unfolding method proposed by Cioranescu,
Damlamian and Griso in 2002, we propose a new technique for homogenization in
perforated domains. With this new technique classical results are rediscovered in a
new light and a series of new results are obtained. Also, among other advantages,
the method helps one prove better corrector results. Chapter 4 is dedicated to the
study of the limit behavior of a class of Steklov-type spectral problems on the Neu-
mann sieve. This is equivalent with the limit analysis for the DtN-map spectrum on
the sieve and has applications in the stability analysis of the earthquake nucleation
phase model studied in Chapter 5. In Chapter 5, a I'-convergence result for a class of
contact problems with a slip-weakening friction law, is described. These problems are
associated with the modeling of the nucleation phase in earthquakes. Through the
[-limit we obtain an homogenous friction law as a good approximation for the local
friction law and this helps us better understand the global behavior of the model,
making use of the micro-scale information. As to our best knowledge, this is the first
result proposing a homogenous friction law for this earthquake nucleation model.
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Chapter 1

Introduction

In this Chapter we will briefly introduce the main results presented in the thesis. In
each case, we will first describe the problem and its importance for the mathematical
community, commenting on the mathematical impact and the applications of our
results.

In Chapter 2, inspired by the work of Griso [41] and Vogelius and Moskow [59],
using suitable boundary layer correctors, we attempt to answer the open question of
finding error estimates for the homogenization of elliptic problems with nonsmooth
coefficients. We develop a new method which can be generalized to other linear or
nonlinear elliptic problems in a divergence form on fixed or variable geometries.

As an example, we consider the classical problem of homogenization, i.e.,

V- (AC)Vu @) = i (1.0.1)
u, =0 on 02 -

where A € L>®(Y)V*N is symmetric and Y-periodic, Y =]0,1[Y, © € RY, smooth
convex bounded domain, c|£]? < A;;(y)&& < C|E17 V€ € RY. Tt is well known that
(see [11], [8], [73], [51]),

ue — ug in H'(Q) (1.0.2)
and ug verifies

(1.0.3)

V (AP™ug(z)) = f in Q
=0 on 0f2

: X, 1
with A%Om = My(AzJ(y) + Azk(y)é_;t) where My() = m/ dy and X € Wper(Y)
Y

are the solutions of the local problem
—Vy - (AW)(Vx; +¢€5)) =0 (1.0.4)

and
Woer (V) = {x € H,,,(Y)|My(x) = 0}.

In fact, heuristically, if one considers the asymptotic expansion of ., i.e.,



ue(x) = uo(x) + euy (z, %) + € uy(, %) + ... (1.0.5)

with u;(z,y) € L*(Q,L3,.(Y)) fori € N in problem (1.0.1), and setting equal re-

per
spective powers of € we obtain convergence (1.0.2) and that the first order corrector

uy (, E) has the following form
€

x x, Ou
wle. D) = (D3
where the functions x; € W, (Y') verify problems (1.0.4). As a simple corollary one
can obtain the limit problem (1.0.3).
One can easily observe that the series (1.0.5) indicates that one can actually
improve the weak convergence result (1.0.2) using a suitable corrector matrix, that
is, a matrix C' such that,

Vu, — CVug = 0 strongly in L*(Q). (1.0.6)

Indeed for problem (1.0.1), we have that the matrix of correctors C¢ has the
following form,
x

e 20
Cij(x) = dij + a—yj(e

)

and if one assumes for example that uy € W or x; € Wh(Y), one has the
convergence (1.0.6) strongly in L2 As described above, the study of correctors in
homogenization helps one to approximate the solution . of the initial problem (1.0.1,
which is expensive to compute, with a more computationally efficient series, ((1.0.5)
in our case). The study of the error estimates is very important in multiscale analysis
because it provides the order of accuracy of such an approximation in the norm of
suitable functional spaces. The existence of error estimates results in the case of
nonsmooth coefficients is therefore very important, as this is the situation in many
applied problems (e.g., the case of composite materials).

The following error estimate is classical (see [11], [8], [73], [51]),

i) = ) — exy () o

- —||H1(Q) < OE% (1.0.7)

€ J

Many results tried to improve (1.0.7) (see [41], [54], [59], [1], [82]). In [41], using the

Periodic Unfolding, Griso proved (1.0.7) for general L> coefficients and no assumption

on x; or up. In the rest of the works listed above, the authors tried to improve the order

€2 in (1.0.7). In order to achieve this, boundary layer terms have been introduced as
solutions to

x . Oug

x .
-V - (A(E)VGG) =0 in 0 , 65 — XJ(E>87 o
J

n oS} (1.0.8)



Assuming A € C*(Y), Y-periodic matrix and a sufficiently smooth homogenized
solution wug it has been proved in [11] (see also [54]) that

. o0u
() = un(") = exj(2) 5= + ()l gy < Ce (1.0.9)
J
€ . 8u0 9
() = o) = ex;(2) 5= + 0|2y < O (1.0.10)
€ l'j

In [59], the above estimates are proved, assuming A € C*°(Y), Y-periodic matrix
and ug € H*(Q) or ug € H*(Q) for (1.0.9) or (1.0.10) respectively.

The estimate (1.0.9) is proved in [1] in the case when uy € W2°°(Q). Sarkis-
Versieux in [82] improved the results obtained in [1] and showed that the estimates
(1.0.9) and respectively (1.0.10) still hold in a more general setting, when one has
ug € W2P(Q), x; € Wkt for (1.0.9), and ug € W??(Q), x; € Wt for (1.0.10), where

per per
1 1 1
p > N and ¢ > N satisfy — 4+ - < 3 Obviously, in [82] the right hand side for (1.0.9)

and (1.0.10) depend on ||ug||w2»() and respectively ||ug||ws»(q)-

All the error estimates results obtained so far, assumed extra regularity for the
up or for the solutions of the cell problems x;. In Chapter 2 a new method was
developed to help one obtain error estimates for u¢ in H' norm without assuming any
smoothness condition on ug or on x;. One of the main results, states that, for any
dimension N we have,

. 3u0
[Jue(-) — uo(-) — Exj(g)Qe(a—%) + €0l i) < Celluol|n2(0) (1.0.11)
where (). is a certain regularization operator, and [, satisfies

Ouo

axj) on 00 (1.0.12)

_v.(A(%)vﬁe)zo in Q, @IX;‘(%)QE(

Let us define the second order boundary layer corrector as the solution of

x x. 0%y
-V - (A(Z =0 in O = v (= Q 1.0.1
VAAQVR) =0 in @ eda) =i e on (1.0.13)
where x;; € Wher(Y) verity,
with Ahom defined at (103)7 My(b”(y)) = — éj, and bij = _Aij - Azk% -
Yk
0
— (A x ).

Considering the second order corrector in the asymptotic expansion of u. Allaire
and Amar proved that, for ug € W?**°(Q) and x;; € Wh*°(Y), that



. Oug 9 . 0%y
lue) o) =exs(Q) g +0 =D,

Following carefully the limit behavior of ¢. we prove that, assuming only that
Xj»> Xij € WLP with p > N we have

per

6211,0

(?xi(?xj

min{2,2- &
10y < Ce™ =275 Hjug || s ).

) = () — (I e () — () <
(1.0.16)

J

and this generalizes the result obtained by Allaire and Amar in [1].

In two dimensions, based on a Meyers type regularity result we do have x;, x;; €
W, for some p > 2 and therefore (1.0.16) remains true without any smoothness

assumption whatsoever for this case.

Two immediate applications of the above error estimate results are the rigorous
proof of convergence for the Multiscale Finite Element Method proposed by T. Hou
and X. Wu in [43] and the proof of the first order corrector for the homogenized
eigenvalue associated with the classical problem of homogenization ( see [59]) for the
general case of nonsmooth coefficients.

The results of this chapter are published in [64].

In Chapter 3, we will discuss about the use of the periodic unfolding method
developed in [22] for the homogenization of elliptic problems with nonsmooth coeffi-
cients in variable domains. The results presented in this chapter are the subject of a
joint work with D. Cioranescu, A. Damlamian and G. Griso.

In Sections 3.2 and 3.3, using the unfolding method, new proofs are obtained for
the homogenization of the Laplace operator with variable coefficients in perforated
domains with periodically distributed perforations in volume and along a hyperplane
respectively. Although the method will work for any boundary data, Dirichlet data
on the boundary of the perforations is assumed for the simplicity of the exposition.
Our method extends to more general types of perforated domains were one can si-
multaneously have hyperplane perforations and bulk perforations in the same model,
etc. The homogenization of the Laplace operator with constant coefficients in general
perforated domains was first studied by D. Cioranescu and F. Murat, in [26] (see also
[58]). Some of the results obtained by us are well known, and have been discussed in
many works, including two most recent papers by Calvo Jurado C. and Casado Diaz
J. were monotonicity techniques are used (see [15] and references therein), and by G.
Dal-Maso and F. Murat were H-convergence techniques are used (see [29]).

The advantage of the unfolding method is that, in the periodic setting, it simplifies
the existing proofs and the new formulation of the limit problem allows one to obtain
very interesting error estimates, even for the case with nonsmooth coefficients (see
[41], [64]) The method has four fundamental steps:

1. Definition of one or more suitable unfolding operators depending on the geom-
etry of the problem



2. Finding the exact LP-bounds for the unfolding operators

3. Defining the proper test functions in order to capture the contribution of the
particular geometry to the limit problem, ex., potential type test function for the
perforated domains.

4. Passing at the limit to obtain the unfolding formulation for the limit problem.

One of the main properties of the unfolding operator is that it replaces, integrals
on ) by integrals on the product space €2 x Y and weak convergence by strong
convergence.

For both, the volume perforations case or the hyperplane perforations case, the
problem is formulated as,

u676 E H&<D€)
€ € o 2
(Pl) /D6 A (x)vzue,évxgb — /De be ,f €L (Q)
V6 € HY(D.)

where Y is the unit cube in R? centered in the origin, @ ¢ RN, A € M¥*VN ig

Y-periodic matrix of coefficients continuous in the origin, A = A(%) and D, is the
perforated domain, i.e., the part of {2 outside the perforations. In our analysis we
considered the case of small perforations, i.e., the perforations are open sets of diam-

eter 0e where 6 = d(e) < 1. In this context, the critical scale for the case of volume

N-2
perforations is k; = lin% and the limit analysis is meaningful only when
e— €
555
0<k = lir% and < oo (1.0.17)
€— €

Similarly for the case when the perforations are periodically distributed on the hy-
N-—2

M

and the constraint is

perplane we have that the critical scale is ky = lir% -
€— €2

N—-2

2

< . (1.0.18)

e—0 ¢3

Two unfolding operators are defined for each of the above problems, one for the

periodic oscillations in the coefficient matrix A, and another for the presence of the
perforations in the geometry of the problem.

In the limit we obtain the unfolded formulation for the limit problem, i.e., a
weak formulation on Q x Y for the triplet (ug,a,U) € H} () x L*(Q, Wper(Y)) X
L*(Q, K2(RMN)) or (ug,a,U) € HY () x L*(Q, W, (Y)) x L*(3, K*(RY)) depending
whether we are in volume perforations case or the hyperplane perforation case re-
spectively, where u is the homogenized limit of u¢ and K2(R") is the usual capacity
space defined in [38]. Our formulation of the limit problem is new in the literature
and together with the fact that it provides the limit equation for wug, with the help of



4 and U offers us the possibility to obtain new corrector results for these models as
well as error estimates for the solutions.

Sections 3.4 and 3.5 describe the multiscale analysis of the Neumann sieve model.
For this, we constructed a new unfolding operator (see [63]), to capture the contribu-
tion of the sieve into the limit problem. The geometry of the model is described by a
domain €2 cut in two parts by a hyperplane ¥ which, for the simplicity of the exposi-
tion is assumed to be a subset of the plane IT = {xy = 0}. A periodical 2-dimensional
network of size e is considered on ¥, and an open set (hole in the sieve) is brought by
homothety of ratio de, with § = §(€) < 1, from a fixed open set S CC]0, 1[? in each cell
of the network. The reunion of all the holes is denoted by S, ;. For the PDE problem
the set S5 is considered part of the domain and Neumann homogenous boundary
condition are imposed on the sieve outside S.s. When the Sieve has a certain thick-
ness h(e) > 0 we have the thick Neumann sieve model. We only considered the case

when h(e) < e the other situations being trivial. Depending on the limit behavior
N-2

of the ratio

we obtain different limit equations. In order to obtain the limit

problems for theese models in [63] we define the bl-Unfolding Operator, which charac-
terizes the geometry of the models, and acts only on a thin layer of size € around the
hyperplane Y. A similar approach will work for much more complex boundary layer
problems.

Mathematically, if we define 2, to be the part of the domain 2 above ¥ and
similarly for €2_, then our functional space Vs will be the space of functions in
H'(Q; UQ_) which are continues over the holes S5 (see (1.0.21), Section 2). For
f € L*(Q) the e-problem is

/ A(%)Vuevwd:c = [ fU forall ¢ eV, (1.0.19)
Drs

ns
De

with A is Y-periodic matrix continuous in the origin, D* = Q¥; = Q, UQ_U S5 for
the case of no thickness and

D& = Q% = Q\ Fo

for the thick sieve, where Fs is the thick sieve assumed to be symetric and sufficiently
smooth. The sieve is not consider a part of the domain D!* and on it we impose a
zero normal derivative. Due to the fact that we are considering small holes S.s we
will have a critical scale which will dictate the limit behavior of the model, i.e., we

have
N-—2

e—0 6%

< 0. (1.0.20)

With the help of boundary layer unfolding operator defined at [63], we are able
to study the limit behaviour of problems (1.0.19 with respect to e. Although the thin
Neumann sieve has been studied before by many authors (see [30], [60], [61], [73])
we give a formulation of the limit problem in the product space, which is perfectly
taylored to successfully address the question of correctors partially answered in [72].



The thick Neumann sieve model has been studied in [35] only for the particular case
of an uniform sieve. The multiscale analysis of the nonuniform sieve is new and our
method offers the perspective for the study of error estimates (see[41],[63]).

The results of this chapter are published in [63] and [23].

In Chapter 4 we discuss about the homogenization of a class of Steklov type
spectral problems associated to linear operators on the Neumann Sieve model. Using
G-convergence results we were able to present, in [66], a general technique for the
asymptotic analysis of such problems associated to the Laplace operator. It is shown
in [66] that the limit analysis of the Steklov problems for the Laplace operator on the
Neumann sieve is equivalent with the description of the asymptotic behavior for the
spectra of the DtN map associated to the Neumann Sieve.

Our technique can be generalized to the nonlinear case but it highly depends on
the Hilbertian functional setting; therefore the study of similar problems in general
spaces will require a different approach.

The method developed by us in [66] was later applied in [47], to obtain the limit
problem of a Steklov problem associated to the linear elasticity operator on the Neu-
mann sieve. This problem appeared in the context of an earthquake initiation model,
and the limit analysis of its first eigenvalue provided interesting information about
the stability of the minimum for the associated energy functional.

The geometry of the problem is described by a plane ¥ that separates a three
dimensional domain €2 in two subdomains 2 and €2_. On ¥, two dimensional small
sets (holes) of diameter de where § = §(€) < 1, are e-periodically distributed. The two
dimensional holes are brought by homothety of ratio de and translation with integers
multiple of € from a fixed open set S CCJ0, 1[*. If we denote by S s their union and
define

V={ueH(Q)UH Q) |u=0 on 9Q} and V.s;={u eV |[u] =0 on S.s}

(1.0.21)
where [u] = ut — v~ with ™ =w on Q, and u~ = v on Q_, then our problem is:
—Aut =0 in Q,UQ_USes
O(u)t O(u)~
(an) — _ (an) — )\e[us] on Y — 56,5 (1022)
u*=0 on 02

This problem is in fact the Steklov eigenvalue problem associated to the Neumann
Sieve model first considered in [30], [60] (see also [6]). Problem (1.0.22) can also be
considered as the spectral problem associated to a heat conduction problem where
imperfectly conducting interfaces are present (see Sanchez-Palencia [73], Lipton and
Vernescu [55] and Belyaev et al. [10]). Homogenization of a Stekloff type problem
for perforated domains with three dimensional € sized holes distributed in the entire
domain has been studied in Vanninathan [59], using multiscale analysis and Tartar’s
method.

Using G-convergence techniques together with the homogenization result obtained



by Damlamian in [30] we prove in [66] that the limit problem for (1.0.22),

—Au=0 in Q UQ_
ou™ ou~ C
%“%‘(A_Z)M on >
u=0 on 0f)

where C' = 0 if §(¢) < ¢, C' is the capacity in R? of the holes if §(¢) ~ € or C' = oo if
d(e) > e and A is a limit point of a sequence of eigenvalues {A°}.~¢ of (1.0.22).

This type of behavior was first observed in the work of Cioranescu and Murat [26]
where the same problem but with three dimensional holes periodically distributed in
the entire domain or on a hyperplane was studied.

We show that for a (eigenvalue, eigenvector) pair of the e-problem (XS, u,) we
have \$ = A, and uf — wu, where (\,,u,) is an (eigenvalue, eigenvector) pair of
(1.0.23) and the later converge is up to a subsequence in general. More precisely, for
A; eigenvalue of the limit problem with multiplicity m;, we show that the sequence
of subspaces generated by {us, ..., u$,,, _;} Mosco-converge (see [6] for definition and
properties) in L?(2) to the eigenspace {u;, ..., Ui 1m,_1}, associated to \;.

0(e
The case lim Q = 0 is particularly interesting because it is the only case when

e—0 €

the problem (1.0.22) fits into the general class of spectral problems analyzed be
Oleinik, Jikov and Kozlov in [51], Chapter 11.

The results presented in this chapter have been published in [?] and [65].

Chapter 5 is dedicated to the study of the limit behaviour of an earthquake
initiation model. In a joint work with Bogdan Vernescu, and loan Ionescu we consid-
ered the three dimensional shearing of an elastic domain which contains an internal
boundary (the fault) located on a plane (the fault plane). The contact on the fault is
described through a slip weakening friction (i.e. the friction force decreases with the
slip). This friction law is used in the geophysical context of earthquakes modeling;
experimental studies [67] pointed out the good agreement of this model with exper-
imental data. The Geometry of the physical model is represented by an open and
bounded domain  C R? cut in two by the hyperplane IT = {z3 = 0}. Q, will denote
the part of 2 above the plane II. and I'y we denote the exterior boundary of {2,. On
each square of an e-lattice constructed on the plane Il we consider a 2-dimensional set
(barrier) of diameter de where 6 = d(€) < 1. The term barrier denotes here a patch
on the fault plane where no slip occurs. Let ¥ = II N2 and denote by I'{ the union
of all the barriers inside {2. On the fault outside the barriers, i.e., on I'y = X \ IS, we
consider a friction law. The mathematical description of the above physical model is:

find the displacement field u€ : Q, — R3 solution of
o(u) = Ae(uf), div(Ae(u)) =0 in Q, (1.0.23)
u*=0 on Ty, o33(u) =0, uz =0 on I}, (1.0.24)

€

u
_ V= _g €IV T_ _ 70 if € 0
o) =0, 4 o) = —Sul e = b w A0 e, (1.0.25)

lo-(u€) + 7] < Sp(0) if uS =0.



where A is the fourth order elastic tensor, o(u¢) is the over stress tensor , e(u€) =

1

§(Vu6 + VTuf) is the small strain tensor, o, (u) = —(o13(uc), oa3(uc), 0) is the tan-
gential over-stress, os3(u€) is the normal over-stress, ut = (u{, u$,0) is the tangential
displacement, and 7 =: —(0%3,0%5,0) and —S, =: 033 are the tangential and the

normal pre-stress acting on I's. The friction coefficient p : Ry — Ry in (1.0.25) is
a Lipschitz function with respect to the slip as pointed out in [67]. The symmetry
of the displacement field with respect to the fault plane (see for instance [39] for the
geophysical meaning) gives an important simplification of the problem: the normal
over stress on the fault vanishes. The fact that the normal stress has a weak variation
during the dynamic rupture was already observed in direct computations [5, 57] as
well as in the inversion of seismological data [27].

The main problem of the existing local model is that due to the small parameter
¢, problem (1.0.23), (1.0.24), (1.0.25) becomes computationally inefficient. In this
section, using I'-convergence techniques, (see [6] for definition and properties of I'-
convergence) for the sequence of the associated energy functionals, W,, we obtain a
homogeneous friction law as a good approximation of the existing local law.

An important consequence of the symmetry assumption is the fact that we can
associate to the physical problem a nonconvex minimization problem for the energy
function. Solutions of (1.0.23), (1.0.24), (1.0.25) are local minimum points for

1

We(v) = §||v||%/ +/2 S H(|vr]) — f(v), Yve Vg, (1.0.26)

where f(v) = — / 7°° v, and

s
Voi={veH(Q)?/v=0 on Ty, v,=0 on I} (1.0.27)

and H is the antiderivative of the friction coefficient.

The macroscopic behavior of a fault with small-scale heterogeneity of rupture
resistance (small scale barriers) is difficult to relate to the local properties of the fault.
A formal measure of the friction on the fault itself would just be a local particular
law, that is varying with the position along the fault. The problem is then to find a
homogeneous friction law as a good replacement of the local friction law.

Mathematically the problem is related to the homogenization of the Neumann
Sieve problem for the Laplacian studied by several authors [30, 26, 6, 21]. In the
geophysical context the problem was studied (see [18, 17, 71]) in two dimensions
(anti-plane geometry) to obtain the rescaling of the weakening rate through a spectral
analysis.

The Neumann Sieve problem associated to the linear elasticity operator was stud-
ied by Lobo and Perez [56, ?]. An extension to the non-linear case of the Neumann
Sieve has been studied by Ansini in [3]. We use I'-convergence to obtain the limit
functional of the sequence W.. Our approach is based on the adaptation of a very
interesting separation lemma due to Braides and Ansini (see [4]) which is designed to
isolate the contribution of the perforations in the limit process. This lemma helps one



to prove I'-liminf inequality and offers an ingenuous way to construct the necessary
recovery sequence for the I'-limsup inequality. Through the I'-limit of the sequence
W, defined at (1.0.26) we propose an equivalent friction law used on a homogeneous
fault as a good replacement for the local friction law on the heterogeneous fault. The

o(e
main result states that for 0 < ¢ = lim Q < 00, the sequence of functionals

e—0 €
1
We @ Vs CV = R, with W,.(v) = 3 | v|lv +/ Sy H(|vs|) = f(v)
b))

I'-converge with respect to the weak topology of V to, W : V — R with

— 1
0 = S0+ [ S - 10+ 20 [ o

i,7=1

where V' is the limit functional space, i.e., V = {v € [H'(Q)]*/v =0 on Ty} and
C'is a constant matrix computed in [47] with the help of a class of cell problems.

A brief physical interpretations of this result leads us to the following conclusions:

i) if the barriers are too large (i.e. ¢ = 0o0) then the fault is locked (no slip)
ii) if ¢ > 0 then the fault behaves as a fault under a slip-dependent friction. The slip
weakening rate of the equivalent fault is smaller then undisturbed fault. Since the
limit slip weakening rate may be negative a slip-hardening effect can also be expected.
iii) if the barriers are too small (i.e. ¢ = 0) then the presence of the barriers does not
affect the friction law on the limit fault.

In the second part of this chapter we study the homogenization of the Steklov spec-
tral problem associated to 1.0.23),(1.0.24), (1.0.25). The study of the firast eigenvalue
of (1.0.28), (1.0.29), (1.0.30) provides information about the stability of the minimum
points of W, defined at (1.0.26). On the same functional setting as in Section 1 we
considered the following Steklov type eigenvalue problem associated with (1.0.23),
(1.0.24), (1.0.25),

Find u€: Q; — R3, u¢ # 0 and \° € R such that

o(u) = Ae(uf), divo(u) =0, inQy, (1.0.28)
u*=0 on I, o33(u) =0, wui=0 on IY, (1.0.29)
o33(u) =0, o-(u)=Au; on I, (1.0.30)

which has the following variational formulation:

u € Vs, <u,v>y= )\E/ us v, Yo e V. (1.0.31)
7

where Vs is the functional space defined at (1.0.27) in the Section ?7.

It is proved in [50] that the (eigenvalue, eigenvector) pairs for the above problem
formes the spectrum of some suitable defined compact operators. In [50] the authors
prove that if

Al > cye =t ess sup S(x)y(|us(x)]), (1.0.32)

€
xeFf
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where u¢ € Vs is the solution of (1.0.23), (1.0.24), (1.0.25) A{ is the first eigenvalue
of (1.0.31), v (described in [47]) is a function depending on the friction coefficient p,
and —S is the normal stress on X, then u is an isolated local minimum for W,, i.e.
there exists p > 0 such that

We(u®) <We(v) Yove Vs, v#u, |lv—uly <p. (1.0.33)

The result in Proposition (??) shows that the first eigenvalue of (1.0.31) provides
information about the stability of the solution of the contact problem defined at
(1.0.23), (1.0.24), (1.0.25). Therefore the limit analysis for the problem (1.0.31) is
very important. Using the method developed by us in [66] we can pass to the limit
in (1.0.31) and obtain the limit problem. We have that in the case when 0 < ¢ =

d(e
liH(l)Q < 00 then there is a decreasing sequence {¢;};en with €; — 0 such that
€— €

ud — Uy, N — A, where (\,, u,) solves the limit problem, A, € R and u,, € W such
that:

o(u,) = Ae(uy,), divo(u,) =0, in Q, (1.0.34)
u, =0 onT'y o33(u,) =0o0n % (1.0.35)
0r(Up) = Upr(Apl3 —cC) on 3, (1.0.36)

where W is the limit functional space defined in [47], I3 is the unity matrix in M?*3
and C'is a constant matrix computed in [47] with the help of a class of cell problems.

Similarly as in the case of the Laplace operator, for the case of multiple eigenvalues
a precise characterization of the limit behavior of the (1.0.31) is obtained using Mosco-
convergence techniques.

The results obtained in this chapter have been published in [47].
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Chapter 2

Boundary layer error estimates in
homogenization

This chapter is dedicated to studying the error estimates for the classical problem
in homogenization using suitable boundary layer correctors.

Let Q € RY, denote a bounded convex polyhedron or a convex bounded do-
main with a sufficiently smooth boundary. Consider also the unit cube Y = (0,1)".
It is well known that for A € L®(Y)V*N | Y-periodic with m|¢]* < ai;(y)&é; <
M|¢)*, Ve € RY the solutions of

V. (A(%)Vuﬁ(x)) =f inQ (2.0.1)
ue =0 on 0f) a

have the property that (see [73], [51], [8],[11]),

ue — ug in Hy(Q)

where uq verifies

—V - (A" Vuy(z)) = f in Q
{ 0 on 99 (2.0.2)
v
with AR™ = My (Ay(y) + Aik(y)a_;‘ﬂ) where My (-) -7 / dy and x; € Wyer (V)
k
are the solutions of the local problem
=V, - (Ay)(Vx; +¢;)) =0 (2.0.3)

and
Woer (V) = {x € H,,,(Y)|My(x) = 0}.

per

where e; for the canonical basis in RY.

We mention that, further in this chapter, V and (V-) will denote the full gradi-
ent and divergence operators respectively, and with V,, (V,-) and V,, (V,-) we will
denote the gradient and the divergence in the slow and fast variable respectively.

12



Remark 2.0.1. In the remainder of the chapter, we will denote by ® the continuous
extension of a given function ® € WP™(Q) with p,m € Z, to the space WP™(RY).
With minimal assumption on the smoothness of S} this extension can be chosen inde-
pendent of the domain, (see [177], Ch. VI, 3.1).

The formal asymptotic expansion corresponding to the above results can be writ-
ten as

where

) =i (5 20
w2 =605, (2.0.4)

We make the observation that Einstein summation convention will be used in the
remainder of the chapter and that the letter C' will denote a constant independent of
any other parameter, otherwise specified.

A classical result (see [73], [51], [54],[8]), states that with additional regularity
assumption on the local problem solutions x; or on ug one has

ue(-) = uo(+) — ewi (- -)|[m1@) < Cez (2.0.5)

¢
Without any additional assumptions a similar result has been recently proved by
G. Griso in [41], using the Periodic Unfolding method developed in [22], i.e.,

. 8'& 1
)Qe(_O)HHl(Q) < 062||u0||H2(Q) (2.().6)

() = o) = x5 (5

€
with

€0, Qo)) = D M)+ i)y TR €= B

for ¢ € L*(Q), i = (iy,...,in) € {0,1} and

Tk e
_ik: . €
Ty = 1_@ o rE€ell+Y)
c k
1 _
where M (¢) = o~ /g y ¢(y)dy and Q, = U {e£ + €Y, with (e +€Y)NQ # 0}
e+e ¢

In order to improve the error estimates in (2.0.5) boundary layer terms have been
introduced as solutions to

—V«(A(%)VGE)ZO n Q, 96:w1(3:,§) on 99 (2.0.7)

13



Assuming A € C*(Y), Y-periodic matrix and a sufficiently smooth homogenized
solution wg it has been proved in [11] (see also [54]) have shown that

i) = wo(0) — e, 2) + )L ey < Ce (20)
[|we(+) — uo(-) — ews (-, E) + €0c(+)||r2) < Ce. (2.0.9)

In [59], Moskow and Vogelius proved the above estimates assuming A € C*(Y),
Y-periodic matrix and ug € H?(2) or ug € H*(Q2) for (2.0.8) or (2.0.9) respectively.
Inequality (2.0.8) is proved in [1] for the case when A € L>(Y') and ug € W>>(Q).

In [82], Sarkis and Versieux showed that the estimates (2.0.8) and respectively
(2.0.9) still holds in a more general setting, when one has ug € W??(Q), y; € WL(Y)

per

for (2.0.8), and uy € W*P(Q), x; € WLL{(Y) for (2.0.9), where, in both cases, p > N

per

1 1 1
and ¢ > N satisfy — + — < 3" In [82] the constants in the right hand side of (2.0.8)
P q

and (2.0.9) are proportional to ||ug||w2»() and ||u||ws.»q) respectively.
In order to improve the error estimate in (2.0.8) and (2.0.9) one needs to consider
the second order boundary layer corrector, ¢, defined as the solution of,

x. 0%*ug

v (A(%)Vgpe) =0 in Q , @(x) = xi;(

where x;; € Wer(Y') are solution of the following local problems,

Vy - (AV,xi;) = bij + Af™ (2.0.11)
with A" defined by (2.0.2), My (by(y) = —AM™ and by = —Ay; — Aik% _
Yk
0
(Ao,
ayk< szJ)

For the case when uy € W3*°(Q) and x,;; € Wh*(Y), with the help of ¢, defined
in (2.0.10), Allaire and Amar proved in [1] the following result

() —0() — ews (- 2) - eble) — xgp () ot

. 3
€ E>8x0m||Hl(Q) < Ce2|[ugl|ws.e() (2.0.12)
? J

This result shows that with the help of the second order correctors one can es-
sentialy improve the order of the estimate (2.0.8). In this chapter we will generalize
the existing results and prove several error estimates results for (2.0.1), in the gen-
eral case of bounded coefficients, i.e. A € L2 (V). This is important as one can
immediately see that regularity assumptions on the cell solutions x;, x;; imply extra
smoothness of the coefficients matrix A and this is not the case in general (e.g., the
case of composite materials), and on the other hand the homogenized solution wug is
in general not smooth, for example in the case when (2 is neither convex nor smooth

enough (see, [42]).

14



First, inspired by Griso’s idea presented in [41], we use the periodic unfolding
method developed in [22] and a general smoothing argument to replace wy(z, ¥) de-
fined at (2.0.4), by

T, x Oug
(e D) = (DRG0 (20.13)
in (2.0.8) and (2.0.9). For ug € H*(Q) we prove
. 8u0
)~ o) ~ G (DRTD) + B Ollgey < Oclluolley — (20.14)
J
where (3, is defined by
V- (AG)VB) =0 in Q@ , B =w(z,~) on 00 (2.0.15)
€ €
Assuming vy € W3P(Q) with p > N we obtain
. aUO 2
[lue(+) — uo() — exj(g)% + €0c(4)|| 200 < Ce||uollws.r .- (2.0.16)
J

Next, we present a refinement of (2.0.12) for the case of nonsmooth coefficients
and general data. To do this we start by describing the asymptotic behavior of ¢,
with respect to €. The key difference between the case of smooth coefficients, and the
nonsmooth case discussed in the present chapter is that in the former, by means of
the maximum principle or Avellaneda’s compactness results (see [7]), it can be proved
that the second order boundary layer corrector ¢, is bounded in L*(2) and is of order

O(%) in H'(£2), while in the latter one cannot use the aforementioned techniques to
describe the asymptotic behavior of ¢, in L*(Q) or H'(2). Moreover one can see that
¢, is not bounded in L*(Q) in general ( see [7]), and therefore one needs to address
carrefuly the question of the asymptotic behavior of ¢, with respect to €. First, we
can easily observe that ep. can be interpreted as the solution of an elliptic problem
with variable periodic coefficients and with weakly convergent data in H~*(Q). For
this class of problems a result of Tartar, [79](see also [24]) implies

epe — 0 in H'(Q)
As a consequence of Lemma 2.2.4 we obtain that for uy € H*(Q2) and x;, xi; €
WLP(Y), for some p > N, we have

per

min{1-
|[epe|| 1) < Ce (31 ”}HU0HH3(Q) (2.0.17)

Using (2.0.17) we are able to prove that for ug € H*(Q) and x;, x;; € W2 with
p > N we have

8U0

() = o) = exs (g ) =

a2“0 min{2,2-&
Vou s e < CE™ 270 ol s
iUdj

(2.0.18)
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In Section 2.4 we use (2.0.18) to extend the results in [59] to the case of nonsmooth
coefficients. Namely, in two dimensions Moskow and Vogelius (see [59]) considered
the Dirichlet spectral problem associated to (2.0.1)

{ —V - (A(D)Vu(r) = Xue in Q (2.0.19)

ue =0 on 02
The eigenvalues of (2.0.19) form an increasing sequence of positive numbers, i.e,
O<A SN SN <
and it is well known that we have A; — \; as € — 0 for any j > 0 where
0<Ah <A< <)<
are the Dirichlet eigenvalues of the homogenized operator, i.e.,

{ —V - (A" u(z)) = Au in Q (2.0.20)

u=0>0 on 0f)

For A € C*(Y), Y-periodic, and assuming that the eigenfunctions of (2.0.20)
belong to H*™(Q2), with r > 0, Moskow and Vogelius analyzed in [59], the first
corrector of the homogenized eigenvalue of (2.0.20) and proved that (See Thm. 3.6),
up to a subsequence,

)\
A —>)\/€*udx (2.0.21)
Q

€

where 0, is a weak limit of 0, in L?*(€2), and u is the normal eigenvector associated to
the eigenvalue .

Using (2.0.18) we show that the result obtained in [59] for the first corrector of
the homogenized eigenvalue holds true in the general case of nonsmooth coefficients.

2.1 First order error estimates

The main result of this section is

Theorem 2.1.1. Let u., ug, ui, and (. be defined as in Section 1. Then we have

[lue(-) = uo(-) = ewr(r, =) + €Be()llmy() < Celluollm o)
Proof. The first step is to consider the mollified coefficient matrix (A7}).Y,_;, defined in
the Appendix, with the properties [|A7||zo < [[Ay|r~, (A7) is a Y-periodic matrix,
and
Ay — Ay in LP(Y) for 1 <p<oo (2.1.1)
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For these coefficients the corresponding functions u, x7, uf, and 5 defined simi-
larly as in Section 1, (2.0.1), (2.0.3), (2.0.13), and (2.0.15), respectively, satisfy (see
Appendix):

Xj—x;  in Hy, (Y)

per

u . in HH(Q)
uf —=u;  in HY(Q) (21.2)
g B in HY(Q)
We define
vs (x,y) = AM(Y)Qe(Vaug) + A" (y)Vyui (z,y) (2.1.3)
therefore e 5
wa s — (A () 1 An (25 ) 0.2t
(v (2,9)): = (Aij(y> + A () ayk) Qc( 6%) (2.1.4)
By using the definition of x7 we have V, - vg = 0. Let us denote by
ox"
"(y));; = A™. An J
(1)) = Ayl) + A3l) 52
and A"™ = My (C"(y)). It can be seen that
Vy - (05 = A3"Qc(Vaug)) = 0 (2.1.5)

Lemma 2.1.2. There exists ¢"(x,-) € [Wper (Y)Y such that curl,q" = vi—A"Q.(V  up).
Proof. Let B"(y) = C™(y) — A"™. We then have
vy — ALQ(Voug) = B™(y)Qe(Vuo) (2.1.6)
We look for ¢™ of the form
¢"(2,y) = 0" (y)Qe(Vauo)

where ¢"(y) = (¢7;(y))i; With 7 (y) € Wher (V).
If we denote by By' the vector B = (Bj}}); € [L2,.(Y)]" we observe that V- B =

0. Hence from the Theorem 3.4 in Girault-Raviart [40] adapted to the periodic case,
the vectors ¢ = (¢%); € [Woer(Y)]" are determined as the solutions to

curly¢; = B)' and div,¢; = 0; (2.1.7)

Obviously we have
curlyg™(z,y) = vy — A""Q(V ,up) (2.1.8)
[
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Remark 2.1.3. From (2.1.2) it can be immediately seen that B" is bounded indepen-
dently of n in [L*(Y)]V*N and using the Appendiz we have

B"™ — B in [L*(Y))VN

where, B has an identical form as B™ and it can be easily determined from the above
limit. This together with (2.1.7) and Theorem 3.9 in [{0] adapted for the periodic
case implies that ¢" is bounded independently of n in (We (Y)Y and we have

¢In - (bl mn [Wper<Y)]N where
curlyg; = By and div,¢, = 0; for every l € {1,..,N} (2.1.9)

Next we define
v (x,y) = curlyq™(x,y)

and using Lemma 2.1.2 we have

Vvl ==V -curlyq" = =V, -vy — f (2.1.10)
where
J&=-Va- (AZOer(V:cUo))-

We define .
28 x) = ul(z) — up(z) — euy(x, —) (2.1.11)

€

x x x

(@) = ATz (e) — 5o, D) — eof(ar, D) (2.1.12)

From the above definitions, similarly as in [59] we obtain

AM(2)VEL (@) = @) = (0 (@, 2) = AV (@, 7))+ AE)Q(Vo) = Vo)

(2.1.13)
Next, we will prove that the L? norm of (2.1.13) is of order ¢. In order to do this we
will show that v} (z, £) and A™(£)V,uy(x, %) are bounded in L? independently of n

and e. We have the following estimate

Lemma 2.1.4. Let Q C RY as before. For any v € L*(Y), Y -periodic, we have
8U0

0

x
IVeQe(5 =)0 ()2 = Clluol 2o ¥ z2v)
Proof. We recall the definition of Q).
o MeE N\ =i —iN _ [T
Quo)a) = D My(@)(cE + i)y - 7ie €= |7
IN

for any = € €, with Q. defined in the Appendix, and any ¢ € LQ(QQQ) with 9672 =
{x € Q;dist(x,Q) < 2¢}, where i = (iy,...,ix) € {0,1} and

18



Tk~ €k iy =1

ik _ €
Tye T — €& o reel+Y).
p =

€

The first order derivative (), takes the form

0 Z M (o) (€€ + €(1, g, ..., in)) — M (D) (€€ + €(0, g, ..., 0p))

— 712 . .7ZN
Ay - Toe - TNe

and therefore

8 ? NE — M§(¢)(€§+6(1a22a72’R)) _M}G’(qs)(Eg_’_E(O?ZQ)aZTL)) 2
Z§+€Y a_le€(¢>(x) ‘1/}(2)‘ S 2N 1 € .
e[ e -
e£+eY €
vt | My ()(€€ + e(L g, ooy in)) = My () (€€ + €(0, 4, wnsin)) [* wyy 110
=9 c € ||¢||L2(Y)'

Using the definition of the mean M5, and the Schwartz inequality we get

8 2 z 2 <
foo [gm@o@| )] <
S o
< CW’H%?(Y) Z /§+ ) oz +e(1,dg, ..., 1)) Z (x4 €(0, g, ..., 1y,)) iz <
. . 2 . ) 9
< Cllllzaey /w <‘¢<x+e<l,22,,€._,zn>>_M +‘¢(ff+€(0,@2,;-,2n))—¢(:B) )dw

After summing the above inequalities over £ € {€ € ZV; (e€ +€Y)NQ # 0}, and
using the inequality between the differential quontiens and the gradient we obtain

J

2
[19:0.@ R[] < Ol IV,
Q € Y

Choosing ¢ to be the partial derivative of ug the conclusion of the Lemma follows. [

0 ? Nk 2 2
= Q@)@)| [PO)| < Cllelitaey| Vol

(91:1

This yields
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Applying Lemma 2.1.4 we can see that
x T
||A”(E)qu1 (z, E)HL?(Q) < OlIxG 72y lJuol| a2y < Clluol |20 (2.1.14)

and using Remark 2.1.3 we obtain

2

128 (l’ Nz <C <Z||¢ 1172 y>> o[ 2) < Clluollm2(e) (2.1.15)

Using (2.1.14), (2.1.15) and the properties of ). we obtain the following estimate
for the left hand side of (2.1.13):

T
A" (D)Vzd (@) = (@)l 1200 < Celuollr2() (2.1.16)
For g € L*(Q2) we define w™ € Hj () solution of the following problem
V- (AME)Vu) =g in Q, w =0 on 99 (2.1.17)
€

Obviously we have
Hw?HH(}(Q) < |lgllzr-10) (2.1.18)

Using 2 + € as a test function in (2.1.17), with g, defined by (2.0.15) we obtain

/(z?ﬂﬂ?)gd:c: / A\ Vulde (2.1.19)
Q Q €

The right hand side can be estimated as follows
x x
/A”(—)Vz? Vuwldz :/ (A" (v = i) - Vuida / (V- ) wlde <
Q € Q € Q

n T n n n n n
< Gz — il lellage + 19 i@l g, (2120
We note here that V - u € L?(Q2). Indeed:

e

V() = V- () Vule) - Ve (e, D)~ 2, (e, D)

Vo 00, 2) = V0 (@, 7) = —f(@) = Vi (A Qu(V )

€

To estimate the H~! norm of V - u™ we consider ¢ € H} () and

/ (V-p™)p(z)dx = / (A" Q. (Vug) =A™ Vug)V pda+ / (Ahom_ ghemyQ (V) Voda <
Q Q Q

< Cl[Vuo = Qe(Vuo)l[2@ 61130 + 101y o [1(AR™ = A*™)Qe(Vuo) |2y <
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< Celluollm2@ 19l 13 (2) + Knlldl 3l luol a2 (2.1.21)

where we used the properties of Q. and K, = |A"om — Ahom|,
Therefore we proved that

IV - w10 < Celluol[m2@) + Knlluo|[m(o) (2.1.22)

Thus (2.1.16) and (2.1.22) used in (2.1.21) imply

[+ g
Q

< Celluo|lm2@llgllz-1(0) + CKullgll 1)

< Celluol |2 l[w? || g3 ) + CEallwl || g2 ) <

where we used (2.1.18). From the above inequality we have
|28 + €82 ) < Celluolluz) + CK, (2.1.23)

From (2.1.1) and (2.1.2) we have that K,, — 0 as n — oo. Using the Appendix
we can pass to the limit when n — oo in (2.1.23) and from (2.1.2) we get

|2 + 6@“}13(9) < Cel|uo| | m2 (o)

which is exactly what needs to be proved. O]

2.2 Second order error estimate

The L*-norm of
ucl) = wol) = ewn (s 2) + () 0.2,
can be estimated with additional assumptions. Moscow and Vogelius obtain in [59],
the €'*", estimate for (2.2.1), for some r > 0, assuming that uy € H?**"(Q) and
A € C*(Y). In this section we will improve this estimate and analyze the case of
nonsmooth coefficents. Let x7; € W..(Y) solutions of

Vy - (A"Vyxi;) = b — My (b)) (2.2.2)
where e 5
X.
o= —A™ — A” T (AT A
ij ij ik P 0yk( sz])

and My (.) is the average on Y. From Appendix, Corollary 6.2.8
|vyx%|L2(y) < (C and XZ — Xij n Wper<y)7 VZ,j - {1, ,N}

where

/YA(?J)Vsz'ijWy = (bij — My (bi;), ) (Wper (V) (Wper (V))")
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for any ¢ € W, (Y) and with

a9

b — —A.
oyr, Oy

ij ij

—(AirX;)-

In [82], an estimate of order €2 is proved, under the assumptions that uy € W3P(Q)
1 1
and x;, xi; € Wod(Y) for p,q > N where — + = < 3
p q
Next, we will only assume that uy € W3P(Q) with N < p < oo to prove the

estimate of order €? for (2.2.1). Indeed we have,

Theorem 2.2.1. Let u,up,u; and 0. defined as in Section 2. If ug € W3P(Q),
N < p < 0o we have

HUE() — uo() — E’wl<-7 E) —+ 6‘96(')HL2(Q) S C€2HUOHW3,p(Q) (223)

Proof. For the sake of simplicity we will consider only the case when N = 3, the two
dimensional case being similar. As in the previous section we can assume the smooth
coefficients A™ (see (6.2.1)), and follow the same ideas as in [59] to define

uy (7, y) = xi;(y)

For p > N we have that

n . 8u0
Vet (- Dllae) < NGO 2, Va5 o, 7 —|lr@

and using a change in variables and the inequality (6.2.10) in the Appendix, we obtain
n 8 UO 2
1V (5 [z < CZ Ve HLP < Clluolliss (2.2.4)

As in [59] we will define

n __ An n aQU’O n 8X7Z a2U0

Following similar arguments we can observe that V, - My (v]') = 0. By introducing

(2.2.5)

n OXij

Rl = My (A"X" + A, -2,
ki Y( kzX] + kl 8yl)

Consider oy € [L*(Y)]* defined by,

An n_i_AnaX% _Rj
13X 1 By, 14

n n n Xi] -]
ol = | Apxj + Ay, — Ry + By

n n XZJ ]
Az X j + Ay 5.2 g — Ry,
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with .
/6{; = (07 _¢gj7 3])
Bs; = (85,0, —¢1;)" for j € {1,2,3}
63] - ( 2]7 ?j?O)T

where T' designates the transposition operation and ¢7; are defined at (2.1.7). Using
the symmetry of the matrix A we observe that the vectors of; defined above, are di-

vergence free with zero average over Y. This imply that there exists ¢j; € [Wpe, (),
(see Theorem 3.4, [40] adapted for the periodic case) so that

n _ ..n
curlywij = j;

and divip; = 0 for any 4,5 € {1,2,3} (2.2.6)
From Corollary 6.2.10 in Appendix and we observe that

ol = ay; in [LA(Y))? (2.2.7)

)

where the form of a;; is identical with that of oj; and can be obviously obtain from
(2.2.7). Using the above convergence result and Theorem 3.9 from [40] adapted to
the periodic case, we obtain that

lnj - wij ) in WpeT<Y) fOI any Za] € {1a273}
and ;; satisfy
curly;; = ay; and divyp,; =0 for i, j € {1,2,3} (2.2.8)

2

0*u
Next define p"(x,y) = w?j@)am@(;.
¥ 1

we have that V, - 05 = 0. It is also easy to check, that V, - v} = =V, - v, (see [59]
for example). We set

(x) and vi(x,y) = curl,p™(x,y). Obviously

wi(z,y) = xj (v) gzo (z)

J
ri(z,y) = A(y)Veuo + A™(y)V, 0t (2, y)

U2 (@) = () = uola) - ewf(, =) — us(x, ~) (2.2.9)
§(x) = A" D)Vl = (e, ) — el (w0, 7) — o (e, ) (2.2.10)
As in [59] we can write
A2V (@) = € () = (5 (@, =) — A"(2) Vo (e, 2) (2:2.11)
We use next, as in (2.2.4), the inequality (6.2.10) to obtain
vy (., é)HL?(Q) < Clluo|[ws.r ) (2.2.12)
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Using (2.2.4), (2.2.11) and (2.2.12) we get
14" (D) Ve () = (@)l 2@y < Celfuollwsney (22.13)
Similarly as in [59] we have that V - £*(z) = 0. Let us define ¢! as solution of
A\ (A"(%)Vgp?) =0 in Q, ¢! =uj(z, %) on 02 (2.2.14)

Using again Corollary 6.2.10 in Appendix, we have that ¢ — ¢, in H'(Q) where
@, is the solution of

% (A(%)Vgoe) =0 in Q, v = us(x, %) on 02 (2.2.15)
Then,
[lpell L2 () < Cllua(., é)||L°°(6Q) < Cllxijll Loy luollwsr ) < Clluollwsr@) (2.2.16)
where we used [53] for the L> bound on x;;. Next, similarly as in [59] we have
[ () = uo(t) = ewf (=) + €62 () = €us(-, =) + €9 |20y < O luollwsne)
and passing to the limit when n — oo using triangle inequality, (2.2.4) and (2.2.16)
we get (2.2.3). O

Remark that the assumption that ug € W3P, with p > N was necessary for the
estimate (2.2.16)

In the case of L™ coefficients, with the only assumptions that x;, xi; € WEE(Y)

per
for some p > N and ug € H3(2) the left hand side of (2.0.12) can be shown to be of

m'm{%,Zf

order € 27, Indeed we have,

Theorem 2.2.2. Let ug € H3(QY). If there exists p > N such that x;, Xi; € Wpléi,’(Y)
then we have
82u0

8%6%

' min{2,2-~
[Jue(.) — uo(.) — ewr (., =) +€bc(.) — €2Xij(g) i) < Ce™ 2275 fug|| 3

€
Proof. As we did before, for the sake of simplicity, we will assume N = 3 the two
dimensional case beeing similar. For any 4,5 € {1,2, 3} let ¢;; € [W,-(Y)]® be defined
as in (2.2.8). The hypothesis on x; and y;; implies that «;; defined at (2.2.7) belongs
to the space [LP(Y)]® and we have

esllizearys < CUIBsIzrarys + 1IXGl zrevy + Il lwiery < C for i, j € {1,2,3}
(2.2.17)
Relation (2.2.17) and Remark 3.11 in [40] imply that

sl wreqrys < C for i,j € {1,2,3} (2.2.18)
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2

a Uo
H'(Q, H),.(Y)) and v, € L*(Q, H),,.(Y')). Obviously we have that V, - v, = 0 in the

sense of distributions (see [59]). Next, using (2.2.5) we observe that V, - My (v.) =0
where v, is such that

(x) and vo(z,y) = curlyp(x,y). We can see that p €

vl = v, weakly in L*(Q, L2,,.(Y))
We have that

(92u0 aXij 82UO

(ve(2,9))k = Ari(y) x5 (v) 0,01, () + An(y) Oy Ox;0x;

Using this and the fact that

/Q Y(Vy )P (2, y)drdy = / (Vy - curlyp(z,y))®(x, y)dedy =

QxyY

= - / (V- curlyp(z,y))®(z, y)dxdy
QxY

for any smooth function ® € D(Q; D(Y)), one can immediately see that
Vy Vg = —Vm * Uk (2219)
in the sense of distributions. Consider ¢! and £ defined at (2.2.9) and (2.2.10). We

have

Lemma 2.2.3.
(@) |[llwia@ < C and [|€][L19) < C
and there exists 1. € WH(Q) and & € L' () such that

P Boahe, VY BV, €8 €, weakly-* in the sense of measures.

Also we have
T T

V() = ue(x) — up(x) — ew (z, E) — uy(, E)

Ee(x) = A(%)Vu6 —71o(z, %) — ey, %) — vy, %)
(it) Moreover, & € L*(Q), ¥ € H'(Q) and we have
A(%)Vwe(m) — &) = € (va(x, %) — A(%)qug(:c, %)) (2.2.20)
with
V. &(z) =0 (2.2.21)

in the sense of distributions.
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Proof. Using the fact that, for any 4,7 € {1,2,3}, x},x}; € Wy (Y) and 47 €
[Wper(Y)]? are bounded functions in this spaces, from the definition one can immedi-
ately see that

9w < € and [|§¢]|L1o) < C.

Recall that
X? —Xj> XZ — Xij in Wper(y) and wg - 7pij in [Wper<y)]3'

Using the above convergence results and the Appendix the statement (i) in Lemma
2.2.3 follows immediately. Observe that x;, x;; € WL2(Y'), with p > 3 imply

per

Y. € HY(Q) (2.2.22)

To prove (2.2.22) it is enough to see that
[[ua(, E)HHl(ﬂ) < 62\|Xz‘j!’Loo(Y)!’U0|!H?(ﬂ)+€||Xz‘j|\w1m(Y)||U0||H3(Q)+€2|’Xz‘jHLOO(Y)HUOHHB(Q)

the rest of the necessary estimates being trivial. Similarly, from the definition of 7,
v, and vy and the hypothesis x;, xi; € Wple’f(Y), with p > 3 we see that & € L*().
Next note that we immediately have

A”(%)Vzﬂ? RN —A(%)Vwe weakly-* in the sense of measures . (2.2.23)

Relation (2.2.20) follows immediately from (2.2.11), (2.2.23) the relations (6.2.1) in
Appendix and a limit argument based on the convergence results obtained at (i).
Recall that in the smooth case it is known from [59] that

V=0

This is equivalent to

/ EVO(x)dr =0 for any ¢ € D(Q)
Q

Using the fact that £ € L?(Q), and that we have
¢ s ¢, weakly-* in the sense of measures

we obtain (2.2.21). We make the remark that a different proof for (2.2.21) can be
found in [82] O

Following the steps in the proof of Lemma 2.2.1 we observe that x;, x;; € Wplcjf,’(Y),
with p > 3, implies 1;; € WLE(Y). using this we obtain,

per

82U0
V(- -)[|2 () < HX“HLOO(Y)HV””—E):):Qm||L2(Q) < [Ixijllwre [uol 3@y < Clluol|ms)
UL

‘ (2.2.24)
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@2U0
S 1@ < C bisllwro o uol sy < Clluol 3@
? J

i’j

[lva(-, )HLQ < Ol Ve

(2.2.25)
where in (2.2.25) above we used (2.2.18). Similarly as in [59] using (2.2.24), (2.2.25)
n (2.2.19), we arrive at

HA( )V@Z’e( ) = &(@)||r20) < C€|uo| |2y

In the general case when A € L®(Y) and vy € H3(Q), if we consider the second
boundary layer ¢, defined as in (2.2.14), using (2.2.22) and similar arguments as in
[59] we obtain that

[[ue(:) = uo(.) = ewr(, =) + €be(.) = us(a, —) +€0el g0y < O luolla() (2.2.26)

Next we make the observation that without any further regularity assumption
on ug or on the matrix of coefficients A one cannot make use of neither Avellaneda
compactness result nor the maximum principle to obtain a bound and for ¢, similar

0 (2.2.16). In fact in [7] it is presented an example where a solution of (2.2.14) would
blow up in the L? norm. Although the unboundedness of ¢, in L? we can still make
the observation that using a result due to Luc Tartar [79] (see also [24], Section 8.5)
concerning the limit analysis of the classical homogenization problem in the case of
weakly convergent data in H~1(f2) together with a few elementary computations we
can obtain that

epe — 0 in H'(Q)

Using the Periodic Unfolding Method in the spirit of Griso [41] we will be able to
prove a very interesting Lemma, which would imply that, for N € {2,3}, there exists
p > N, such that

llegel @ < ™21 (2.2.27)
Lemma 2.2.4. Let Q@ C RY be CY! or convex. Consider the following problem,

{ ~V - (A(Z)Vy) =h in Q

g o0 (2.2.28)

where h € L*(Q), the coefficient matriz a satisfies the hypothesis of the first sec-
tion, and we have that there exists ¢, € W)(Y) with p > N, and z. € H'(Q) such
that

ge(x) = egb*(f)ze(x) a.e. S (2.2.29)
Then if there exists = € H'(Q) such that
ze— 2z in HY(Q) (2.2.30)

we have that there exists y. € H}(Q) such that
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Ye = 4o i H'(Q) (2.2.31)
and y. satisfies
{ V- (AP"Vy)=h in Q

v 0 o 50 (2.2.32)

and A"™ is the classical homogenized matriz defined at (2.0.2) in Section 1. Moreover
if there exists o > 0 such that

||Z6 — Z||L2(Q) S C’eo‘||z||L2(Q) (2233)

then we have

x OYs

min{m, -
)Qe(ax')HHl(Q) S CE { 6(1 P)} (||y*HH2(Q) + ||ZHH1(Q)) (2234)
J

19 — v — ex;(Z
1

where = min{l, a}, m = min{«, 5}, Xj € Wper(Y) are defined in (6.2.3) and Q. is

defined at (2.0.6).

Proof. We could use Tartar’s result concerning problems with weakly converging data
in H~! to prove (2.2.31) and (2.2.32), but we prefer to present here a different proof
based on the Periodic unfolding Method developed in [22]. The method will give us
the unfolded formulation for the limit problem and this in turn will help us, inspired
by an idea of Griso (see [41]), to obtain the error estimate (2.2.34) for the solution
y.. Homogenizing the data in problem (2.2.28) we obtain

{ -V (A(Q)V(ye - gﬁ)) =h+V- (A(%)Vg€> in

€

ye_gezo on 0f)

If we denote by r. = y. — g we have

{ —V - (A(2)Vr) =h+ V- (A(%)Vg) in Q (2.2.35)

re =0 on 0f)
Using 7. as test function in (2.2.35) we obtain
T
Irellm@) = 1hllz2@) + A Vell2@) < lIRll2@) + IV gelli2@) =
< [1Pllzx@ + elloe () Vel + [1Vyde(D)zeOllz2@) <
< |[hflz2@) + Cl|oullwrayy + Dl zellrr(0) < C (2.2.36)

where for the last inequality above we used the assumptions on the matrix A and
¢+, Holder Inequality and (6.2.10) in the Appendix.

From (2.2.36) we have that there exists y. € HJ(Q2) such that on a subsequence
still denoted by € we have

re =y, weakly in Hj(Q) (2.2.37)
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In fact we can see that
ye — y» weakly in H'(Q) (2.2.38)

Indeed we notice that
gl 20y = €ll@x(= ) (e < ellzellz2 @ (2.2.39)

and
1IVgellrz@ < IV (D)zeOllzz) + el (D) V(]2 <
S C||¢*||W1p(y)||ze||H1(Q) —f- €||vze<>||L2(Q) S C (2240)

From (2.2.37), (2.2.39) and (2.2.40) we obtain (2.2.38). In order to prove that y.
is the solution of (2.2.32) we will consider first v (x) = ¢(x), with ¢ € D(Q), as test
functions in problem (2.2.35). We have,

/A(Q)Vrev¢dac:/hwdx—/A(i)Vgevwdx (2.2.41)
Q ¢ Q Q ¢

We unfold (2.2.41) using Theorem 6.1.1 and we have

1 1

b [ AWTR TV odsdy = [ bode- o [ AT T (V6 dady
‘Y‘ QexY Q |Y| QexY

AY) oY) 1(V2ze) T(Vip)dady
(2.2.42)

Remark 2.2.5. Using that A € L>(Y), ¢. € WHP(Y) and (2.2.50), it can be seen
that the last term in the right hand side of (2.2.42) converges to zero when € — 0.

1
/ A= A(y) V() T (2) T. (dexdy_l}fl Goxy

For the second integral in the right hand side of (2.2.42), Theorem 6.1.1 implies,
1

AWV () Te(2) T(V)dady —
|Y| QexY

= A(y)Vyo.(y)z(2) Vipdrdy
’Y’ QxYy
(2.2.43)

From (2.2.37), Remark 2.2.5), (2.2.43) and Theorem 6.1.1, we can pass at the limit
when € — 0 in (2.2.42), and obtain that there exists g, € L*(Q, H!, (Y)) such that

per

1

m Qxy A(y)V . (y)z(x)Vipdady

(2.2.44)
Next consider ve(x) = ep(x)p(2) with ¢ € D(Q2) and ¢ € C5,.(Y) as test functions

per

in problem (2.2.35). Note that v, — 0 in H'(Q). We then have

1
A(y)[sz*+Vygj*]dea:dy:/hwd:z;
|Y| Qxy

/A(f)vrevuedx:/hved:c—/A(f)vgewedx@
Q ¢ €

Q

o e /Q A( YW V(L “)de + /Q A(%)Vrew(x)vygo(g)d:c:
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:/thed:v—e/QA( W V(L )dx—LA(%)ng¢(x)vy¢(%)dx. (2.2.45)

We will first analyze the left hand side of (2.2.45). It is clear that
e/ A( )Vrngga( Ydr — 0 (2.2.46)
Q

For the second term of the left hand side in (2.2.45) we use property 3 in Theorem
6.1.1 and we have

1

T o AWTVrI L@V py)dady.  (2.247)

x
| AC)Tr @9 oS =
QO €
Using property 5. in Theorem 6.1.1 we can pass to the limit in (2.2.47) and obtain,

tim [ AC)Tr ) Vyp(D)dr = o !

AW) Vot + Vi (2) Vyo(y)dzdy.
=0 Jq € Y| Jaxy

(2.2.48)
Next we will analyze the right hand side of (2.2.45). Easily can be proved that

; /Q AC)VaT9p(2)dr = 0 (2.2.49)

For the last integral in the right hand side of (2.2.45) we have

/ A g (@) V()i = / A(Z)0.(2) V() V02 )da+
Q Q

+ / ()00 (D) @)Vl D (2.2.50)

Note that
/ A0, (V@) V(D) 0 (2.2.51)

For the third integral in (2.2.50) we use property 3. in Theorem 6.1.1 and obtain

1

T Jo ey A(Y)V (1) Te(2) T() Vo (y)dady

(2.2.52)

JAGOT 0D 0000V, D -
Using Theorem 6.1.1 we can pass to the limit in (2.2.52)

lim [ AV, (2)2u(2)(2)Vyo( ) =

A(Y)Vy 0. (y)2(2)(2)Vyp(y)dedy

(2.2.53)

From (2.2.46), (2.2.48), (2.2.49), (2.2.51) and (2.2.53) we can pass to the limit in
(2.2.45) and obtain
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|Y| QxYy
(2.2.54)
for all v € D(Q) and p € C2 (V).

per
Summarizing, from (2.2.44) and (2.2.54) using the density of the tensor product
D(Q) x C2(Y) in L*(Q, H',(Y)) we obtain the unfolded formulation of the limit

per per
problem, i.e.,

Find (y., ) € HY(Q) x L2(Q, H., (V) such that,

per

% ) YA(y)[vxy*+vyg*](vxw(x)+vy<1>(:c,y))d:vdy= /Q hapda—
‘|Tlf| AWV @) (Var(w) + V@, y)dady (2.2.55)

for allyy € D(Q) and ® € L*(Q, H),.(Y)).

From (2.2.54) we will extract the limit problem verified by y.. Indeed it can be
easily checked that 7.(x,y) admits the following representation:

9.(,9) = () 52— 6.(9)=(x) (2.2.50)

where x; € Wy, (Y) are the corrector function defined in Section 1 at (2.0.3). Using
(2.2.56) in (2.2.44) we obtain

/ A7y, Vipdr = / hypdz for any 1) € D(Q)
Q Q
and this translates into:

hom _ 3
(7 s e

where A™™ is defined at (2.0.2). Next, inspired by an idea of Griso [41], we will
use the unfolded formulation (2.2.55) of the limit problem to obtain (2.2.34). We
would like to make the observation that although a few of the steps we take in the
proof are based on ideas of Griso, we decided to present the complete proof here, for
the clarity of the exposition.

Let v € H}(Q). From Theorem 6.1.2 in the Appendix we can see that there exists
Y. € LA(Q, H., (Y)) such that the estimate (6.1.2) is satisfied. Therefore if we use

per

the pair (,7)) as a test function in (2.2.55) we have

1

A A(y)[vacy* + Vy@*](vxd}(x) + vy@&e)dmdy = / hapdx—
|Y| QxY Q
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1
’Y’ Qxy
Using (2.2.56), (2.2.58) becomes,

AV (y)2(2) (Voo (x) + Vi )dzdy (2.2.58)

7 oy AT+ Vi, <y>§—ﬁ = V0 DNToblo) + Vb= [
_% AWy ) @) (Vat @) + Vi) drdy (2.2.59)

Next consider p. the distance function defined in Proposition 6.1.3 in the Appendix.
Using the fact that y, € H?(Q2) and Proposition 6.1.3 from the Appendix we have,

1 OYx R
‘hO - A(Q)Pé[vxy* + vaJ( ) y¢*< )% ( )](Vzw(@ + Vywe)dwdm <
|Y| QOxY axj
< Ce ||l oy (12l + 19l l2@) (2.2.60)
with
1 R
ho = / hds = 2 | AW)V,0.0)@)(V0@) + Vb )dady (2200
xY
Note that )

Indeed for i € {1,.., N} arbitrarily fixed we have

Y- Y. OYs
IV (pea_xi) ||[L2(Q)]N < Hv:cpeamz Va (8_331) H[LQ(Q)]N =
Oy

Oy«
s+ 192 (52 ) oz < Ce el

< IVepellpo@o 5

where Q. is defined in the Appendix before Proposition 6.1.3. Using Theorem
6.1.2) from the Appendix and (2.2.62) we can replace V1 + Vb by 7 in (2.2.60)
and we obtain

1 0y
= [ Ao+ V) 3 = VATV o] <
< O llmenl=llma + lelle) (2.2.63)
with .
hy = / hode — — [ AV, (1) (2) T (V) dady (2.2.64)
|Y| QxY
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Next, using inequalities 2 in Proposition 6.1.3 we can remove p. (2.2.63). Also,

Oy .
from property 6 in Proposition 6.1.3 we can replace V,y, with My (V,y.), Y with

83:]-
Oy«
(9xj

Mg (==) and z(x) with M (z) in (2.2.63). Therefore we obtain

1 ; (04
’h1 - m QXYA(y)[MY<vxy*) + vaJ (y)MY<ax]

) = V0. (y) My ()| (V) dzdy| <

< Ce2||[Y][m o) (12l mo) + [yl [r2@) (2.2.65)

From (2.2.33) and Proposition 6.1.3 we can first replace z by z. and afterwards z,
by M{ (z) in h; defined at (2.2.64) and (2.2.65) becomes

1 Ay, .
hy = — [ AWM (Vay) + Vo (0) M5 (520) = V. (5) M (2)] T, (V) dady| <
|Y| QxY awj
< Cem 3| s e (121 1) + 19 2(9) + Cellzel o) (2.2.66)
with
1
he= [ hods— o [ AV, M ()T (V0 dady (2:2.67)
Q |Y| QXY

Next note that )
EHzeHHl(w) < €§||ZHH1(w) (2268)

We also observe that

€ z €
1M () (D)2 < M5 ()] 2250

i
w(z) se < €l|vllrz@ Y]l (2.2.69)

for every v € L*(Q2) and ¢ € L2, (Y), where

per

Se = U (€ +¢€Y)

£€E.

with 2, = {(e€ + €Y) N} and Q, defined at Proposition 6.1.3 in the Appendix.
We used in (2.2.69) properties 4. and 5. of Proposition 6.1.3 in the Appendix.

From property 4. of Theorem 6.1.1 in the Appendix, together with (2.2.68) and
(2.2.69, (2.2.66) becomes

z x 0y, A
hs / ACIM (Vo) + Vo (DM (52) = Vb (DM (2)]Vibdady] <
o € € T €
< e 5] 1 (12 sy + a2 (2.2.70)
with
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hy = /Q hibdzr — /Q A(%)Vygb*(%)M;(ze)Vzpdxdy (2.2.71)

Using property 61. of Proposition 6.1.3 we can replace My (V,y.) with V,y, and
from (2.2.69) we can introduce p. in front of V,x;(% )Me( ) Vy¢.(2) My (2) in

(2.2.70) and we have

= [AC) |Vt 0 (oD = 9,0 E1015 () | Vo] <

Q Ly

< e B s (1121 s ) + 9 ll) (22.72)
Property 63 of Proposition 6.1.3 in the Appendix implies, (see [41]),
. x
1My (v) = Qe(0)V(D)llz2@) < Cellvllm @l[¥]l 2y (2.2.73)

for every v € H'(Q) and ¢ € L2, .(Y).

Then we can replace My (z.) with Q¢(zc) in hs defined at (2.2.71) and we can also
replace My(ay*) with Q. (6y*) and M3 (z) with Q.(2) in (2.2.72). Therefore we obtain

Y
[y — /A<f> {va*m( N(DRGE) — W*(f)@e(z))]wmdyx
Q € J €
< Cemnte s oy (12l ey + Nl 227)
with
/hwdx—/A Vy0.(— QE(ZE)VQ/Jd.Idy (2.2.75)

where we used (2.2.68) in (2.2.74) above.
Using Cauchy inequality, (6.2.10), the fact that ¢, € WLP(Y) with p > N and

per

property 6 of Proposition 6.1.3 in the Appendix we can replace Q.(z.) with z. in
(2.2.75) and (2.2.74) becomes

T T 0V, z
= [AC) [Vt 0 (Ve DGE) - 90D ) | Vo] <
o € € x; €
min{m,1—- X
< Ce = ol sy + 9l o) (2276)
with m = min{a, %} and
h5:/hwd:v—/ ( ) y¢*( )2 Vipdady (2.2.77)
Q Qxy
Note that
e\/ Vzev¢dx] < Ce|[Y] @)l @l lwrwon | |2 [H' () (2.2.78)
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Therefore we can introduce e/ A(g)gb*(%)VzeV@Dd:v in (2.2.77) and we have
Q € €

Oy,

o~ [A(5) {vxyﬁpe( (5,0 - Vy@(f)@(z))]wmdyx

Q
min{m,1- X
< Ce™™ ™ 10| ) (112l o) + [yl ) (2.2.79)
1
with m = min{«, 5} and

hy = /Q hibdz — /Q AT (et (D)) Vededy (2.2.80)

Similarly as in Griso, [41], we can observe that

52 QG Moy < el I s
< Cel|v|| 20
lep @G o) < elndimol| -G Iz <
< Celllro 2:281)
for all v € H*(Q) and ¢ € L2, (V).

Using the inequalities (2.2.81) in (2.2.79) we obtain

x OYx x
= [AC) |90+ 92 (0 (0DIRGE) - 6.(5102)) ) | vy <
q € x; €
< Ce™™ ™ 10| ) (112l o) + [yl ) (2.2.82)
with m = min{«, %} and hy is given by
hy = / hipdz — / A(E)\V g Vddy (2.2.83)
Q axy €

where ge = €¢.()z..
If we consider ¢ = r, — {y* + €pe (X]( )Q. (gz*) ¢*( )Q (z ))] as a test func-

tion in the initial problem (2.2.35) from the elipticity of the matrix a we obtain

197 = ¥ o en (UG - 010 )| o <

35



min{m,1—
< O™ ™5} (2] 1y + 19l 2 (2.2.84)

1
with m = min{a, 5} and where 7. was defined at (2.2.35).

Using again (2.2.78) and property 2 of Proposition 6.1.3 in Appendix, we can
remove p, from (2.2.84) and we have

0V
8:15]-

min{m,1—
< O™ ™5 (2] 1y + 19l 2o (2.2.85)

195 = 92 [+ c0IQUGE) — 0510 iz <

1
with m = min{a, 5} Note that

V=€V (9 ()Qu(=) llzzte) < Nl (2)(Taze=VaQelD |2y HIVy0 () (2= Q) 1200
(2.2.86)

We ca easily see that (2.2.30), (2.2.33) and the properties of Q. (see Prop. 4.3 in
the Appendix) imply that,

[2e = Qe(2)||12(0) < EBHZHHI(Q) and ||Vyze = VoQe(2)|[12(0) £ C (2.2.87)

where § = min{1, a}. Using (2.2.87) we obtain that,

ledu(2) (Vaze = VaQe(2)) llza) < Cell@u] |y
and triangle inequality together with (6.2.10) give
V40 () (2 = Qe(2))l 2 < CE gl lwro )12 110 -
Using the properties of ¢, and the last two inequalities in (2.2.86) we obtain
: 1
IV = V2 (6.0Qu() iz < CEV D lallney (2:2.89)

Inequality (2.2.88) used in (2.2.85) implies,

x Vs
V € va; * AR € S
190 = ¥ -+ (RG] e
min{m -y
< Ce™™M™ U 2 ) + el L2 (@) (2.2.89)

1
where § = min{l, a} and m = min{«, 5} From (2.2.85) and (2.2.89) we obtain the

statement of the Lemma. ]

36



2Then applying Lemma 2.2.4 with h =0, y. = €@, ¢+(y) = Xij(y), z.(x) = 2(x) =
(9 Uo

c%if)xj

we obtain that

min{i1-&
lle@el| i) < CE™™ 2w |ug|| s (2.2.90)

Using (2.2.90) in (2.2.26) we have

. - 0%ug inf3 o N
[lue(-) = uo(.) — ewn(, =) + €0e(.) — €xi (=) @) < Ce™ 22757 fug|| (o
€ 7Ye’ w0 @ @
(2.2.91)
and this concludes the proof of Theorem 2.2.2 O

Remark 2.2.6. It has been shown in [76] that the assumptions x;, xi; € WE(Y)
for some p > N are implied by the conditions that the BMO semi-norm norm of
the coefficients matriz a is small enough (see [76] for the precise statement). In a
different work by M. Vogelius and Y.Y. Lin [52], it has been shown that one can
have x;, Xxi; € Wpléﬁo(Y) in the case of piecewise discontinuous matrix of coefficients
when the discontinuities occur on certain smooth interfaces (see [52] for the precise
statement). It is clear that the lack of smoothness in the matriz a and the fact that we
only assume uy € H*(Q) would not allow one to use neither Avellaneda compactness

principle nor the mazimum principle to bound @, in the L?.

Corollary 2.2.7. For N = 2 we could use a Meyers type reqularity result and prove
that there exists p > 2 such that x;,xi;; € Wi2(Y). Therefore Theorem 2.2.2 holds

per

true in this case in the very general conditions that ug € H*(Q) and a € L=(Y).

Remark 2.2.8. We can see that, in the particular case when p = +o00, the error
estimate (2.2.90) will have order O(e2) as is the case in [1], where they assume
ug € W3 and x;; € W (Y).

Remark 2.2.9. If one wants to remove the assumptions on x;,X:; and only as-
sumes that the sequence z., z € WH>(Q) with ||z||w1 ) < C||2||wroq), then using
(2.2.33) we can first replace z by z. in hy defined at (2.2.64). Afterwards using
property 5. of Theorem 6.1.1 in the Appendiz we replace z. by T.(z.) in hy defined at
(2.2.64) and (2.2.66). We continue the proof of Lemma 2.2.4 using similar arguments
and if we have that « defined at (2.2.33) verifies a > % we obtain

T Y T
195 = V9. = Vo |9 +€G(D)Qu(G52) = €6.(2)Qu(2) | 1) <
€ Zﬂj €
< Cex(||2llwroe ) + [[el20) (2.2.92)

Following similar steps as in the proof of Theorem 2.2.2 we obtain that the error
estimate (2.2.90) will have order O(e? ).

37



2.3 A natural extra term in the first order correc-
tor to the homogenized eigenvalue of a peri-
odic composite medium

In this section we analyze the Dirichlet eigenvalues of an elliptic operator corre-
sponding to a composite medium with periodic microstructure. This problem was
initially studied in [59], for the case of C*° coefficients. We generalize their result to
the case of L> coefficients.

We will first state a simple consequence of Theorem 2.2.2 which will play a fun-
damental role further in our analysis.

Corollary 2.3.1. Let Q C R? be a bounded, convex curvilinear polygon of class C*™.
Let ug € H*'"(Q) with r > 0. In the conditions of Theorem 2.2.2, there erists a
constant C.,. independent of ug and € such that

() = o) = €wr(, )+ Bz < Cre ™ 15 g g o
Proof. From Theorem 2.1.1, if ug € H?*(Q2), we have
[lue(-) = uo(-) = ewn(c, =) + €l ()lmye) < Celluollmz(o) (2.3.1)
Indeed note that using the hypothesis on x;, x;; and the properties of () we have
that

[Vw: (-, é) — Vuu(, é)||L2(Q) < el |x;jllwro ool [m2) < €
where u; is defined by (2.0.13).
Also, using the definition of 6, and ., we have

V0 = Vil < [lwi( 2) —wl Dl <
Using the last two inequalities in Theorem 2.1.1 we obtain (2.3.1). Next we may
see that, for ug € H3(2), Theorem 2.2.2 immediately implies that

: min{2 2
[lue(-) = uo() = ewn (=) + ()| 2@y < Ce 275N |ug| | s (2.3.2)
Using (2.3.1) and (2.3.2) together with a similar interpolation argument as in [59](
see Theorem 2.4), we prove the statement of the Corollary. O

Next we will state the spectral problem and recall briefly the result obtained in
[59]. On the domain Q C R? we consider the spectral problem (2.0.19) associated
with operator L., i.e.,

{ Leve ==V - (A(Z)Vee()) = Xve - in Q (2.3.3)

ve =10 on 0f)
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If we consider the eigenvalue problem for the operator L = —div(A"™V) with
Al defined at (2.0.2), i.e.,

{ Lv=Mv 1in{ (2.3.4)

v=20 on 0f)

then it is well known that for A simple eigenvalue of (2.3.4), for each e small
enough, there exists A¢, an eigenvalue of (2.3.3) such that

A5

For any f € L*(Q), we define T.f = u, where u, € H}(Q) is the solution of
L= f in Q, and similarly T'f = uy with vy € H}(€) solution of Lug = f. T. and
T are compact and self adjoint operators from L?(Q) into L?(Q2). Moreover T, = T
pointwise.

1 1

N are the eigenvalues of 7T, and pu; = = are the
k k

eigenvalues of T'. From the definition of T, and T', the eigenvectors corresponding to

. and respectively py are the same as the eigenvectors of L, and L corresponding to

Aj, and respectively Ag.

It can be seen that pj =

It is proved in [59] that if 2 is a bounded convex domain or bounded with a C*?
boundary we have that

A= Ao| < Ce (2.3.5)

for € sufficiently small. Moreover in the case of a smooth matrix of coefficients a,
and for the eigenvectors of L in H**"(Q), for some r > 0, using (2.0.8) and (2.0.9)
and a result of Osborne [68], they obtain that

AT —\ = en/\/ 0., vdx + O(eltT)
Q

for any sequence €, — 0 and 0, defined by

—V-(A(f)vég) =0 in Q , ggzxj(g)@ on Of) (2.3.6)
€ € Oz;

The analysis in the case when the coefficients are only L* employs a different
argument and is presented in the following Lemma.

Lemma 2.3.2. Let us assume the hypothesis of Corollary 2.3.1, A a simple eigenvalue
for L corresponding to the eigenfunction with |[v|| 12y = 1, and v € H*'"(Q) for some
r > 0. Then,

1+r min{%,lfﬂ

A — A= en)\/ 0. vdx + Oey ") (2.3.7)
Q

for some subsequence €, — 0.
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Proof. Using a result of Osborne [68], we can deduce as in [59] that

1
Aen

= (T =T, )v,v)+ 0O (2.3.8)

> =

Similarly as in [59] define w. = T.v and using the definition of the operators T,,T

observe that w,. and 3 solve the following boundary value problems in Hg(S2),

1
Lowe =v and L(XU) = 0.
In the conditions of lemma 2.3.2, using Corollary 2.3.3 we have that

1 e - 0v € i
L) — — D) — v () _Q . 5 — 147
l|we(-) /\U( ) )\X](e)(‘?xj + \ (2@ =O0(e™)
where 7 = 7 min{3,1 — 7} > 0.

Following identical steps as in [59] (see Prop. 3.4) the statement of Lemma 2.3.2
follows. O

The fact that 0, is bounded in L2(Q) follows from y; € W'XP(Y), p > 2 and
v e H*(Q) c Whee(Q) for r > 0 and Q C R?. Using this and (2.3.5) from Lemma
2.3.2 we obtain that the result of Moskow and Vogelius (see Theorem 3.6) remains
true in the general case of nonsmooth coefficients, i.e.,

Theorem 2.3.3. In the hypothesis of Lemma 2.5.2 if A\, is the limit of the sequence
(A —A)

En
0. in L*(Q), so that

(as €, — 0) then there exists a function 0., weak limit point of the sequence

A = )\/ 0. vdx
Q

Conversely, if 0, is a weak limit point of the sequence 0. in L*()) the there exists
a sequence €, — 0 such that

u N )\/ 0, vdx
€n Q

In the end we make the observation that the case when \ is a multiple eigenvalue
can be treated similarly as in [59] (see Remark 3.7).
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Chapter 3

Multiscale analysis of perforated
materials

The periodic unfolding method (see [22]), as a simpler alternative to the two-
scale convergence, was developed to study the limit behavior of periodic problems
depending on a small parameter €. As it turns out, the same philosophy applies to a
whole range of periodic problems with small parameters, provided they have a specific
period. The method is flexible enough to apply as well to almost any combinations
of the preceding cases.

In this chapter, we present these various extensions and show how they apply to
known results and allow for generalizations. This approach is significantly simpler
than the original ones, both in spirit and in practice.

The plan of the chapter is as follows.

Section 3.1 is devoted to the presentation of various unfolding operators and their
main properties. More precisely, in subsection 3.1.1, we recall the definition of the
unfolding operator 7. for the periodic case in fixed domains ([22] and [31]). In sub-
section 3.1.2, we present the unfolding operator adapted to the case of holes of size
e (with Neumann boundary condition) with period of same size (see [25] for details
and applications). Subsection 3.1.3 introduces the unfolding operator 7. 5 depending
of two small parameters ¢ and § (corresponding to the scales € and £J) and was first
introduced in a similar form in [19] and [20]. The following subsections deal again
with an unfolding operator 7% depending on the scales ¢ and € when the latter
occurs only on a layer. This approach never assumes the existence of an extension
operator in the cells but is based on the Poincaré-Wirtinger inequality (subsections
3.1.1) and Sobolev-Poincaré-Wirtinger inequality (subsections 3.1.2 and 3.1.3). The
latter requires that the dimension N be larger than 2.

The remainder of the chapter is devoted to the application to various linear prob-
lems in perforated domains and with oscillating coefficients. For simplicity, we assume
a homogeneous Dirichlet boundary condition on the outer boundary of the domain,
but more general boundary conditions can be handled provided the outer boundary
is Lipschitz and the perforations do not intersect it. In each case, we obtain both
the unfolded and the classical (standard) form for the limit problem. The opera-
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tor 7; allows to homogenize the coefficients of the differential operators, whereas the
operators T 5 (or T%,...) generates the “strange terms” in the limit.

Section 3.2 concerns the homogenization of elliptic problems with oscillating co-
efficients, for volume e-periodically distributed small holes of size €6 with Dirichlet
condition. These results are well known for the Laplace operator, with the appear-
ance of the “strange term” (see [26] and references therein). For the case of oscillating
coefficients, we refer to [29] where H-convergence is used. It should be noted that for
technical reasons, our method fails to apply in dimension N = 2.

Section 3.3 considers small perforations of size £d which are distributed e-periodically
in a layer of thickness . It generalizes the results of [73], [61] and [26] to the case of
oscillating coefficients.

Section 3.4 deals with the Neumann sieve problem with zero thickness and oscil-
lating coefficients. For the case of constant coefficients, we refer the reader to [6],
[30], [60], [72], [3] and [66]. In Section 3.5, the case of the thick sieve is treated (for
which we refer to [35] for the case of the Laplace operator). The unfolding method
was applied for the first time for sieve problems, in [63] also in the case of an operator
with constant coefficients.

To conclude this section, we would like to point out that using the various un-
folding operators introduced in this chapter, one can treat any combination of the
previous problems, for instance, a medium with e—size Neumann perforations and
ed—size Dirichlet holes in the bulk (see Figure 3.10), or even a thick sieve in such a
medium. This will be presented in a forthcoming paper which will also include the
proof of convergence for the energies.

3.1 The periodic unfolding operator

In this section we recall the general properties of the periodic unfolding operator
introduced in [22] and include variants and generalizations, all based on the technique
of unfolding. In particular, we introduce the notion of unfolding criterion for
integrals (in short u.c.i.), in order to simplify the proofs where unfolding is used.

IR
33
sets Y having the paving property in RY can also be used, cf. [32]). We consider the
periodical net on RY (i.e. the subgroup R") and all the corresponding translates of
Y. By analogy with the one-dimensional case, to each z € RY we can associate its
integer part, [z]y belonging to the net, such that x — [z]y € Y, the latter being its
fractional part respectively, i.e, {x}y = x — [z]y (see figure 3.1). These definitions
are ambiguous, but only on a set of measure zero, which is enough for our purpose.

Let Y be the unit cube of RY centered in the origin, Y = (more general

Therefore we have

xzs{z} +e[q for any = € RY.
ely ely
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(Zyl.
Y
=
Figure 3.1: The basic decomposition
Let Q be open and bounded in RY. We use the following notations
0. = {er, (s[f] +5Y> cQ}, Ao =0\ Q.. (3.1.1)
€

The set ﬁs is the smallest finite union of €Y cells contained in €2, while A, is the
subset of Q) containing the parts from €Y cells intersecting the boundary 09 (See
Figure 3.2).

3.1.1 The case of fixed domains: the operator 7.

We recall here the definition of the unfolding operator and its main properties (for
details and proofs we refer the reader to [22] anf [31]).

Definition 3.1.1. For ¢ € LP(QY), the unfolding operator T_ : LP(Q) — LP(Q X Y) is
defined as follows:

T(0)(wy) = { f(ﬂy +ey) o) @14 x,

Theorem 3.1.2. (Properties of the operator 7;)
1. For any v,w € LP(Q), T-(vw) = T:(v) 7 (w).
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QSEI QO A W

Figure 3.2: The sets (2, KAZE and A,

2. For any w € LP(QY), one has the following “exact integration” formula:

T (w)(x, y) de dy = /

Q

w(z) de — /8 w(z) de = /95 w(zx) dx.

QxY

3. For any u € LY(Q),

/ T ()] dedy < / (] dz.
QxYy Q
4. For any u € L*(Q),

/udm - T-(u) d:vdy’ < |u|dz. (3.1.2)
Q QOxy Ae

5. Let {w.} C L*(Q) such that w. — w strongly in L*(Q). Then

T.(w.) — w strongly in L*(Q x Y).

6. Let w. — w weakly in H(Q). Then, there exists a subsequence and W €
L? (O HY,.(Y)) such that

per

T.(Vw.) — V,w + V, @ weakly in L*(Q x Y).
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Property 4 shows that any integral of a function w on €2, is “almost equivalent”
to the integral of its unfolded on €2 x Y, the "integration defect” arises only from the
cells intersecting the boundary 0f2 and is controlled by the right hand side integral
in (3.1.2).

The following proposition, that we call unfolding criterion for integrals (u.c.i.),
is very useful tool when treating homogenization problems.

Proposition 3.1.3. (u.c.i.) If {w.} is a sequence in L*(Q2) satisfying

/ |w.| dx — 0,
Ae

/ w, do — 7. (w.) dxdy — 0.
Q Qxy

then

Based on this result, in order to simplify the proofs in the sequel, we introduce
the following notation:

Notation 3.1.4. If {w.} is a sequence satisfying u.c.i., we write

/wedx S T (w) dxdy.
Q Qxy

Corollary 3.1.5. Let {u.} be bounded in L*(2) and {v.} be bounded in LP(SY) with
p > 2. Then we have

/ vevdr & | T(u)To(v.) dady.
Q QxY

We end this subsection with the notion of local average of a function.

Definition 3.1.6. The local average M : LP(Q2) — LP(QY), is defined for any ¢ in
LP(Q), 1 <p < oo, by

M (6)(x) = /Y T.(6) () dy.

Remark 3.1.7. The function M (¢) is indeed a local average, since

1 A
eN d¢, i Q..
M) = [ T w0)dy = = RESCCLON AL
' 0o if €A

Remark 3.1.8. Note that T.(M5 (¢)) = M5 (¢) on the set Q@ x Y.
The next proposition, which will be frequently used as well, is classical:

Proposition 3.1.9. Let {w.} be a sequence such that w. — w strongly in LP(2)
where 1 < p < oo. Then we have

My (w.) — w  strongly in LP().
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3.1.2 Unfolding in domains with volume-distributed “small”
holes: the operator 7 ;

In Section 3.2, we will consider domains with holes of size £ (with 6 — 0 with
e) and eY-periodically distributed. More precisely (see Figure 3.3), for a given open
B CC Y we denote Yy =Y \ 6B and define the perforated domain €2} ; as

5= {:1: € ), such that{g} € Y;} ) (3.1.3)

oB

Figure 3.3: The sets B and Y;* and the corresponding ()} ;

This geometry of domains with “small” holes requires another unfolding operator
7. 5 depending on both parameters € and . In the next sections, we will be concerned
by functions v s that vanish on the whole boundary of the perforated domain 2 5,
namely belonging to the space H}( : 5)- They are naturally extended by zero to the
whole of Q and these extensions denoted . s are functions in Hj(f2). This justifies
the introduction of 75 on the fix domain € (but keeping in mind that our aim will
be to apply it to 7. s).
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Definition 3.1.10. For ¢ € L?(R2), p € [1, 00, the unfolding operator T, s : LP(Q2) —
LP(Q2 x RY) is defined by

T(5,62) if (3,2) € 0 x Y,

Ts(9)(2,2) = { 0

0 otherwise.

The following results follow directly from Theorem 2.2 by using the change of
variable z = (1/9)y.

Theorem 3.1.11. (Properties of the operator 7; 5)
1. For any v,w € LP(Q), T; s(vw) = T 5(v) 1z s(w).
2. For any u € L'(Q2), one has

5N/ |7z 5(u)| dedz < / lu| de.
QxRN Q

3. For any u € L*(Q),

1522 axmm) < 5 llullzz)

4. For any u € L*(Q),

/ udx — 5N/ 7. 5(u) drdz
Q QxRN

5. Let u € H Q). Then

S/ lu| de.
A

iVz(’Z;(;(u)) m Qx lY.

7; T -
o(Va) = = 5

Suppose N > 3, set 2* = 2N /(N — 2) and denote the Sobolev-Poincaré- Wirtinger
constant for H'(Y') by C'.

6. Let w be open and bounded in RYN. Then the following estimates hold:

2

€
19-(Ts(0) By, < sogIVellEaa (3.1.4)
e 2 Ce? 2
1726 (u - MY(“)) HLQ(Q;LQ*(RN)) < m”qum(Q)a (3.1.5)
and
26’

1726 (W)l 720wy < I 2HVUHLz +2lw| ullZz g

7. Let {w.s} be a sequence of functions in H'(Q) which converges weakly to some wy
when both e and § go to zero. Then, up to an subsequence, there is U in L*(Q; L} (RY))

loc
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and W in L*(Q; L* (RN)) with VW in L*(Q x RY) such that

—(7;75(11}575) — Mff(wg,g)l%y) -~ W  weakly in LQ(Q; L* (RN)),

V. (7;75(10575)) 1%Y —~ V. W weakly in L*(Q x RY),

T.s(w.5) = U  weakly in L*(; L2, (RY)).

loc

Remark 3.1.12. The use of the Poincaré- Wirtinger inequality in place of the Sobolev-
Poincaré-Wirtinger inequality in estimate (3.1.5) gives

. ) 1 C'e? )
||T€5(u - MY(U))||L2(Q’><RN) < 52 WHVUHH(Q),

where C" is the Poincaré-Wirtinger constant of Y. This estimate is not compatible
with (3.1.4).

Concerning the integral formulas, we have the following results, similar to those
of the previous subsection.

Proposition 3.1.13. (u.c.i.) If {w.} is a sequence in L'(Q) satisfying
|w,| dz — 0,

then

Ts,é
/wE dor ~ (5N/ 7. s(w.) dxdz.
Q QxRN

Corollary 3.1.14. Let {u.} be bounded in L*(Q) and {v.} be bounded in LP(Q) with
p > 2. Then

Te)s
/uevedx ~ 5N/ 7. 5(ue) 7z 5(ve)dzdz.
Q

QxRN

3.1.3 The boundary-layer unfolding operator: the operator
bl
7%

For sieve-type problems (Section 3.3 and 3.4 below), we consider the case of holes
of size €4, distributed in X/, a layer of thickness ¢ parallel to a hyperplane in the open
domain © in RY. We denote 2’ = (z1,-+- ,zy_1), [ = {zy =0} and set ¥ =T N Q.

The layer X/ is defined as:

X.=0n {x; lzn| < g},
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and by analogy with the (3.1.1), we introduce the corresponding sets
Si={wes, ([f]+ev) ez}, AL=mNTL
€

and denote 3, = ie’ NII.

The set 3! is the smallest union of €Y cells contained in X/ (see figure 3.4.)

Figure 3.4: The sets ¥, 5. and AL

Definition 3.1.15. For¢ € LP(X]), p € [1, 00| the unfolding operator T : LP(X!) —
LP(X x RY) is defined by

/

T, 2) = { o(c[ 7], +etz) W@ e Sy,

0 otherwise .

This operation, designed to capture the contribution of the barriers in the limit
process, was originally used in [63].

We also introduce the notion of local average related to the hyperplane X.

Definition 3.1.16. The local average MJ™ : LP(X!) — LP(X), is defined for any ¢
in LP(X]), 1 < p < oo, by

1 ~
— / o(Q)d¢, if 2’ € X,
M) =8 [ ThOE ) dz =4 /s[f”;] ey
ch 0 if €S\ 5.
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Remark 3.1.17. Since elements of LP(X) can be considered as functions of LP(3!),
M can be applied to them. With this convention, ’];bf;(]\/[f/bl(@) = M (¢) on the
set 2.

We also have an equivalent of Proposition 3.1.9.

Proposition 3.1.18. Let w. be a sequence such that w. — w weakly in H*(2). Then
MM (w.) — wy,  strongly in L*(X).

It is easy to check that most of the results stated in the previous subsection extend
to T2k

Theorem 3.1.19. (Properties of the operator 7.%)
1. For any v,w € LP(X)),

Ts(vw) = T5(0) T5(w).

2. For any u € L'(X)),

5§N/ TP (u) dadz = / udzx, and
SxRN !
55N/ |’];bf5(u)| dxdz S/ lu| dx.
SXRN .
3. For any u € L*(X)),

||7::,cl$(u)||%2(2><]RN) < g(S_NHUH%?(z;)-

4. For any u € L*(X!), one has

/ udr — 65N/ T (u) dadz| < lu| dz.
! UxRN Al
5. Let u be in H'(X!). Then,
bl 1 bl : 1
T25(Vau) = gvz (T25(u)) in X x SY'

Suppose N > 3, set 2* = 2N /(N — 2) and denote the Sobolev-Poincaré-Wirtinger
constant for H'(Y') by C.

6. Let w be open and bounded in RN . Then the following estimates hold:
IV (T ey < g IV ulgs

Ce

,bl
175 (u = My" () 2 siper o)) < 53 s VUl
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and Ce
1725 (u) 122 sy < 2 e g IVullZe s + 21w Jull 22y

7. Let wes be in H'(X!) such that |[Vwes| 2y is bounded. Then, up to a subse-

quence, there exists U in L?(3; L2 (RN)) and W in L*(3; L? (RN)) with V.W in

L3(X x RY) such that
.
NG
5z
\/g
2!
NG

Proposition 3.1.20. (u.c.i.) If {w.} is a sequence in L'(3!) satisfying

(Zos(wes) = My (wes)lsy) =W weakly in L*(S; L* (RY)),
V.(7z5(wes)) liy = V.W  weakly in L*(X x RY),

T.s(w.s) = U  weakly in L*(; L}

loc

(R™Y)).

|we| de — 0,
AL

then

bl
/ w, dz & 5§N/ T(;(we) dxdz.
! LXRN

Corollary 3.1.21. Let {u.} C L*(X!) and {v.} C LP(X!) with p > 2, such that

€ &€
el 22y and ||ve||ze(s:y are bounded independently of €. Then

bl
£,0
/ UV, dr =~ 55N/ T (ue) T (vz) dadz.
! SXRN

For sieve problems, there is a need to distinguish between the subdomains above
and below Y. Set

Q,=RYNQ, Q. =RYNQ, Y, =RYNY, Y_=RYNY.

We suppose that the two domains €2, and €2_ have a Lipschitz boundary.

For simplicity, we will make the convention that all the results stated for €2, are
true also for €2_ unless specified otherwise. For any function u defined in €2, we denote
by u its restriction to the domain ., i.e., u™ = u|o,. Analogously, u~ = ulq_.

The corresponding definitions and propositions are the following:

Definition 3.1.22. The local average Mf,fl cLP(XL) — LP(X), is defined for any ¢
in LP(XL), 1 <p< oo, by

b6 (2 2 bl
My, (¢ |Y / T5(0)(2, 2) dz.
+ Y+
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Proposition 3.1.23. Let w. be a sequence such that w, — w* weakly in H*(Q).

Then
My (w.) — w¥|s  strongly in L*(S).

Theorem 3.1.24. 1. For all ¢ € L*(Q4),

15 e ey) < o llulliy,):

Suppose N > 3, set 2* = 2N /(N — 2) and denote the Sobolev-Poincaré- Wirtinger
constant for H'(Yy) by C'.
2. Let w € H'(Q4). Let w open and bounded in Rﬂ\:. Then the following estimates
hold:

£
IVATS5 @) 21y, < srzlVellieey,),

Ce

,bl
||,];l?55(u_M}6/ ( ))||L2(EL2* RY)) < <= SN—2

||Vu||L2 L)

and

Ce
175 (W2 < 25775 =1 Vull3 s 2w lullfasy, )
A similar inequality is true for bounded open subsets of RY .
3. Let wes be in HY(X!,) such that |[Vw.s|r2s; ) is bounded. Then, up to a sub-
sequence there exists UT in L*(3; L (RY)) and W in L*(3; L* (RY)) with V, W
in L2(X x RY) such that

521! ‘ .
NG (725(wes) — My, (wep)liy,) = W*  weakly in L*(Z; L* (RY)),
o3

WVZ (7;%(105,5)) Ly, — VWt weakly in L*(X x RY),

"
NG

The same result holds true for sequences in H(X._).

T (wes) = UT weakly in L*(3; Lj,

loc

(RY))-

The equivalent of Proposition 3.1.20 (u.c.i.) also holds true in Q4.
3.2 Homogenization in domains with small holes
which are periodically distributed in volume

3.2.1 Functional setting

Let a and (8 be two real numbers such that 0 < a < (. For any open set O
in RY, denote by M(«,3,0) the set of the N x N matrix-fields A = (a;;)1<;j<n €
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(L= (0))*N such that
alA? < (A@)A ), [A@)A]P < B(A@)AN),

for any A € R and a.e. x in O.
The perforated domain € s is defined by (3.1.3). Assume that the matrix field

Af(x) = (a5;(2) h<ij<n belongs to M(a, 3,9Q). For f € L*(2), consider the following
problem:

(

Find u. s € Hy (S 5) satisfying

AV, Vo = / fo, P,
/935 ' Qs (Pes)
Vo € H&(Qz,a)-

\

In this section we suppose that N > 3 and study the asymptotic behavior of
problem (P.s) as € and § = d(e) are such that there exists a positive constant k;
satisfying

551
ki = lir% with 0 < k; < 0. (3.2.1)
£—> I

3.2.2 Unfolded homogenization result

We now derive the unfolded formulation of the limit problem for P, 5. In the limit
we will observe the contribution of the periodic oscillations as well as the contribution
of the perforations.

Here is the main theorem of this section.

Theorem 3.2.1. Let A® belong to M(a, 3,€2). Suppose that, as € goes to 0, there
exists a matriz A such that

T (A%) (2, y) = A(z,y) ae inQxY.
Furthermore, suppose that there exists a matriz field Ay such that as € and 6 — 0,
T.5(A%) (2, 2) = Ao(z,2) a.e. in Qx (RV\ B). (3.2.2)
Let u. 5 be the solution of the problem (P.s). Then
u.5 — ug  weakly in Hy(S2), (3.2.3)

and there exists . € L*( H,,.(Y)), and U satisfying (3.2.15) with U — kyug in

L*(Q; Kp), such that (ug,u,U) solves the equations

/Y Az, y) (Vouo(z) + Vyi(z, y)) Vye(y) dy = 0, (3.2.4)
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fora.e. xin Q and all ¢ € H), (V) ;
/ Ao(z,2) V., U(x,2) V,u(z) dz =0, (3.2.5)
RN\B
for a.e. x in Q and all v € Kp with v(B) = 0;

/ A(Vug + V,0) Vi dady — ky /
QOxY

QxO0B

Ao V.U vg Y do, = / fdx, (3.2.6)
Q

for all € H} (), where vg is the inward normal on OB and do, the surface measure.

For the proof of this theorem, we need the following two elementary results.
Lemma 3.2.2. Let g > 0. Then, for N > 3, the set
| {¢eH.(Y):i¢=0 on 6B}
0<6<dg

is dense in HY, (V).

per

Proof. Let ¢ € C2,.(Y) be fixed. For 6 "% 0 consider ¢y, € H},.(Y) smooth with

S = 0 on 0B,
11 onY\25B,
and such that |Veg| < %. Define &, = ¢ v. We claim that &, converges to 1
strongly in H! (Y). To do so, observe that

per

2

19— llazr + V0= Vel < [ oy + [ Vol
6, B 26, B

+/ IV orl?|v)*dy.

For the last integral, using the definition of ¢y, one gets

/25 B |v¢k|2|¢|gdy < 0255_2”1/)”%00(1/)'
k

Hence,
®p — ¢ strongly in H' (V).

per

Since H',.(Y) is the closure of C22.(Y) in the H'-norm, a density argument completes

the proof. O
Lemma 3.2.3. Let v in D(RY) N Kp (i.e. v = const. = v(B) on B), and set

we:s(x) =v(B) — v(%{f}y) for z € R,

Then,
w.s — v(B)  weakly in H*(Q). (3.2.7)
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Proof. For ¢ small enough, the support of v is compact in %Y and consequently,

[ 0(2)? dz = [0 Zaqem,

8

Clearly, w, s is uniformly bounded on RY. Observe that the set where we 5 differs
from v(B) is Ugezn €€ +€6{Support(v)}, so that the measure of its intersection with

Q, is bounded by C'6~. Thus, w. s converges to v(B) in every L4({2) for finite g.
Since 7 s(w.)(z, z) = v(B) — v(z), property 4 from Theorem 3.1.11 gives

1 ~ 1
T.s(Vw.s) = —gvzv in €. x SY’ (3.2.8)
so that (see Theorem 3.1.2 (2)),
5N 2
IVwesl o,y < — 1NV vl Z2@ny.

Due to (3.2.1), Vw, s is bounded in L} (€2) which concludes the proof, since w, s is
eY-periodic in RY. O

Proof of Theorem 3.1 (for the case k; > 0). Observe first that by the Lax-Milgram
theorem, there exists a unique solution u. s of (P.s) and it satisfies

||Us,6||H3(Q;6) < O fllz2 - (3.2.9)

Still denoting u. s the extension by zero of u. s to the whole of €, (3.2.9) implies
convergence (3.2.3), up to a subsequence. Next, by Theorem 3.1.2, there exists u €
L*(Q; H (Y)) such that

per
T.(Vues) = Vaoug + V, i weakly in L*(Q x Y). (3.2.10)
By Theorem 3.1.11 (7), there exists some U in L?(2; L2 (R™)) such that, up to a
subsequence
.
—T.5(u.5) = U weakly in L*(Q; L} (R™Y)). (3.2.11)
€
By Proposition 3.1.9, one has
e 2 2 (N
Mé(u&(g)l%y—%luo strongly in L°(Q; L, .(R™)). (3.2.12)

On the other hand, by Theorem 3.1.11 (5) there exists a W in L?*(Q; L* (RY))
with VW in L?(2 x RY) such that

(72 5(ue ) = My (uep)lay) =W weakly in L*(Q; L* (RY)). (3.2.13)
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From (3.2.11), (3.2.12) and (3.2.13), one concludes
U=W + ki, andV,U=V,W,

and, by Theorem 3.1.11 (5) again

N
5z 1 N
2

Vo (Tos(ues)) iy =627 5(Vu5) = V.U weakly in L*(Q x RY). (3.2.14)

1
e 5

From Definition 3.1.10, 7_ s(u.5) =0 in ©Q x B, so that by (3.2.11),
U=0 on QxB. (3.2.15)
Now introduce the functional space Kp defined as follows:
Kp={®ec L (RY); V& c L*(RY),® = const. on B}. (3.2.16)

Due to (3.2.15) , one actually has W = U — kyug belongs to L*(Q; Kp).
Using ®(-) = ey(-)¢(2) with ¢ € D(Q) and ¢ € C,
hood of the origin, as a test function in (P.s) we have

e/Q AV b w(é) - 5/52

It is easy to see that the first integral, as well as the right hand side of the above
equality, converges to zero. The second integral above is unfolded by 7. to get

J
(3.2.17)

since the unfolding criterion of integrals (u.c.i.) is satisfied due to the choice of test
functions. From (3.2.10), we can pass to the limit with respect to ¢ in (3.2.17). Then,
by Lemma 3.2.2, we obtain (3.2.4), the first equation of the unfolded formulation for
the limit problem. This equation describes the effect of the periodic oscillations of
the coefficients in (P. ;).

In order to describe the contribution of the perforations, we use the function w; s
introduced in Lemma 3.2.3. For ¢ in D(Q2), use w. s as a test function in (P.s) to

obtain,
I

The first term in (3.2.18) is unfolded with 7 5. Again, the choice of the test
function (see (3.2.7)), implies that u.c.i. is satisfied, so by Corollary 3.1.14, we can
write

(Y') vanishing in a neighbor-

eTr

wmwmes()+ ], reof3).

AVugVo(2) = | T(A) (@) T(Vaues) (0. 9)Voly) To(0) (. y)drdy

i Qxy

A“Evu&nggﬁ Y+ / AEVuE,g Vi We s = f We § Y. (3.2.18)

* * *
£,0 QE,(S Qa,é

/ AV 5V s 0 2 5N / T (AT s (Ve )T (Vi) Tos (). (3.2.19)
oy

QxRN
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Therefore (3.2.19), together with (3.2.8), yields

vz

-1

T.5 0
/ Aavua,évwa,é ¢ 26
Q

*
£,

/ T 543 T s (Ve ) (= Vo) Tog (). (3.2.20)
QxRN

3

From the following obvious inequality
| Zes(¥) — wHLOO(QEX%Y) < Cel| VY[ (q),

we obtain

T.5()V.0 — Vv strongly in L*(2 x RY). (3.2.21)

Convergences (3.2.14), (3.2.21), as well as hypothesis (3.2.2), allows us to pass to the
limit in (3.2.20) to obtain

lim [ A*Vu.;Vw.s¢de = —k:l/ Ao(z,2) V. U(x,2)V, u(z) Y(x) dedz,
=0 Jar Qx(RN\B)

(3.2.22)
which by density, is true for any v € Kp.

The second term in (3.2.18) is unfolded with 7; and we have,

/ AV wes VO 5 [ T(A%) (Ve T (w0 ) T (V).
Q

s Qxy

Using Theorem 3.1.2 and convergence (3.2.7), we can pass to the limit with respect
to € in the above equality to get

lim AV, 5 w5 Vi = v(B) / A (Vaug + V) Vb, (3.2.23)

e=0 Jax OxY

where we also used the fact that 7:(V1)) converges uniformly to V.

Passing to the limit with respect to € in (3.2.18) and using (3.2.22) and (3.2.23),
we obtain

U(B)/QxyA(qumLVyﬂ)Vzﬂ —kl/Q Ay V.U Vo o) :v(B)/wa, (3.2.24)

x (RN\B)

which, by density, holds true for all ¥» € Hj(2) and v € Kp. Choosing v(B) = 0
in (3.2.24) yields equation (3.2.5), whereupon the Stokes formula transforms (3.2.24)
into (3.2.6). This concludes the proof of the theorem. O

3.2.3 Standard form for the limit problem

Here we show that the unfolded problem is well-posed and we give the formulation
in terms of the macroscopic solution u, alone.
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First, see [11], consider the classical correctors X;,j = 1,..., N defined by the cell

problems
(

j € L=(Q Hy,, (Y),
/ A(z,y)V(X; —yj) Vody =0 ae. z €, (3.2.25)
Y
v¢ E peT(Y>'

\

Assuming ug is known and solving equation (3.2.4) for u as a function of g, gives

(9u0 A
Z ax] 9):

which used in equation (3.2.6) from Theorem 3.2.1 yields
/ AL 70 Ve do — k:l/ Ay V.U vp i do, = / f b du, (3.2.26)
Q OxdB Q

where, for a. e. x in Q, A"™(z) is the homogenized matrix

Azhj?m(x) :/ (ozU z,y) Zam x y y)) dy. (3.2.27)
%
Equation (3.2.26) is the variational formulation for
— div (AhomVU()> - k’l / A() VZU VB dUZ = f (3228)
oB

It remains to clarify the connection between the second term in (3.2.28) and uy.
In order to do so, let # be the solution of the corresponding “cell problem”:

(9 c L0 Kp), 0(z,B) =1,

/ Ao(z,2) V.0(x,2) V. U(2)dz =0 a.e. for x € Q, (3.2.29)
RN\B

YU € Kp with U(B) = 0.

\

From (3.2.29), (3.2.15) and Green’s formula together with equation (3.2.5), we get

/ AO VZU 12921 dO’Z = / AO VZ(U - kluo) 129 2] dO’Z = —]{Z1U0 </ %0 VZH 122 dO’Z) s
oB OB OB
so that equation (3.2.28) becomes

— div (A" V) + ki Ouy = f,

where

O(z) = /83 Ao(x,2) V.0(x,2) vp do.. (3.2.30)
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Remark 3.2.4. From definition (3.2.30) the function ©(z) equals
O(x) = / Ao(z,2) V. 0(x,2) V,0(z, 2) dz,
RN\B

which is non-negative and can be interpreted as the local capacity of the set B.

In conclusion, by Lax-Milgram’s theorem, we have

Theorem 3.2.5. The limit function ug given by Theorem 3.2.1 is the unique solution
of the homogenized equation

.

Ug € H&(Q)a

hom 2 —
Vi € HY(Q).

\
Remark 3.2.6. The contribution of the oscillations of the matriz A® in the homog-

enized problem are reflected by the first term of the left hand side in (3.2.31). The
contribution of the perforations is the zero order “strange term” k:i O(x) ug.

Remark 3.2.7.

1.  The proof is actually simpler for the case ky = 0 and the statement is included
in Theorem 3.2.5: the small holes have no influence at the limat.

N
S|

2. The case of lim = 00 is easy to analyze: from Theorem 3.1.11 (6),

T. 5(ucs) — uo weakly in L*(; L} (RY)).

loc

On the other hand, since T: s(u.s) =0 in  x B, this implies that uy = 0.

3.3 Homogenization in domains with small holes
which are periodically distributed in a layer

3.3.1 Functional setting

As in the preceding section, we suppose that N > 3. We use the notations
introduced in subsection 3.1.3 for domains with small holes contained in the layer X..
The corresponding perforated layer ¥/ 5 is given by

Ea’éz{eré such that {f} EYZ;*}.
’ ely
The perforated domain is now (see Figure 3.5 for an example)

5/75 =Q\ {x € X! such that {g}y c 53} )
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The small perforations are of size € with § = d(¢) satisfying

N_g

J
ko = lir% 2—, where 0 < ky < 0. (3.3.1)
£— £

Figure 3.5: An example of set () ;: an electrostatic screen

We consider the asymptotic behavior for the following problem:
Find u. 5 € Hy(Q 5) satisfying
|, avuesvo= [ g ser) (Pl
Qs Qs ’
Vo € H&(Qéa)

3.3.2 Unfolded homogenization result

Theorem 3.3.1. Let A® belong to M(a, 3,2). Suppose that, as € goes to 0, there
exists a matrix A such that

T (A%) (2, y) — A(z,y) ae inQxY.

Furthermore, suppose that there exists a matrix field Ay such that, as € and § — 0,

T (A%) (2, 2) — Ao(2/,2) ae. in S x (RV\ B). (3.3.2)

Let u. s be the solution of the problem (P.s). Then

Ues — Uy weakly in H&(Q),
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and there exists u € L*(Q; H:, (Y)), and U satisfying (3.3.11) with U — kyug in

per

L*(%; Kp), such that (ug,u,U) solves the equations

[ A )(Vaa(o) + 9,0.)) V,0(0) dy =0 (33

Y
for a.e. xin Q and all ¢ € H), (V) ;
/ Ao(2',2) VU (2, 2) V,u(z) dz = 0, (3.3.4)
RN\B
for a.e. 2’ in ¥ and all v € K with v(B) = 0;
/ A (Vyug + V,u) Vip — k:2/ Ay V. Uvg do, = / fa, (3.3.5)
Q Sx0B Q

xY

for all ¢ € H}(Q), where vg and do, are the inward normal and the surface measure

on 0B.

For the proof of this theorem, we need the equivalent of Lemma 3.2.3 with a
similar proof (with 75 replaced by 77%).

Lemma 3.3.2. Let v in D(RY) N Kp and, for § small enough, set
1 /
wgfé(a:) =v(B) — U( 5{%}1/, %) for z € RY.

Then,
wgf(; —v(B)  weakly in H*(Q). (3.3.6)

Proof of Theorem 3.3.1 (for the case ky > 0). We denote u. 5 the extension by zero
to the whole of ) of the solution of (P/;). The reasoning is similar to that of the
previous section. The following estimate is straightforward from (P/;):

e s m20) < Cll Sl L2092,
so that, up to a subsequence,
U5 — up  weakly in H&(Q).

Equation (3.3.3) is obtained exactly as in the proof of Theorem 3.2.1.

By Theorem 3.1.19 (7), there exists some U in L?(%; L2 (RYM)) such that, up to a

loc
subsequence
N

5zt
NG

Since 7% (Mf/bl(ug,g)) = Mf,’bl(ug,(;)l%y, Proposition 3.1.18 implies

7;%(“676) — U weakly in L*(3; L} _(R™)). (3.3.7)

gzt
NG

loc

M;’bl(ua’(g)l%yﬁbumz strongly in L*(X; L7 (RY)). (3.3.8)

61



On the other hand, Theorem 3.1.19 (7) gives a W in L*(X; L (RY)) with VW
in L2(X x RY), such that

2!
Ve
From (3.3.7), (3.3.8) and (3.3.9), one concludes

(T (ues) = My (ucs)ly) = W weakly in L*(Q; L* (RY)).  (33.9)

U=W + koo, and V,U=V,W,

and, by Theorem 3.1.19 (7) again

o3
NG

From Definition 3.1.15, T%(u.5) = 0 in ¥ x B, so (3.3.7) implies

VEST ’];%(Vug,(;) = V. (’Z;{’fg(ug’(;)) liy = V.U weakly in L*(X x RY).

(3.3.10)

U=0 on ¥ xB. (3.3.11)

Therefore, W = U — kyug belongs to L?(3; Kp).

In order to capture the contribution of the perforations to the limit problem, we
adapt the proof of Theorem 3.2.1 and use Lemma 3.3.2. For ¢ € D(2), let & = 1 wlgfé,
be a test function in problem (P.;). One obtains

J
bl

Observe that since w.s vanishes in the holes, one actually has

AV Vully o+ /

AV 5 Vop wlls = / fwlls . (3.3.12)
s S e

’
£,0

h/m A4av%%ﬁ‘7u£%/¢ = 448‘7UQ5Y7U£% w7
)

e

’
£,0

which unfolded with ’];bfg gives

J

Property 5 of Theorem 3.1.19 implies,

7l
AVu sVl o eV [ TV TV ThW). (3319

UXRN

I
€

1
Tbl \V4 bl \ __vz
€,5< w{;‘,d) 8(5 U?

so that (3.3.10) and (3.3.13) yield

7 53! .
/ AV sVl < / A (T (1e0)) (— Vo) T ).
) ' nxRN \/g ' '

‘s Ve
(3.3.14)
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From the compactness of the support of v and the straightforward inequality
ITA) = Gl oty < el Vatll ey,
we obtain
T%5()V.o — V.o strongly in L*(S x RY). (3.3.15)

This, together with convergences (3.3.1) and (3.3.10), as well as hypothesis (3.3.2),
allows us to pass to the limit in (3.3.14) which now reads

lim AV, sVws  de = —k; / Ao’ 2) V.U (2, 2) Voutp do'dz. (3.3.16)
=05, ’ SxRN

By a density argument, (3.3.15) is true for any v in Kp.

The second term in (3.3.12) is unfolded with 7; and using Theorem 3.1.2, we get
at the limit

lim AV, ;s w5 Vip do = v(B) / A(z,y) (Vaug + V) Vo) dady,

=0 Jqr, axY

which, with (3.3.16) gives equation (3.3.4). Equation (3.3.5) is obtained similarly.
O]

3.3.3 Standard form of the homogenized equation

Like in subsection 3.3.2, one can rewrite system (3.3.3)-(3.3.5) in the standard
form. The result is stated in the next theorem, the proof of which follows the same
lines as that of Theorem 3.2.5.

Theorem 3.3.3. The limit function uy given by Theorem 3.3.1 is the solution of the
homogenized equation

.

Uy € H&(Q),

hom 2 ! o
/QA vuow+k2/2@ uw_/ﬂm, (3.3.17)
Vi € Hy(Q),

\

where O is defined by (3.2.30) with z' in place of x.
Remark 3.3.4. The strong formulation for (3.3.17) is the following:

—div APV, = f in Q\ X,
— [AMm V] = (k2)?©ug on X,
ug =0 on 052,

where [.Ahom Vuo} denotes the jump across X3,
(A" V| = A™™ Vug n™ + A™™ Vud nt on X,

n™ and n~ denoting the respective exterior unit normal to Q, and Q_ on X.
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Remark 3.3.5.

1. The proof for the case ko = 0 is actually simpler, and the statement is included
in Theorem 3.3.3: the small holes have no influence at the limit, i.e. the equation
—div APV, = f is satisfied in the whole of €.

J-1
NG
’]Z’f;(uevg) — wg|s weakly in L2(Z; L? (RN)).

loc

2. Asin Remark 3.2.7, for the case of lim = 00, from Theorem 3.1.19 (6),

On the other hand, T'(u.5) = 0 in X x B implies that ugls = 0. The limit
problem splits into the two separate homogeneous Dirichlet problems in 2, and )_

{ —div A"mVyy = f  in Q4

u =0 on oy .

3.4 The thin Neumann sieve with variable coeffi-
cients

3.4.1 Functional setting

We use the same notations as in Section 3.2 and Section 3.3. For an open subset
S of Y NII such that S C (Y NII), set

}%:Y+UY_U§S,

and

Ses = {x € ¥ such that {g}y € 55}.

For © open and bounded in RY (N > 3) , define
Q5 =0,UQ_US.; and XL;=3.NOQY%.

The connection between €2, and €2_ occurs through the “sieve” consisting of the set
Ses (see Figure 3.6). We assume that £ and § satisfy assumption (3.3.1) of section 4:

N_q

ko = lim where 0 < kg < 0.

N
e—0 \/E ’
Consider the space

V={veH Q. UQ ) v=0 on 9N}

which is a Hilbert space for the scalar product

<u,v>V:/ Vu Vv forall u,velV.
Q

+UQ_
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2= QNI

Figure 3.6: The set Y; and the thin sieve Q%

For simplicity, when v belongs to V', we denote Vv the L?(Q)—function which equals
the gradient of v in 2, U Q_ (this is the restriction to 2, U Q_ of the distributional
gradient of v). We also denote by [v] the jump of v across X, [v] = vt|y —v7|g, which
belongs to H'/2(¥). Finally set

Vie={veV,[uy]=0 on S.s}.
The thin Neumann sieve model is

Find u. s € V. ; satisfying

Jop AVwsvO= [ 00 e T (P)

£,0
Vqﬁ & ‘/5,5.
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3.4.2 Unfolded homogenization result

In this problem, the equivalent of the space Kp of Section 3.2 (see (3.2.16)), is
Ks = {cp e HL(RY URY): Vo e L2(RY URY), [#] =0 on S}. (3.4.1)

Proposition 3.4.1. There exist two linear forms I* on [/(tq such that for every ® in
Kg, the functions ®* — [(®) belong to L* (RY).

The space l/(; is Hilbert space for the norm

[T(®) —H((I)))?'

19l gs = IVOIIZ2@yory) + ( : (3.4.2)

Furthermore,

—

KSOO = {(p € ]/(\S, d* € C*(RY), supp(VOF) bounded in Rﬁ},

1s dense in Kg for this norm.

Proof. Due to the Sobolev-Poincaré-Wirtinger inequality (applied in the sets %Yi with
§ — 0), for every ® in Kg, there exist two constants I=(®) such that (@* — (D))
belong to L* (RY).

It is well-known that the first term in (3.4.2) is a Hilbert semi-norm on the space

I/(\S, so that, with the second term, it defines a norm. The density of I/(tqoo in [/(\S
follows by a standard argument of truncation and regularization.

]

Theorem 3.4.2. Let A® belong to M(a, 3,2). Suppose that, as € goes to 0, there
exists a matrix A such that

T.(A%)(z,y) — A(z,y) a.e. inQxY.
Furthermore, suppose that there exists a matrix field Ay such that, as € and § — 0,
T (A7) (2!, 2) = Ao(a/,2)  ace. in & xRN, (3.4.3)
Let u. 5 be the solution of the problem (Pffé). Then
Ues — Uy weakly in 'V,
and there exists u € L*(; H),,.(Y)), U € L*(%; IA(S) satisfying

F(U) = kaug|y for ae. 2’ €3, (3.4.4)

and such that (ug,u, U) solves the following three equations:

[ Alw) (Funla) + ¥,0.) V000 dy =0 (3.45)
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for a.e. x in Q and all ¢ € Y),

H,,. (
/R Al ) VU 2) V(=) dz = 0, (3.4.6)
for a.e. o' in'Y and all v € Kg with 1*(v) =0, and
/ A (Vg + V,0) Ve — k2/ Ay V.Ut (9], = / o, (3.4.7)
0 $xS 0

xY

forallp eV.

Proof (for the case ky > 0.) Let u.s be a test function in (PY). Using the Poincaré
inequality on 2, and Q_, there is a constant C' (independent of &, §) such that,

uesllv < ClIfllz2(0)-
Consequently, up to a subsequence, there exists ug € V' such that
Ues — Uy weakly in V.

By Theorem 3.1.2, one can also assume that there exists u € L*(Q; H,.(Y)) with

per

T.(Vu. 5) — Vyug + Vi weakly in L*(Q x Y).

Using ¢ € D(Q) as a test function in (P?

¥l5), and unfolding with operator 77, we
get

/ AV Vo de 2 | T(AVT(Vues)T(VY) dudy.
Qs

QXY

Applying properties 5 and 6 of Theorem 3.1.2 we can pass to the limit to obtain

A(z,y)[Vauo + V,ulV wdacdy—/fi/}da:
QxY

Next, consider ¢ € H,.(Y) and ¢ € D(Q;) UD(Q-). Using ®(x) = ey(x)¢(2)

as a test function in (PY) yields

e /Q . AV sV ¢ (g) + /Q . AV g 1) w(é) —c /Q . f@Zng(é).

As in subsection 3.3, passing to the limit gives (3.4.5).

By Theorem 3.1.24 (3), there exists U € L*(XZ; L2

2 (RY)) such that (up to a
subsequence)

N _

02

T Lt - ) = U* weakly in L*(%; L}
\/— é

loc

(R)). (3.4.8)

67



By construction T (Mf,fl(ueia)) = M;fl(u:(g)l%yi. By Proposition 3.1.23, one
has

5!
\2/5 Mf/fl(u:é)l%y%kguaz strongly in L*(3; L7 (RY)). (3.4.9)

By Theorem 3.1.24 (3) there exists a W in L2(3; L* (RY)) with VW= in L*(X x RY)
such that

.
Ve
From (3.4.8), (3.4.9) and (3.4.10), one concludes

(T (uZs) — My (uZs)1ay) = W*  weakly in L*(X; L7 (RY)).  (3.4.10)

Ut =W* + ko), and V,UF =V, W™ (3.4.11)
Again by Theorem 3.1.24 (3), one has the convergence

.
NG

From Definition 3.1.15, T'%(ul;) = T%(uzs) on X x S, so that by convergences
(3.4.8), (3.4.12) one has

V(T2 (u)) = VEs T TH(VuS;) — V.UF wealdy in L*(S x RY). (3.4.12)

[U(z',)]=0 on S forae. 2’ €.

Therefore, U € LQ(Z;[/(;), and (3.4.11) implies (3.4.4).
In order to obtain equations (3.4.6) and (3.4.7), choose a function v in Ks  and

set
/

oo = {2, 2).

Clearly, [w.s] = 0 on S5 and Vwi(; vanishes outside Y[ 5 for § small enough. One
easily shows (as in Lemma 3.3.2) that

T.(w5) — IF(v) strongly in L2(Qy),
/ (3.4.13)
wr; — F(v)  weakly in H'(Qy).

For ¢ € D(12), using 1) wes as a test function in problem (PY) gives

J

The first term in (3.4.14) is unfolded with 7; as usual. This yields

AEVUE75 Vi) We 5 —|—/

by

AEVUE@V@UE,(; 1/] = / f 'LU575 @D (3.4.14)
05

bl !
£,0 £,0

/ AV Vip weg = T(A) T (Ve ) T.(V) T (we s) dady.
Q

bl
o5 QxY
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Applying (3.4.13) and properties 5 and 6 of Theorem 3.1.2, one obtains

lim ANVu. s Vpw.s = 11 (v) / Az, y)(Vauo + V,0) Vetp dudy

e=0 Jau, Q4 xY

+1~(v) / A(z,y) (Vaug + V) Vo) dady.
Q_xY

The second term in (3.4.14) is unfolded with 7%. The choice of the test function
implies that u.c.i. is satisfied, so

J

Property 4 from Theorem 3.1.19 gives

bl
AoV Vi s < 26V / T AT (Ve ) T (Vo) T(6). (3.4.15)

UXRN

’
£,0

1
7:;% (sz,é) = gvzlh

which, together with (3.4.15), yields
AV, Vs b 2 e

Ue sVWe 5 P =~

S5 ) ) Ve Juxmn

Convergences (3.4.3), (3.4.12), allow to pass to the limit in (3.4.16) to obtain

T (A°)VE6 T T (Vues) Voo TH(1). (3.4.16)

lim AVu, Vw51 = k’g/ Ay V. U(2', 2)V, v da'dz.

=05, xRN

Now, the limit in (3.4.14) becomes

I+ (v) /Q (Vo + VAV /Q A(Vou+ @)V 0
ko[ Ag(2!,2) V.U, 2) Voubdr'dz = 1T (v) fo+1(v) f,
Q4 O

UXRN
(3.4.17)

which, by density, holds for every v € l/(\g Equation (3.4.6) is then simply obtained
by choosing [T(v) =17 (v) = 0 in (3.4.17).

Using (3.4.6) with an arbitrary v in Ks  one deduces by Green’s formula that

/ Ao V.UV, vdz = /Ao V.Un*(v(?) = 1F(v)) d?, (3.4.18)
RY s

which still holds for every v € Kg. Then, (3.4.18) together with (3.4.17) leads to

I*(v) (/Q A(Vauo + V) Vatp — kQ/E SAO V.Un*y — 0 f@b)

+><Y

+I~(v) (/Q A(Vauo + Vi) Vatp — k:z/Z SAO V.Un ¢ — : fzp) (3.4.19)

_XY

+k2/ (AgV.Un"™ + A4, V.Un ) vy = 0.
¥xS
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Taking [T (v) =17 (v) = 0 in (3.4.19), implies that
Ay V. Unt + Ay V.Un™ =[A;V.U]s =0ae on X x S. (3.4.20)

Since [T (v) and [~ (v) are independent, (3.4.19) now gives the following two formulas:

/ A(qu() + Vya) quvzj - k2/ AO VzUn+ @Z} = f’g[),

QXY IxS O (3.4.21)
/ A(Vaug + V,0) Vitp — kz/ AV.Un" ¢ = f,

Q_xY 2xS Q_

which, by density, hold for every ¢ in H}(2). Let ¢ be arbitrary in V. Equation
(3.4.7) is obtained by choosing ¢ = ¢, respectively 1» = ¢~ in (3.4.21), and adding
the two corresponding equations. O

3.4.3 Standard form of the homogenized equation

As in subsection 3.4.2, one can write system (3.4.4), (3.4.5), (3.4.6), (3.4.7) in a
standard form, with only ug as unknown.

First, from (3.4.6), the first term in the left-hand side of (3.4.7), can be written
in terms of the standard homogenized operator

/ A (Vauo + V,3) Vo = / AP0 T,
Q Q

XY

for every ¢ in the space V, using the same cell-problems (3.2.25) and the same A"™
(as given by (3.2.27)).

Next, observe that for a given ug, problem (3.4.4)-(3.4.6) for U, has a unique
solution by the Lax-Milgram theorem (applied on a closed affine subspace of Ky).

Now, we show how equation (3.4.7) can be brought to the standard form. More
precisely, it remains to clarify the connection between the term —ks |, ¢ Ao V.Un*
and [uo]z. In order to do so, let 6 be the solution of the following “cell problem”:

0 € Lo(%: Kg), 1£(0) = £1,
/ Ul 2) V.0, 2) VoU(2) dz = 0 for ae. ' € %, (3.4.22)
RN

VU € Ky with [£(0) = 0.

\

From (3.4.18) follows
/ Ao V.UV vdz = (IT(v) = 1 (v)) / Ay V. Un™ d2. (3.4.23)
RYURY S
Similarly, the solution of (3.4.22) is unique and satisfies for a.e. 2/ in ¥

240 VZH n+ + 15140 VZH n- = [%0 VZH]S = O,
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/ A V.0V vdz = (IT(v) — 1 (v)) / Ao V.0n~ d. (3.4.24)
RYURN S

Formula (3.4.23) holds for v = 6, whereas (3.4.24) does for v = U, so that combining
the two yields

O _ - (7Y _ -
/AOVZUn_ dz':M/AOVZUn_ dz’:l () 21 <U)/tAOVZ9n_ dz.
s s S

Consequently, by (3.4.4)

2

ks /5 Aol 2) VLU, 2)n= de = % O [ug]_ ().

%

where

o) = [ as = [n5ont
S S

the latter equality deriving from (3.4.23). Thus, equation (3.4.7) becomes

/Q APy, Vo dx+%; /E O(x') [uo (a") [¢],,(a") da’ = /Q f o de.

We have proved the following theorem:

Theorem 3.4.3. The limit function uy given by Theorem 3.4.2 is the solution of the
homogenized equation

)
up €V,

om kz —
/Q.Ah VUOV¢+?2/E® [uoly, [9] _/Qfgb, (3.4.25)
Vo eV.

\

Remark 3.4.4. Taking v =0 in (3.4.24) shows that

BO(z') = %/R . Ao(2,2) V. 0(2',2) V.0(2', 2) dz,
FURY

which is non-negative. This implies existence and uniqueness of the solution ugy of

(3.4.25).
Remark 3.4.5. The strong formulation for the solution ug of the limit problem is:
—divA"™™Vuy =f inQ\Y,
2

k
AhomVUO n_‘g = —AhomVUO n+|2 = ?2 © [UO]E ,

ug =0  on 0N
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Remark 3.4.6. In the case where Agy is even with respect to zy, 0 wvanishes on
S. Then, ©(z') can be interpreted as the local capacity of the set S, the capacitary
potential being (1 F 6F).

Remark 3.4.7.

1. The proof for the case ko = 0 s actually simpler and the statement is included in
Theorem 3.4.3: the holes are too small to keep any connection between 0y and )_.
The limit problem is split into two independent problems in each of these sets with
mized homogeneous boundary conditions,

—divA"" iy, = f  in QL
APnGyontly =0 on %,
uw =0 ondQy\ .
LA |

072
2. For the case of lim

N
T'5(ue ) = ug|s weakly in L*(5; Lj, (RY)).

loc

= oo Theorem 3.1.24 (2),

On the other hand, [T'(ucs)]s =0 on X x S implies that [ug]|s = 0. Therefore,
the limit problem is satisfied in the whole of €2.

3.5 The thick Neumann sieve with variable coeffi-
cients

In this section we extend the results of Section 3.4 to the case of a thick Neumann
sieve of thickness of order ¢ > 0. We will use the same notations, unless specified
othewise, and we only sketch the main modifications of setting and of the proof.

For an open subset S of Y NII such that S CC (Y NII), we introduce the class Fs
of admissible sets, which we use to describe a thick sieve with holes shaped according
to S.

Definition 3.5.1. The subset set F' of RY is in Fs, if
i) F is closed with connected complement in RY,
ii) F is symmetric with respect to all the hyperplanes of equations {z; =0, j €
{1,...,N—=1} and F = F, UF_U{II\ S},
1— 1
iii) F is such that F'N SY C {|zN] < 2—5} for any 0 < § << 1,

i) Fy and F_ are unbounded with Lipschitz boundary,

v) there exists some positive R such that the boundaries OFy and OF_ outside the
ball of radius R, are Lipschitz graphs over RN ~1,

For F' € Fg, set

Fs=0FNY, and F&(;:{IEE'asuchthat {f} GF(;}.
€

Y
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Figure 3.7: An example of set F: the hole in the sieve

Define
W=Q\F,s and S.s=QNIL

Figure 3.7 present an example of admissible set F in dimensions 3. Figure 3.8 is the
corresponding sieve. Figure 3.9 is a two dimensional cross-section.

Figure 3.8: The 3D geometry of the thick Neumann sieve

We use the same space V' as in Section 5, while the V5 is now
Vos = {ve H QL+ UQL ), vloa = 0, [v]s., = 0}.
The thick Neumann sieve problem can be stated as follows:

Find u. s € V. ; satisfying

AEVUE, Vo =/ fo, fe L%(Q , iy
/Q ; - ) (Pr)
V¢ € ‘/5,5.
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€d

Figure 3.9: A 2D cross-section of the set F and the domain

The equivalent of the space K (see (3.4.1)) is the following, where G denotes the
complement of F":

Ko = {CD e H. (G); Voe LQ(G)}. (3.5.1)
Proposition 3.5.2. There exit two linear forms I* on lf(\;; such that for every ® in
Kg, the functions ®* — [£(®) belong to L* (RN \ F)+).

The space }f(vg 1s a Hilbert space for the norm given by
2]y = ||V‘I>||i2((MuRJ_V)\F) +IT(@)? +17(9)%
Furthermore, for this norm, It and [~ are continuous on If(vg and

Ko = {CID € Ko, ®c C*(@Q), supp(V®P) bounded in G},

18 dense in Kg.

Proof. The proof is the same as that of Proposition 3.4.1. The only modification
concerns the sequence of sets on which the Sobolev-Poincaré-Wirtinger inequality
(with a uniform constant) is applied. In view of Definition 3.5.1(iv), this can be
achieved on the sets ;Y4 N {+zy > R} NG (making use of [77]). O

The unfolded limit problem and the standard homogenized equation are given in
the next two theorems. Up to the modifications of notations indicated above, theirs
proofs are the same as in Section 3.4.

Theorem 3.5.3. Let Q be open and bounded in RY | N > 3 and A® belong to
M(a, 5,92). Suppose that, as e goes to 0, there exists a matriz A such that

T.(A%)(z,y) — A(z,y) a.e. inQ XY,
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Furthermore, suppose that there exists a matrix field Ag such that, as € and § — 0,
T (A%) (2!, 2) = Ao(2/,2)  ae in X x (RV\ F).
Let u. s be the solution of the problem (P~;). Then
U.5 — ug  weakly in Hp (Q\ %),
and there exists u € L*(; H),.(Y)), U € L*(X; K¢) satisfying

=(U) = ko(ug )iz for a.e. 2’ €3,

and such that (ug,u,U) solves the equations
[ Alws) (Funla) + ¥,0.) V000 dy =0
fora.e. xin Q and all ¢ € H),(Y) ;
/GAO(x’, 2) V.U (', 2)V,u(z) dz = 0,
for a.e. ¥ in'® and all v € Kg with 15(v) =0 ;

~ _ + _
[ A vk [ vt o, - [ o

XY
forallop V.

Theorem 3.5.4. The limit function uy given by Theorem 3.5.3 is the solution of the
homogenized equation

(
Uy € ‘/,
/AhomVro¢+k—;/@[u0] )] :/f¢
Q 2 Jx by ) 0 )
Vo eV,
\
where .
O(z') = 5/ Aoz, 2) V., 0(x',2) V. .0(2', 2) dz,
G

and 6 is the solution of the cell-problem
( —~
0 € LS Ka), IH(0(, ) = +1,

{ / Aoz, 2) V.0(2, 2) V¥ (2)dz =0, a.e. fora' €3,
G

YU € Kg  with 1£(¥) =0.

\
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Remark 3.5.5. The function ©(x') can be interpreted as the local relative capacity (in
G) of the set C(x') defined as the set where (', -) vanishes, the capacitary potential
being (1 —6(2', -)) “above C(x')” and (1 + 6(z', -)) “below C(z')”.

OB

Qa Qa Q\
/
/Q/a Qa Qa Qa qa Q° 4
@o Q° Qo Q° Q° Q° Q° /
& & =3 & & & &
Q* KQ VD Q QV () () () \
8,5 \a Q° Qa Qo QD QD Qa Q°>
& & & & [=) -
&\ D Q QD

Figure 3.10: The combination of a Neumann hole T and a Dirichlet hole /B
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Chapter 4

A class of Steklov type problems
associated to the Neumann sieve

In this chapter we study a spectral problem associated to the Neumann sieve (see
Figure 4.1 for the geometry of the problem). Consider a plane ¥ that separates a three
dimensional domain €2 in two subdomains 2, and €)_ and distribute e-periodically
on ¥ two dimensional small holes of diameter ed(e) < € denoted by S .

2= QNI

Figure 4.1: The geometry of the Neumann Sieve

Set
V={ue H(Q)UH Q) |u=0 on 99}
and
‘/675 = {u eV | [U] =0 on 5675}
where [u] =uT —u~ and ™ =won Q, and u” = on Q_.

The Steklov-type spectral problem associated to the Neumann sieve problem, (see

7



Damlamian [30], Attouch [6]), is

—Aut =0 in Q,UQ_USes
O(u)™ O(u)~
== — pr— € € — 4-0.].
o o Auf] on X — Ses ( )
ut =20 on Of2

An equivalent formulation can be expressed in terms of the Dirichlet to Neumann
1
(DtN) map. For this, we consider for any z in Hz(X) the solution v of the following
problem

. |
1nf{§|vv|i2(g+ug_) | v € V with [U]E = z}

Let n be the unit normal to ¥ towards {2,. Then denote by L the map from z to
Lz = % = —9% L is a well defined fixed operator from H2(X) to H 2(%). It is
known that L' is onto V' and is compact (see [78]).

Let T'V,s the subspace of H%(Z) of elements which vanish on S5 i.e, TV, is the
trace subspace of V5. An equivalent formulation to (4.0.1) is then, find z. € TV,

and A\ € R, such that

L(ze) = A z. (4.0.2)
The spectral problem (4.0.1) is associated to the Neumann sieve problem:
—Aut=f in QL UQ_USgs
e+ €\ —
S ATG S 109
on on ’
u =0 on 0f)

Depending on the order of d(e) with respect to € it has been proved in Damlamian
[30] that the homogenized problem is of the form

—Au=f on 2, UQ_
ou™ ou-  C
on  om avl o E

where C' = 0 if §(¢) < ¢, C is the capacity in R3 of the holes if d(¢) ~ € or C' = oo if
d(€) > € and [u] was defined above.

This type of behavior was first observed in the work of Cioranescu and Murat [26]
where the same problem but with three dimensional holes periodically distributed in
the entire domain or on a hyperplane was studied.

Homogenization of a Stekloff type problem for perforated domains with three
dimensional € sized holes distributed in the entire domain has been studied in Van-
ninathan [81], using multiscale analysis and Tartar’s method.

In Section 4.2 we set the functional framework and the problem to be analyzed.
By using G-convergence techniques and the homogenization result of (4.0.3) obtained
by Damlamian [30] we obtain in Section 4.3 the limit problem for (4.0.1),

ou™ ou~ C
o o (A—z) u on =
u =0 on 0N
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or equivalently the limit problem for (4.0.2),

C
Lz=(\— Z)Z
where L : H2(X) — H~2(X) is the DtN operator defined above, and \ is a limit

point of a sequence of eigenvalues {A“}.~¢ of (4.0.2) or (4.0.1).

We show that the entire sequence formed by the n-th eigenvalue of the e-problem,
i.e {AS}e converges to the n-th eigenvalue of the limit problem (4.0.4). When ), is a
simple eigenvalue we can prove that the entire sequence of eigenvectors, u;, associated
to A for the problem (4.0.1) will converge to the eigenvector u, associated to A,.

0 0
Subsections 4.3.1 and 4.3.2 present the cases when lim ﬁ = o0 and lim ﬁ =0

e—0 € e—0 €

respectively.

In the form (4.0.1) our problem is related to the modelling of earthquake initiation
phase where one has a periodic system of faults on which slip-weakening friction is
considered. The eigenvalues \° provide stability properties of the solutions of the
dynamic problem (see [45] and [47]). Also (4.0.1) can be considered as the spectral
problem associated to a heat conduction problem where imperfectly conducting in-

terfaces are present (see Sanchez-Palencia [62], Lipton and Vernescu [55] and Belyaev
et al. [10]).

In the form (4.0.2) the problem is a spectral problem for DtN operator in domains
perforated along a hyperplan. The asymptotic behavior of the spectrum is similar
and is obtained as a consequence of the analysis for (4.0.1).

4.1 Problem Statement

Consider an open set 2 C R? and a plane Y that separates  into two open
subsets €2, ,_ such that
Q=0Q,UQ_UX
For simplicity we will consider in the sequel ¥ = {z = 0}.
We define Y = [0,1]% as the reference square and an open set S C Y. With

0 < d(e) < 1 we construct on ¥ e-periodically distributed obstacles obtained by
ed(€e)-homothety from S and denote by S, s its union:

Ses = U (€d(€)S + ke)

kez?
We introduce the natural functional framework for our problem by defining
V={ue H(Q)UH(Q )|u=0 on 90}, Vis={uecV |[u=0 on S.;}

where [u] denotes the jump on ¥ defined as above. V' is a Hilbert space endowed with

the following scalar product:
(u,v)y = / VuVv
QLUQ_
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and V,; is a subspace of V.

Let us remark that Hj(Q) is a closed subspace of V.5 and denote by W5 =
(H}(2))* its orthogonal in V.5 and by W = (Hg())* its orthogonal in V. Thus
Vis =Hy(Q) @ Wsand , V = H}(Q) @& W. Let us also define Py, s Ves — Wes the
orthogonal projection onto W ;.

Also it is easy to see that the trace space of V.5, T'V, 5 is identical with the trace
space of W5, TW, 5.

In this setting the problem (4.0.2) is equivalent with the following spectral prob-
lem: find u® € V5, A° € Ry such that

AU =0 on QL UQ_US;s
(7)6) 8(ue)+ _ 8(u€)_ __ \€[,,€
o = — on =A [U] on 2_56,5

(4.1.1)

The corresponding equivalent variational formulation is: find u¢ € V.5, A° € R such
that

/ Vu'Vw = )\6/ [uf][w], for any w € Vs (4.1.2)
QLuQ_ E—Se’g

The equivalence between the problems (4.0.2) and (4.1.1) is understood in the
sense that they have the same eigenvalues and related eigenvectors. Thus if {z¢ },.en is

\/—A—ZUZ}RGN’

an orthonormal sequence of eigenvectors for (4.0.2), then the sequence {

where v, is, for any n € N, the solution of
1
inf{§|Vv|%2(Q+UQ_) | v e W with [v]y = 25, }. (4.1.3)

is an orthonormal sequences of eigenvectors for problems (4.1.1). Conversely, if
{uf }nen is an orthonormal sequence of eigenvectors for (4.1.1) then the sequence

{26/ A Fnen with
zo = [ug] for (n € N) (4.1.4)

is an orthonormal sequence for (4.0.2).

From the compactness of L™!, we have that L has an increasing sequence of eigen-
values {4 }nen and an orthonormal sequence of corresponding eigenvectors {zf }nen
in L?(X). Also from the Rayleigh’s principle we have

< LZ, z >L2(Z)

A = inf

2€TW, 5,212 | 2 ||%2(2)

(4.1.5)

i=1,n—1

4.2 Asymptotic analysis

Because of the equivalence relations (4.1.3), (4.1.4) we will study only the asymp-
totic behavior of (4.1.1). The similar results for the problem (4.0.2) will be stated as
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corollaries.
Now it is easy to observe that from the equivalence relation, (4.1.3) and (4.1.4) we
have

<Lz, z> 2
inf R Y Mully (4.2.1)
2ETW, 5,212 | 2 ||L2(E) uEW, g5,ulus /[u]2d0
i=T,n—1 i=T,n—1 b
From (4.1.5) and (4.2.1) we get the following representation for \¢, i.e
2
U ) (4.2.2)
ueWe s,ulug / [U]2d0'
i=1,n—1 b
. 0(e) . . .
Lemma 4.2.1. If hr%— < oo then Cy < XS and limsup \;, < oo where Cy is a
€— € €
constant with respect to € and n.
Proof. Using the trace continuity and (4.2.2) we obtain
As, > C for any n € N (4.2.3)

with C} not depending on €, and therefore {5} is uniformly bounded from below.

We will prove next that all the limit points A, of {\},}. > 0 are finite. We consider
the following capacity potential:

—Aw*=0 in B.—ed(e)S
we =1 on €d(e)S
w =0 on 0B,

where B, is the ball of radius € centered in the €Y cube. The function w€ is extended
by periodicity on a layer of size € around ¥ and then by zero to R?. The sequence w*
has the property that (see [6])

w® — 0 weakly in H' ().

Consider u € V N [C*(21) U C*(0_)], with the orthogonal decomposition u =
Uy + U, where 1, € W and uy € H}(Q). We suppose that 41 # 0 and 4y # 0. Define
2¢ = (1 — w*)u, then z¢ satisfies

2¢—=wu weakly in V, [2] = (1 —w)[u;] on ¥ and 2° € V.

We make the observation that, for ¢ small enough, z¢ ¢ H}(Q2) and 2¢ ¢ W,.
Indeed, we have [2€] = (1 — w)[u;] # 0 on X, since 43 € W. On the other hand
letting € go to zero we obtain:

e—0

lim < Z€,ﬂ2 >= / VuVis :H Uo H%/> 0.
Q
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Therefore there exists €y > 0 such that < z¢ 1y >+ 0 for any € < €, i.e
2 ¢ W, s for any € < €.
From (4.2.2) we have that

[ A B

@mm%_@ﬁgém’

where we used the orthogonal decomposition V5 = W, s & Hj(Q2) in order to obtain

[P = [

Since {z¢} is weakly convergent to u and using the continuity of the trace we get

AL <

C
limsup A < L
e—0 /[ﬂ1]2
b

where (' is a constant independent of e.

< 00

Next we will use an induction argument to prove the statement for all n € N.
Let’s assume that
limsup A\, <oo forany k <n —1. (4.2.4)

e—0
We need to prove
lim sup A;, < o0
e—0

Let {4 }e=o be a subsequence of {\S }c still denoted by e. Then, using the induction
hypothesis (4.2.4), the orthonormality of the associated sequence of eigenvectors and
a diagonalization argument we find a decreasing sequence {¢;};en, such that ¢; — 0
and

ud B e W (4.2.5)
lim A/ = M\, < 00 (4.2.6)
J—00

fork=1n-1
Let z¢ be as in the proof of Lemma (4.2.1), with

uy ¢ span{u, ..., Up_1} (4.2.7)

We can do that because W has infinite dimension.

From (4.2.2) we obtain

2
u€W,, 5., uluy’ / [u]Qda
i=1,n—1 z



Consider now

n—1
Z9 =29 — Zu? <29, >y
i=1
First we can see that
< z9,uf >y=0forany i = 1,n — 1 (4.2.9)

Then 29 € V.5, and 29 ¢ Hj () for j big enough. Indeed from (4.1.2) we have
<20 =7 [ [?]]z9)
2
and using the trace continuity, the definition of 2%, (4.2.5) and (4.2.6) in the above

relation implies
n—1
79~ F =y — Zui)\i / [t ]
i—1 z
If we suppose

[u _ iu)\ /E [ul][ui]] ~0

[ul _ f_luiAZ- /E [ul][ui]] —0

i=1

this is equivalent with

which implies
n—1

i=1
because @ — > o uAi / [41][u;] € W and W is orthogonal on Hj(€2). But (4.2.10)

s
leads to a contradiction with (4.2.7).
Therefore [z] # 0 and this implies the statement, i.e 2% ¢ HJ () for j big enough.
Next using (4.2.9) and (4.2.8) we obtain

o < I P, 2 |3 e c

L e er s [ [

where C' is a constant independent of j. Passing to the limit when j — oo we obtain

limsup A/ < G
J—0 /[2]2
b

So we have proved that any subsequence of \¢ has a subsequence {\/ }jen such
that (4.2.11) is satisfied. Therefore we have that

< 00. (4.2.11)

limsup A;, < oo

e—0

for any n € N O]
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The next Corollary shows that the weak-limits u,, of the sequence {uf }e=o of the
normal eigenvectors associated to the eigenvalue X, cannot be zero.

Corollary 4.2.2. Let {uf },en be the orthonormal sequence of eigenvectors associated
to X, for the problem (P.). Then every weak-limit u,, of {uS}nen (i-€., un such that
on a subsequence uS, — uy ), is nonzero.

Proof. Because || uS, ||= 1 a subsequence, still denoted by u¢,, will weakly converge to
some u,. Using the variational form of (P.) we have

1
o= ———.
S ]2

Letting € go to zero above we obtain

1
limsup \;, = ——.
fz [un]?

Next using Lemma (4.2.1) we obtain that

[l o0

and this implies the statement. O

Remark 4.2.3. Similar results hold for the problem (4.1.1),i.e, all the strong-L*(X)
limit points of the sequence {z{}c are nonzero.

Let us now consider the duality operator J¢ : V.5 — (V.s)’
(Juw) v syv., = (u,w)y, s for any u,w € Vi 5
J€ is an operator of subdifferential type

JO=0¢, ¢ Vis— R (4.2.12)

. 1
0 (u) = 3 KA (4.2.13)

By using the results in Damlamian [30] and Attouch [6] we have the following
lemma:

Lemma 4.2.4. The sequence of functionals {¢} is I'-convergent weakly in V to ¢

given by
1 C
o) = (Il +5 [1a2)
o
R-cap S if lir%ﬁ:R<oo
e— €
where C' =
00 if lim&e) =0
ce—0 €
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We have used capS for the capacity of the set S in R?, i.e
capS = mf{/ | Vw [*dz |we HY(R?),w >1 a.e. on S}.
R3

Corollary 4.2.5. The sequence of operators J is G convergent to Op, with respect
to the weak x strong topology in V x V.

Proof. Using the G-convergence result for subdifferentials of I'-convergent sequences
(see Attouch [6]-Th.3.67) we have that the I'-convergences of the sequence ¢ to ¢
imply the G-convergence of the subdifferentials,

O = Oy

Next, we state the first homogenization result for problem (4.1.1):

Theorem 4.2.6. There is a decreasing sequence {€;}; € N with ¢; — 0 such that
Url —Up, M — A\ where (A\n, uy) solves the limit problem (P):

—Au, =0
P) { o)t _ o) _(, ¢

where C' # oo is as in Lemma 4.2.4.

Proof. Let an arbitrary fixed n € N. Let {\{}.so be the sequence of eigenvalues
for the problem (P.) and u¢, the corresponding orthonormal sequence of eigenvectors.
Then there is a subsequence {¢;}; € N such that:

€5 €5
ud —u, and A7 — A\,

We have proved in Lemma 4.2.1 that )\, < oc.
Let f’ € V' be defined as

£ (w) = A9 / wSlfw] for all w e V.

o n
Using the variational formulation (4.1.2) we have:
[ (w) =< J9ug, w >,y v, forallweV,,.

This implies
[ € 0p% (4.2.14)

The next observation is that:

F9 2% £, strongly in V' (4.2.15)
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where

fn(w) = An/z [u,][w] for all w e V

The proof of the above convergence is straightforward. Indeed,

1= flbr= s (3 [ fgliul = [ fuod)

weWw
[lwllv <1

Now from the reflexivity of the space V' we have that there exists w) € V with ||
w) |[v< 1 such that

| f7 = fullv = ()\Zj /2 [us | [w)] —)\n/z[un][wg]> -

= O =) [ flied]+ [ [ = vl

Thus, from Cauchy-Schwartz inequality

1= 5l <032 =2l ([ [uﬁg’]2>1/g (/ [wg]z)1/2+
o fwt) ()"

Next we will use the following interpolation inequality (see[46]):
o< M L foll v i@y Vue v (42.16)
and the fact that || w) ||y < 1 to obtain :
I = fn strongly in (V/> .
Therefore from (4.2.14), (4.2.15) and using the Corollary (4.2.5) we obtain that:

fn € 0p(uy). (4.2.17)
But (4.2.17) is exactly the problem (P). O

The limit problem (P), is equivalent with the following spectral problem for the
DtN operator defined above. Indeed problem (P) is:
Find A € R and z € Hz(%) such that:
C
Lz=(\— Z)Z (4.2.18)
Using the equivalence relations (4.1.3) and (4.1.4) the next Corollary is a obvious
consequence of the above discussions.
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Corollary 4.2.7. There is a decreasing sequence {€;}; € N with €; — 0 such that
2 —zn, strongly in (L2(X)) and \i — N, where (A, z,) solves the limit problem :

Lz, = (A, — %)zn

where C' # oo is as in Lemma 4.2.4.

The main homogenization result is:

)
Theorem 4.2.8. If liﬂ(l)ﬁ<oo then:
€E— €

i) lil% A, = A\n, on the entire sequence.
€E—

ii) There is a decreasing sequence {¢;}jen with ¢; — 0, such that uy —u,, weakly
in'V and 27—z, strongly in L*(X),

ii1) A\p = (% + Bn) with (Lz, = Bnzy,), where (3, is the n-th eigenvalue of the DtN
operator L, and C' is as in Lemma 4.2.4.

Proof. Suppose there is A # A, for any (n € N) eigenvalue for the limit problem.
Let u € W be the associated normal eigenvector, i.e || u ||[y=1 and

<u,w >= ()\—%)/E[u][w] for all w € W.

There is m € N such that
A< At (4.2.19)

From the Lax Milgram lemma we have that there exists w® € W, s such that
<Jwhw >y oy o= )\/Z[u] [w] for all (we Ws).

Easily can be seen that w€ is bounded in the norm of V.
Then on a subsequence still denoted by € we have,
w* —was € — 0
for some w € W. But if we consider f, € V' with fy(w) = A [[u][w] then clearly
M(w) =< Jw"w >,

Vo = fr € 0 (w).

So using the G-convergence result stated in (4.2.5) we obtain

fr € 0p(w) <=< w,v > —i—% /E[u][u_f] = A/E[u][v]

for any v € W.
Therefore, because of the definition of v we have that « = w. Now by Uryson’s
property we can see that

w® — u when (¢ — 0)
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Let
m
€ __ € € € €
v = =y u(w, u)y
i=1

We can see that
oty =X [ i < A [ el
M N

But using the variational form of problem (P) the last integral in the above equality
is zero by the assumption A # A, for any (n € N).

Thus v° — u weakly in (V). Noticing that v € W, s and v° L u§ for all (i =1,m)
from the Rayleigh’s principle for (4.1.1) we have

€ |2
A < v Iy (4.2.20)
/[UE]Q
3

Now, from the definition of w® and the inequality (4.2.16) we have
iy | o =ty | = [ (.
e—0 e—0 >

From the last relation and Theorem (4.2.6), passing to the limit when ¢ — 0 in
(4.2.20) we obtain the contradiction.

Using the equivalence relations (4.1.3), (4.1.4) and Corollary 4.2.7 we obtain ii)
and iii). O

Next, following an idea in [6], we give a Mosco-convergence (see [6] for the defini-

d(e)

tion of Mosco-convergence) result for the case lir% — < o0
€e— €
. 0(e) . .
Theorem 4.2.9. Let hr% —— < o0 and © € N arbitrary fized.
€e— €
Then if m; is the order of multiplicity of \;, i.e

Aic1 <A = dig1 = o = Xipmi—1 < Niemy

then the sequence of subspaces generated by {us, ..., us,,, _} Mosco-converge in L*(Q)
to the eigenspace {u;, ..., Uiym,—1}, associated to ;.

Proof. We remark that the multiplicity of A{ might be strictly smaller than that of
Ai. So if we denote

{ug, oy, 1y = S; and {ui, ..., Uipm—1} = S;
we can see that as in the above remark Sf may be strictly larger than the eigenspace
of X¢. Now from Theorem (4.2.8) we have that there is a subsequence {uy }jen such

that
lim A\;, = A\, and uj/—u,,

e—0
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where (u,, \,) solve the spectral limit problem P.
From the linearity of P and P we can say that

limsup S; C S;.

e—0

We can easily see that for arbitrary fixed i, 5 € N, with ¢ # j and
u; — u; and uj — uy

we have
< U, Uj >y = 0.
Indeed from
0 =< wug,u; >y= A /Z[uf] [uj]

passing to the limit when ¢ — 0 we have
Al/[ul] ['LL]] =0=< Ui, Uj >y = 0
by

using the variational form of the limit problem. Next using the linear independence
of {;, ..., Ui ym,—1} and the fact that the dimension of the eigenspace associated to \;
is m; we have in fact that

limsup S; = S;.

e—0

Because of the compact imbeding of H' in L? we have that there is a subsequence ¢;
such that
lim iglf S = limsup S;”.

Jj—0o0
Now if there is v such that
v ¢ lim iglf Ss
then from the above relation we have
v ¢ limsup S;’ = S,
j—)OO
which implies

S; C liminf S;.

e—0

So we have proved the statement. n

The next corollary is a consequence of the above results and states:

a(€)

Corollary 4.2.10. Let lir%— < 00 and i1 € N arbitrary fized.
€e— €
Then if m; is the order of multiplicity of \;, i.e

Aic1 <A = Aig1 = o = Aipmi—1 < Niemy

then the sequence of subspaces generated by {25, ..., z{,,, 1} Mosco-converge in L*(X)
to the eigenspace {z;, ..., Zivm,—1}, associated to \; for the problem (4.2.18).
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Next we will analyze the case when J; is a simple eigenvalue of the limit problem.
We have the following result:

o(¢)

Theorem 4.2.11. Let lli%T < o00. If X, — A, and A\, is a simple eigenvalue of
the limit problem (P), then the whole sequence {u$} is convergent, u, — u,, where
uy, is an eigenvector for (P) associated to X\, and || u, ||3= (%ﬂ% + 1) B where (3, is
as in Theorem 4.2.8 and C is defined in Lemma (4.2.4).

Proof. Let u, be the orthonormal eigenvector associated to \,. Because A, is simple
we will have that A{, will be simple for € small enough. We can suppose

(ug,, @n) >0, (4.2.21)

for every € > 0.

From the orthogonality of (uf,),en we have that their limits (uy,)nen from a orthog-
onal subsequence . Indeed, using Theorem 4.2 and (4.2.16) we have that there is a
subsequence still denoted by € such that we can pass to the limit when ¢ — 0 in the
next equality

0= {u iy = X, [ [u3][u5)
b
In the limit when € — 0 in the last equality, we obtain

An
An —

A, /Z[un] (] = 0 > () - — 0 (it )y — O,

~1Q

and therefore the orthogonality of the limits eigenfunctions is proved.

On the other hand, using the orthonormality of (uf),en we have that for any
subsequence (u,7); there is a subsequence of it (u,i]’“)k such that u* — wu,.
Because \,, is a simple eigenvalue we get that there is a constant r such that u,, = r-u,.

Then from the orthonormality we get again
Eii i, Ein ik €Ik, Ik
n |V n , Un vV = n n n ==
| w |lv=1< (u/%, u'") 1A [wn* ] [un®] =1
by

Passing to the limit when £ — oo in the above equality and using that A\, = % + Bn
we obtain
C

(G0 [ lwlen] =1 )y -

Therefore, because u,, = r -4, ¥n € N we have that

1C

ﬁ—z—i-l)zl

But because of (4.2.21) we get that » > 0.Thus
e ~1/2
=———+1 .

(55
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So we have proved that every subsequence {uij "hren of {u }eso has a subsequence of

~1/2
it which converge in the weak topology of V', to u, = u, (%ﬂ% + 1) . Therefore

the conclusion follows immediately. m

The next corollary follows from the equivalence relations (4.1.3), (4.1.4) and Corol-
lary 4.2.7.

d(€)

Corollary 4.2.12. Let lir%— < oo. If X, — A\, and N\, is a simple eigenvalue of

€
the limit problem (P) then the entire sequence of eigenvectors for the problem (4.1.1),
{2t }e, is convergent to z, strongly in L*(X), where z, is an eigenvector for (4.2.18)

and || z, ||? 9= ——-.
R

4.2.1 Case lim@ = 00

e—0 €

In this case we can see that the sequence {¢}.~o defined in 4.2.4, T'-converge to
¢ and we have

2 ; 1
(1) = /Q|Vu| de if we Hy(Q)

%) otherwise

Now suppose that there is n € N such that A\¢ = )\, < oo.
Now using the same approach as before, we obtain from Theorem (4.2.6) and Corollary
(4.2.5) that y € p(u,).This means that

u, € Dom(yp) = Hy ().
But we know that uf, € W, ; C W which means that
u, € W.

Using the fact that W = (H}(Q))* in V we obtain u,, = 0, which contradicts Corollary
4.2.2. Therefore \¢ - co. Now from the variational form of (4.1.1) if u¢ is the normal
eigenvector associated to A{, we have

1_ €12
E‘AW

Consider u,, € W to be the weak limit of u when ¢ — 0. Passing to the limit for
¢ — 0 in the equality above we obtain

/E ]2 = 0

And this together with the fact that u, € W and W L H}(Q) give us that u, = 0.
So in this case we have that all the eigenvectors of the P. converges to zero and all
the eigenvalues of the same problem converges to oco.
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4.2.2 Case lim@ =0
e—0 €
Although this can be seen as a particular case for all the results stated above,
we will discus it separately due to the fact that we can obtain a stronger variant of
Theorem (4.2.9).This case is very interesting because the holes S, s "disappear” in
the limit problem.

First, we can observe following ([6], Th.1.27) that in this case we have
w* — 0 strongly in Hj ().

where w* is the capacity potential defined in Lemma 4.2.1.

It can be easily seen that for each u € W, using w¢, we can construct sequences,
e = u — w°r, with 7, smooth enough (for example in WH>*(Q,) U Wh>*(Q_)) and
[ru] = [u] on X, such that @, € V5 and Py, — u strongly in WW.
Using the strong convergence of the capacity potential we obtain:

te — u strongly in V' when € — 0. (4.2.22)

Now we have

e = Py, ,iic + (i — Py, ;).
Let a = lin(l) Pw_st and b = lir%(ﬁ6 — Py, ;1) be two (arbitrary chosen) weak limit
points of { Py, ;T }eo and respectively {te — Py, sl }eso-
It’s easy to see that a € (H3(Q))* and b € H}(Q). Therefore we obtain u = a + b.
and thus b = 0 and a = u. By the arbitrary choice of a and b, and the compactness
of the above sequences we get that

PWQ(;ﬂe — u

(4.2.23)
. — Pw, i — 0

Next we will use the following lemma in order to get the conclusion.

Lemma 4.2.13. Let {a,}nen and {b, }nen be two sequences in V- (where V' can be a
general Hilbert space, and (., .)the scalar product in V') such that a, L b, for every
n € N.

If (an, + b,) — L strongly in V' and a, — L then a, — L and b, — 0 strongly in V
as n — oo.

Proof. First we have that
| an H%/: (an + by, an) —|| L H%/ ‘

Therefore we have that
| an lv—1 L |lv

Now from reflexivity of V' we get the result. O
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Next, from the above lemma, (4.2.23), (4.2.22) and using the orthogonal decom-
position of %, we obtain

Py . — u strongly in V'
Wes (4.2.24)
te — Py, ;i — 0 strongly in V/

Noticing that W, s is a closed subspace of W, using (4.2.24) we can easily prove that
Py,_;u — u for every u € W.
Indeed we have
I P, s —wlly, <l ae—wllv + 1 P, gu = P, ste lv + | P, stie =t v (4.2.25)
But for any u € V' we have

I P, su = P, stic lv = [| P, ;(Pu) = P, stic [v < || Pou—e |y <

. 0, v 4.2.26
< Pou— v+ Gl <2 || e — v (4.2.26)

Thus, from (4.2.24), (4.2.22) and (4.2.26), the right hand member in (4.2.25) goes to
0 when € — 0. This implies

Py, _su — u for every u € W. (4.2.27)
Let Py, ; = Re.
Now if for u € W, 5 we define K¢ : W5 — W.sand K : W — W as
(Ku, w)y = / [u][w], for any w € W,5. (4.2.28)
S-S5
and
(Ku, w)y = /[u][w], for any w e W. (4.2.29)
>

we can see that K¢ and K,are compact and symmetric operators and they have
the eigenvalues {é}neN and {Bin}neN respectively and the associated eigenvectors

sequence {uf }nen and {u, }nen respectively. It is easy to check now that R, verify
the properties stated in ([51], section 11.1) In these conditions all the results obtained
in ([51], chapter.11) are valid in our case too. Define

N(Bp, K)={ue W, Ku= iu}

as in [51]. Now following the results in [51] we have \S — 3, and
1 1
| —— =<2 sup | KReu — ReKu ||y, (4.2.30)

€

and for the eigenvectors {uf },en the following stronger version of Theorem (4.2.9)
holds.
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Theorem 4.2.14. Let i > 1 be an integer and
Aic1 < \j=..= )‘i-i-mi—l < /\mﬁ-i 1.e,

the multiplicity of the eigenvalue X\; is equal to m;, then for any w € N(b;, K),
| w|[v=1, there exists a linear combination u of eigenvectors us, ..., us,,, ; of K¢
such that

| a°— Rew |y < M; || KRew — R Kw ||y (4.2.31)

where the constant M; does not depend on €

Remark 4.2.15. The relation (4.2.31) in Theorem (4.2.14) can be rewritten as
| —w|v< M | KRw—REKw ||y + || Rew —w ||y .

Using (4.2.27) and the relation above we can see that Theorem (4.2.14) states in
fact the Mosco-convergence in the strong topology of V' of the sequence of the spaces

generated by {us, ..., u,,, |} to the eigenspace associated to \;, and this is stronger
than Theorem (4.2.9).

Remark 4.2.16. As a last observation we can see that using (4.1.3) and (4.1.4)
similar results as those obtained in Section 3.1 and Section 3.2 can be stated and
proved for the problem (4.0.2).
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Chapter 5

Homogenization results for a
contact problem with friction
arising in the modeling of the
earthquake initiation phase

The origin of friction has to be found in the hard contacts between two rough
surfaces and the the geometry of the contact, let us say the roughness, has been
shown to be a decisive parameter for frictional behavior [75]. Since friction is a
phenomenon that concerns both microscopic and macroscopic scales the contact on
a geological fault is also modelled at the scale of the seismic waves (i.e. kilometric).

The friction properties are likely heterogeneous on the fault, particularly with the
presence of barriers. By the term barrier, we denote here a patch on the fault plane
where no slip occurs. This concept cannot be applied for the evolution of the fault
at the geological time scale but it has been shown to be useful and relevant in the
description of fault heterogeneity during an earthquake [69, 70].

The macroscopic behavior of a fault with small-scale heterogeneity of rupture
resistance (small scale barriers) is difficult to relate to the local properties of the fault.
A formal measure of the friction on the fault itself would just be a local particular
law, that is varying with the position along the fault. In this chapter we focus on the
following question : How can we obtain an effective (equivalent) friction law which,
used on a homogeneous fault, leads to a slip evolution similar to the one produced on
the heterogeneous fault ?

Mathematically the problem is related to the homogenization of the Newmann
Sieve problem for the Laplacian studied by several authors [30, 26, 6, 21]. In the
geophysical context the problem was studied (see [18, 17, 71]) in two dimensions
(anti-plane geometry) to obtain the rescaling of the weakening rate through a spectral
analysis.

The Newmann Sieve problem associated to the linear elasticity operator was stud-
ied by Lobo and Perez [56, ?]. An extension to the non-linear case of the Neumann
Sieve has been studied by Ansini in [3]. Our friction problem is similar to the previ-
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ous, with the important difference that the tangential component of the displacement
has zero jump on the barriers, and the limit analysis is therefore developed on a larger
functional space.

Let us outline the content of the chapter.

In section 5.2 we consider the three dimensional shearing of an elastic domain
which contains an internal boundary (the fault) located on a plane(the fault plane).
The contact on the fault is described through a slip weakening friction (i.e. the
decrease of the friction force with slip). This friction law is used in the geophysical
context of earthquakes modeling and experimental studies [67] pointed out the good
agreement of this model with experimental data. The symmetry of the displacement
field with respect to the fault plane (see for instance [39] for the geophysical meaning)
gives an important simplification of the problem: the normal over stress on the fault
vanishes. The fact that the normal stress has a weak variation of during the dynamic
rupture was already observed in direct computations [5, 57] as well as in the inversion
of seismological data [27]. An important consequence of the above assumption is
the fact that we can associate to the physical problem a minimization problem for
the energy function. In modelling seismic phenomena, where at least two equilibria
(before and after an earthquake) are involved, the energy function cannot be supposed
convex.

In section 5.3 we obtain(as in [50] under slightly different assumptions) sufficient
conditions of stability through the first eigenvalue of the tangent problem. Since this
eigenvalue problem has an important significance in the description of the physical
properties of the fault, we shall study it in the next section.

In section 5.4 we give the main results of the chapter. Firstly we set the perturbed
(or heterogeneous) problem: a fault which has e-periodically distributed barriers of
radius .. For 0 < ¢ =: lim._(d(€)/e < oo we prove that the sequence of energy
functionals I'-converges to a limit energy functional. For the proof of liminf and the
limsup inequalities we adapt an idea from [3].

The limit functional is associated to another slip weakening friction problem called
the equivalent friction law. In the last part of this section we prove that the eigenvalues
and eigenfunctions of the perturbed tangent problem converge to the eigenvalues
and eigenfunctions of the equivalent (limit) tangent problem. For this we adapt G-
convergence techniques, developed for the Newmann-Sieve problem in [66].

The slip weakening rate of the equivalent (or limit) fault is smaller then undis-
turbed fault. Since the limit slip weakening rate may be negative a slip-hardening
effect can also be expected. Moreover, we have to point out that even if the small
scale friction law is isotropic the equivalent one is not. This surprising fact is natural
if we have in mind that the periodic distribution of the barriers is not isotropic, hence
the limit problem will inherit this anisotropic geometrical perturbation. We have to
mention here that this property was also obtained [?, 56| for an elastic body with a
surface having small no-slip regions.We make the observation that the proof of the
convergence is based there on the explicit computation of the solution for the cell
problem, which in our case cannot be easily computed because of the general mixed
type boundary conditions on parts of the boundary. This is the reason we chose the
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['-convergence approach in our paper.

In the last section we give the physical interpretation of the previous theoretical
results in the context of a barrier erosion process during the earthquake nucleation (or
initiation) phase, which precedes the dynamic rupture. We point out the important
role played by the process of erosion of the barriers in the effective properties of the
homogenized fault. We deduce from our analysis that the nucleation phase can be
divided in three time periods. Firstly we are dealing with a locking stage with no
"macroscopic” slip. The second time period is characterized by a smaller, and even
negative, weakening rate and by the loss of the isotropy of the friction law. The third
time period corresponds to the last stage of (effective) initiation when the friction
properties are the same with the undisturbed fault.

5.1 Statement of the physical problem

We consider the three dimensional shearing of an elastic domain D C R3. If we
denote by u : D — R3 the displacement field, then the elastic constitutive equation
and the equilibrium equation read

o(u) = Ae(u), div(Ae(u)) =0 in D, (5.1.1)

where A is the fourth order elastic tensor, o(u) is the over stress tensor and e(u) =

1
—(Vu + V7'u) is the small strain tensor. A is a symmetric and positively defined

fourth order tensor, i.e.
Aijr € L¥(D), A(z)e-0=A(x)o-€, ae. x€D, (5.1.2)

such that A(z)e-e€ > Mile]* and |A(z)e| < Myle| a.e x € D with My, My >0,
(5.1.3)
for all 4,7, k,1 =1,3 and for all o,e € RY**.

The smooth boundary ¥ = 9D is divided into two disjoint parts ¥ = ¥; U I's:
Y4 = 0D the exterior boundary and I'; the interior one (i.e. it’s a subset of the
interior of D). For the sake of simplicity on the exterior boundary we shall suppose
vanishing displacement conditions, i.e. u = 0 on ;. The interior boundary is located
in the plane I = {z3 = 0}, and will be called in the following the fault or fault
region. We assume that the pre-stress 0> € C%(D) is such that the fault does not
open. Moreover the fault I'; is under a slip-dependent friction law:

[is(u)] =0, i=1,3, [us]=0, on I, (5.1.4)
o-(u) + 7 = —p(|[ur]])|oss(u) — Sﬂ% if [u;]#0 on I, (5.1.5)
lor(u) + 7% < p(0)|oss(u) — S| if [u;]=0 on Ty, (5.1.6)

where | ] denotes the half of the jump across I'y, (i.e. [w] = (Wt —w™)/2), o-(u) =
—(013(u), o93(u), 0) is the tangential over-stress, os3(u) is the normal over-stress, u, =
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Figure 5.1: The geometry of the 3-D problem

(u1,ug,0) is the tangential displacement, and 7°° =: — (073, 055,0) and —S, =: 053 are
the tangential and the normal pre-stress acting on I'y. From the above assumptions
on 0> we have S, 77° € C°(T'y). Equations (5.1.5)-(5.1.6) assert that the tangential
(friction) stress is bounded by the normal stress multiplied by the value of the friction
coefficient p(0). If this limit is not attained sliding does not occur. Otherwise the
friction stress is opposed to the slip [u,] and its absolute value depends on the slip
modulus through p(][u,]|). Concerning the regularity of p : Ry — R, we suppose
that the friction coefficient is a Lipschitz function with respect to the slip, i.e. there
exists L, > 0 such that

1(s1) — pu(s2)| < Lylsi — sal, (5.1.7)

and we denote by H its antiderivative

We suppose that there exists v € L*(R,) and a > 0 such that
H(r)— H(s) > u(s)(r —s) —~(s)(r —s)?/2 —alr — s>, ¥r,s >0. (5.1.8)

Let us remark that if p is two times differentiable with a bounded second deriva-
tive then (5.1.8) holds with v(s) = —p/(s). If p is continuous but only piecewise
differentiable then (5.1.8) holds with v(s) = — min{/(s+), 1/(s—)}.

A specific friction law with a linear piecewise slip weakening, which is a reasonable
approximation of the experimental observations (see [67]), can be written as follows

D,
,[,Ld Zf S Z DC

(5.1.9)

Hd — s .
——5s+us if s<D,
M(S):{ o 4f

where pgs > g are the static and, respectively, dynamic friction coefficients and D, is
the critical slip. In this case y(z) = (s — fa)/De-
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We shall suppose in the following that D is symmetric with respect to the plane
II. As in [39] the following symmetries of the displacement field with respect to the
plane II will be considered:

uy(z, —x3) = —ug(x,x3), ug(x, —x3) = —us(w,x3), us(x,—x3) = usz(z, x3),
(5.1.10)
where x = (z1,73) and (x,0) belongs to ¥y the intersection of D with the plane II.
In the case of an isotropic elastic material, i.e.

Aijit = Xoi0k + Gl (5.1.11)

with A\, G > 0 the Lamé coefficients, we deduce the following symmetries of the stress
field 033:
o33(x, —13) = —033(7, 73).

The condition of continuity of the stress vector (5.1.4) on the fault plane I'; gives
the fact that the normal over-stress o33 does not present any variation during the slip

033(1,07) = 033(2,07) =0, for any (z,0) € Y. (5.1.12)

Since the displacement field is continuous outside the faults, from the symmetry
conditions (5.1.10) we get that the tangential displacement is vanishing outside I';:

up(2,07) = uy(2,07) = uz(x,07) = ug(2,07) =0, for all (z,0) € X\ Ty, (5.1.13)
and the jump on I'y is the given by:
[ui(x,0)] = u;(z,0") = —u;(x,07), i=1,2, forall(z,0)€Tl;. (5.1.14)

Let us denote by Q2 := DN {z3 > 0} the upper half of the domain D and by
Fy:=%sNn{xs >0}, T,:=3%,\I's which implies that 02 =T';UT';UT;. From the
above symmetry properties we can restrict ourselves to the upper half Q of D. We
state the problem (P) : find the displacement field u : 2 — R3 solution of

o(u) = Ae(u), div(Ae(u)) =0 in €, (5.1.15)
u=0 on Iy og3(u) =0, u, =0 on T, (5.1.16)
u
o (uw)=—=S u(|luN)— — 7 if wu, #0
o33(u) = 0, ) L |)!ufl 0 Iy, (5.1.17)

lo-(u) + 7] < S p(0) if w,=0.

5.2 Existence and stability

Let us denote by V' the closed subspace of [H'(Q)]* given by

Vi={veH'Q)]/v=0 on Ty, v, =0 on I} (5.2.1)
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From Korn’s inequality and Poincare’s inequality one can easily deduce that the
following inner product

<u,v >yi= / Ae(u) - €(v), Yu,v eV, (5.2.2)
Q

generates a norm, denoted by || ||y, which is equivalent with the natural norm on
[H1(©2)]? and

My || Du [[72<|| u [y < M || Du|lf: VueV.
We have the following variational formulation of the physical problem (5.1.15)-(5.1.17),
(see also [50])

ueV, <u,u—v >y +j(u,u) — j(u,v) < flu—v)  YoelV, (5.2.3)

where 7 : V xV — R, and f: V — R are given by
Jjlu,v) = / Sp(fur]) v, fv) = —/ v, Yu,veV. (5.2.4)
20 20
Let us introduce now the total energy functional W : V — R given by

1
W) = sllvlly + [ SLH(jor]) = f(v), Vv eV, (5.2.5)
3o
which characterizes the ” physically acceptable” solutions. Indeed we have the follow-
ing result.

Theorem 5.2.1. Ifu € V is a local minimum for W, then u is a solution of (5.2.3).
Moreover there exists a global minimum for W, i.e. there exists u € V' such that

W(u) < W(v), Yo e V. (5.2.6)

Proof. Let u be a local minimum, i.e. there exists ¢ such that W(u) < W(w) for all
w €V with ||lw —ully <¢. Forall v € V we put w = u+ t(v — u), with £ > 0 small
enough, in the last inequality and we pass to the limit with ¢ — 0 to deduce (5.2.3).

In order to prove that W has a global minimum we remark that the trace map
is compact from V to L*(T';). Hence v — frf S1H(|vs|) — f(v) is weakly continuous
on V, which implies that W is weakly lower semicontinuous. Bearing in mind that
liminf W(v) = oo for ||v||y — oo, from a Weierstrass type theorem we deduce that
W has at least one global minimum. O]

Let us consider now the following eigenvalue problem, which will be useful to
characterize the stability of the local minima, (£): find u : Q@ — R3, u # 0 and
A € R such that

o(u) = Ae(u), divo(u) =0, inQ, (5.2.7)
u=0 on Iy, o33(u) =0, u,=0 on I}, (5.2.8)
o33(u) =0, o.(u) =M, on Iy, (5.2.9)
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which has the following variational formulation:

u€elV, <u,v>V:>\/ Uy v, YoeV. (5.2.10)

Ly

The same technique as in [50] can be used to get the structure of the spectrum.
For the convenience of the reader we shall give here the proof.

Theorem 5.2.2. The eigenvalues and eigenfunctions of (5.2.10) form a sequence

(A, Un ) p>1 with 0 < A\ < Ao < L. and N\, — +o00. Moreover we have
2 2
ﬂ =)\ = mi‘r/l & (5.2.11)
luy,|? do e v, |? da
Ly Ly

Proof. Let L = {f = (f1,f2,0)/f1, fo € L*(30),f1 = f = 0 on I} be a closed
subspace of [L?*(%y)]®. Denote by 7, : V — L the compact operator which associates
to all v € V' the tangential component of its trace on I'y, i.e.,

Yr(v) =v, =v—(v-n)n along Iy

for any v € V.
Let Vi = ker~,. Using the definition of V' we can see that

Vi={veV/ v,=0 onX }.

Consider now

W=Vi={veV/ <v,w>=0VYweW}

Let Py : V — W be the orthogonal projection onto W and define T': L — W to be
the linear and bounded operator which associates to each f € L the unique solution
T(f) € W of the following linear equation

(T(f),v)yy=1[ f-v.de, YveVW (5.2.12)
Ly

We can define now the linear bounded operator K : W — W by Kv = T(v,). From
(5.2.12) we get

< Ku,v >V:/ U Vs (5.2.13)
Ly

for all u,v € W, which implies that K is symmetric compact and strictly positive.
Hence K has a positive and decreasing sequence of eigenvalues (3,,),>1 with 5, — 0
and an orthonormal sequence of corresponding eigenvectors, (uy,),>1.

1
It’s easy to observe that A\, = 5_ will be the eigenvalues of the problem (£) and u,
will be the orthonormal eigenvecr‘éors corresponding to it.
Then Rayleigh’s principle for K gives us the statement of the theorem. O]
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The following theorem makes use of the first eigenvalue of the above spectral
problem to give sufficient conditions for a solution of (5.2.3) to be stable.

Theorem 5.2.3. Let u € V' be a solution of (5.2.8) and let Ay be the first eigenvalue

of £. If
A1 > ¢, =t ess sup S(x)y(|ur(z)]), (5.2.14)
:L'EFf

where vy has been defined in (5.1.8) and —S is the normal stress on L'y, then u is an
isolated local minimum for W, i.e. there exists 6 > 0 such that

W) < W) YVoveV, v#u, |lv—uly <4 (5.2.15)

Proof. Let us suppose that u is not a local minimum for W, i.e. there exists (vy, )y C
V., v — u and W(v,,) < W(u). If we put v = v, in (5.2.3) from the last inequality
and from (5.1.8) we get:

Hu—va%/—/ Sy(fue ) (] = [orar )% < 2a/ S| [tms] — Jus| . Since the trace
Ly Ly
map is continuous from V' to L?(I'y) the last inequality becomes
lu = vally = C“/r (Jr] = Jome)))* < Cllu = vy, (5.2.16)
7
where C'is a generic constant. If ¢, < 0 then we obtain 1 < C||lu—v,,||v, a contradic-

tion. If ¢, > 0 then from (5.2.11) and (5.2.16) we get —— Cu

lu=vmlly < Cllu—vally

which implies \; — ¢, < C\q||a — vy ||y. Since v,, — u we obtain \; — ¢, < 0, which
contradicts (5.2.14). O

5.3 The perturbed problem

Denote by R? = {z € R% x5 > 0} and R?® = {z € R% 23 < 0}.

Throughout the chapter we will use M as an arbitrary constant independent of
any parameter. Also by B#(0) we denote the two dimensional ball centered in 0 and
with radius 1.

Let F? C Yo, with dist(T (},Zo) > 0, be the unperturbed (or equivalent) fault and
let € > 0 be a small parameter. Let S a fixed open set compactly inclosed in the
2-dimensional unit square and consider the lattice %ZQ on the plane II. Let

2= {93 + (—% %)2} x {0} (5.3.1)

denote the periodic cell on II, centered at z = (z5,0) where x¢ = ie for i € Z2.

The perturbed fault I'; C %o has e-periodically distributed holes, called (small scale)
barriers. More precisely in each e-square of the e-lattice on the fault plane II, the
friction contact is considered outside an open set S.s (small scale barrier) of size
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ed(e) < €, (see Figure 5.2) with S.5 = e§(e)S+%£e , k € Z*. For the simplicity of the
exposition we will assume that S, s is a 2-dimensional ball, denoted by B?(xf, €d(¢))
centered in x5 , i € Z* and of radius ef(¢). We shall denote by B, the set of all the

1)

microscopic barriers and let I'; := F?c \ B, be the perturbed fault. As before we define
S =%\ 5.
Define now the spaces:
X={veH'QP/u=00onTy}, V={ueX /u =0 onX\T}}

and W = V;* the orthogonal complement of V; in V.
We define the perturbed problem :

(Pe) find u®: @ — R®,  solution of (5.1.15)-(5.1.17) with I'y = I'; and I', = T.
We consider
Vesi={ve [H'Q)]*/v=0 on Ty, v,=0 on T} (5.3.2)
to formulate (P.) in terms of the minimum of energy, W, : Vs — R, i.e.,
ue € Vs We(ue) < We(v) Yv € V. (5.3.3)

We define the perturbed eigenvalue problem, associated to the above perturbed min-
imum problem, as

(&) find u : Q — R and A° solution of (5.2.7)-(5.2.9) with T'j = [y and I'y = I,
which has the variational formulation

0 T

s
Let L = {f = (f1, f2,0)/f1, fo € L*(Z0), fi = f =0 on TS} and let the tangential

trace on F} be defined as before. Thus if we consider

Vi={veVy;v,=0 onl%}

ut € Vg, <uS, v >y= )\E/ us - vy, Yv € V. (5.3.4)
r

we can see that
Vi=Vi={veV; v,=0 onX},

and V) is a subspace of V. 5. Let’s define W, = Vi to be the orthogonal complement
of Vi in V.5, and Py, : V.5 — W, to be the orthogonal projection onto W-.

Then as is the proof of Theorem 5.2.2 we can write (5.3.4) as an eigenvalue problem
for the operator K¢ : W, — W, defined by

(Keu,v>:/ Uy Uy
79

f

Thus the problem (5.3.4) will have an orthonormal sequence of eigenvectors {us, }n>1
and a sequence of corresponding eigenvalues {\ },>1, such that 0 < A{ < A5 < ...
A5, — +00, and

us 2 v 2
[ [ 555)

= A\{ = min :
frj, us,|? dx veWe frj, v-|? da
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Figure 5.2: The splitting of ¥ into I'; (the friction surface) in grey and I'f (the barrier
surface) in white for the the perturbed problem.

5.3.1 Asymptotic analysis of the problem P,

The main theorem concerning the homogenization of problem P, is given next:

Theorem 5.3.1. The sequence of functionals W, : V.s — R
1
W) =5l ellv + [ SH(wr) - f0)
0

I'-converge with respect to the weak topology of V to, W : V — R with

— 1
W) =5 ol + [ SH(ed -1 wZ/%w

f 4,j=1
where for k,1=1,3

0 if (k—=3)(1—-3)=0
Chu = Ae(w)e(w)dz  otherwise,
Y
)
0 <c= h]r%ﬁ < oo and w*, for k = 1,2 is the solution of the following local
e— €

problem

a%jaij(wk) =0 on R} for i=1,2,3

o33(w’) = 0,wy = e* on B} (0)

ois(wk) =0 on R?\B%(0)

wh(y) — 0 where y3 > 0 and |y| — oo
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Before beginning the proof we make the following useful remark.

Remark 5.3.2. The result above can be rewritten in the following way: I'=lime o W, =
W where W :V — R is defined as

- 1 1
W) =3 ol + [ ScH(ed) = 10+ 5e [ viCer
f f

with ¢ and the matriz C' defined as above.

Proof. We mention that the asymptotic analysis of this problem uses similar tech-
niques as those developed in [3] and [4]. For the convenience of the reader we present
the proof of our results, referring to the above mentioned papers when needed. The
next lemma can be easily adapted from [3] using Korn’s inequality.

Lemma 5.3.3. Let (u;) be bounded in V and let N,k € N. Let €; be a decreasing
sequence of positive numbers converging to 0 and let

7, ={i € 2/ B*(x,¢;6(e;)) N TG # 0} and Z) = {i € Z*/Q}, C T'}}

Let (pe;) be a sequence of positive numbers, such that Np., < %ej. For all i € ch
there exists k; € {0,...,k — 1} such that, having set

Cl ={z e R} /27" 'Np,, < |z — (a5,0)] < 27*Np,,}

) 1 . )
uj = W ‘ujdz (the mean value of u; on C}) and p! = 327%Np,. (the middle
il /O

radius of CJ) there exists a sequence (w;) such that

— J
w; =u; on Q\UC’Z
-

i€l

w;(x) = u} if |x — (x5,0)] = p} and x5 >0, foric 7%, and
M
S [ (Aetwy)ewy) + Actuy)e(us)ds) <
IS/
where M s independent of j.
Moreover, if p}. = o(7), and the sequence (|Du;|*) is equi-integrable in Q, then we

can choose k; =0 for all v € Zj; and

lim (Ae(w;)e(w;) + Ae(uj)e(uy)) =0
J—-+o00 -er Cg
veSy

As in [3] we can make the following remark.
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Remark 5.3.4. If u; — u strongly in L*(Q) and sup W, (u;) < +oo then u; — u
J

weakly in V. Moreover if (w;) is defined as in the above lemma then w; — w strongly
in L*(Q) and since (w;) is bounded in V we get that also (w;) converges weakly to u
in V. If (|Du;|?) is equi-integrable then (|Dw;|*) is also equi-integrable.

For any R € R, we will denote by Br(z) C R? be the ball centered in xz € R3,
and radius R, and Bj,(z) = Br(z) NR3.
Let

on(z)=inf { Ae(v)e(v)/ v € HY(B3(0),R*), v, =0 on Bi(0),v = z on dB%(0) \ Eo}

B (0)
(5.3.6)

We will now make another useful remark:

Remark 5.3.5. If [ is a convez function and 0 < f(A) < M(1 + |AJ?) then f is
locally Lipschitz i.e.,

|f(A) — f(B)| < M(1+|A| + |B|)|A = B|, forall A,B € M3, (5.3.7)
In addition if f is also homogeneous of order 2, then
|f(A) — f(B)| < M(|A| + |B|)|]A — B|  for all A, B € M**®. (5.3.8)

Proof. Indeed from (5.3.7) if we consider a sequence ¢;, such that ¢; — 0 we have

1 1 1 1 1
f (—A) —f (—B)‘ <M (1 + —|Al+ —|By> ~|A-B|.
€ i Ej Ej

J €j €j

[f(A) = f(B)| = ¢

Thus
|f(A) = f(B)| < Me¢;|A— B|+ M(|A] + [B|))|A — B

for all A, B € M3 and for any j € N.Then passing to the limit where j — oo we
have (5.3.8). O

Now we have

Lemma 5.3.6. For all N € N with N > 2, ¢y defined above verifies
| on(2) —dn(w) [KM |w—=z]|(|z|+]|w]) foralzweR? (5.3.9)
Proof. Fix 1 > v > 0. Using the definition of ¢x(2) we find w € H'(By(0);R?) ,

with
w =0 on OBy (0) \ ¥y and w, = —2, on B?(0) such that

o) Ae(w)e(w) < ¢n(2) + v (5.3.10)
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Let ¢ € C§°(B2(0)) be a cutoff function such that ¢ = 1 on B1(0) and | Dy |< M.
For w € R? define ¢ = w + (1 — ¢)(w — 2) on B(0). So we can see that

Y, = —z on B} 0)
Yv=w-—2 on dB%(0)\ .

So 1 is a test function for ¢ (w). Thus using (5.1.3), (5.3.8) and (5.3.6) we have

on(w) —on(z) < Ae(i)e(v)dr — Ae(w)e(w) +v

B (0) B (0)

<M (le@) [+ [e(@) [) - (Je(¥) — e(w) [dx +v (5.3.11)

B (0)

Next from the definition of the test function ¢ in (5.3.11) we obtain

on(w) —on(z) < M Cle@) |+ |w—z[|Del)|w—=z]|Dg|+v
B(0)
1/2 1/2
< M|w-—z| / | e(w) |* do : / | Dy |? dx
B (0) B (0)
+ M|w—z|2/ | Do |* dz + v. (5.3.12)
B (0)
Since N > 2 we have that / | Dy | dr and / | Dy |* dx are constants
B (0) B} (0)

independent of N and by condition (5.1.3) and the definition of ¢y we get
M | e(w) |* dz < Ae(w)e(w) < ¢y (2) + v (5.3.13)
B (0) B (0)

and from Korn’s inequality and monotonicity of ¢y

on(z) < @(z)éM!szf{/ | Dv P da v e H' (B (0);RY),
B+

2 (0)
v, =0 on B3 0), v= ]_i| on 9B;(0)\ Zo} . (5.3.14)
But
{v /v e H (Bf(0);R?), v, =0 on B} 0),v= ﬁ on 9B (0)\ Eo}
contains
{v /v e HY(B(0)\ CrosRY), v = |—; on dBF(0)\ o, v=0 on By(0) ﬁR3}
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as a subset, where
CLQ = {(33'/,0) S R? : 1 < ’.%,’ < 2}

From (5.3.14) and the above inclusion we obtain

on(z) < ¢2(z)§M\z|2inf{/+

BF (0

| Dv | dz Jv € H(Bs(0)\ C12,R?),
)

v = ﬁ on 9B (0)\ g, v=10 on BZ(O)OR:S}.
z
Now following the ideas in [3] (see (4.9)), we obtain
| 2]
2

on(z) < ML (B2(0))

where Cap(B3#(0)) is the usual capacity, i.e.,

Cop(B(0)) = int{ [ | Do dn.o € HE).0=1 on B20))
R3
By (5.3.13) we get
2
/ (@) P dw < ML 40 (5.3.15)
B50) 2

Now, from the results obtained so far, and (5.3.15) and (5.3.12) we have
| 2

o)~ ox(:) < 01 w21 (15

1/2
—i—u) +Mw—z ] 4v <

<SMlw—z|(v+1)] 2] +]w]+V0) +v.

Now by the arbitrariness of v we get that
on(w) —on(z) S M w—z|(z[+][w])
O

3
Lemma 5.3.7. ¢y — ¢ uniformly where ¢(z) = Z Cuzrz, and Cy is given by

ki=1
(5.5.16) and the local problem (LP).

Proof. From Ascoli-Arzela’s Theorem we have that ¢ — ¢ uniformly on compact
sets of R3.

For any N € N the problem (5.3.9) has a unique solution w + z for fixed z € R3.
The Euler-Lagrange equation for w is

o(w) = Ae(w), —divo(w) =0 on B (0)

o33(w) = 0,0, = —2; on B(0)
oij(W)n; = on Cy §
w=0 on 9B (0)\Xo
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3
So pn = Ae(w)e(w)dr = Z C{) 212 where

B(0) k=1
0 (k—=3)(1—-3)=0

Ae(wh)e(wly) otherwise,
B (0)

Cl = for k,1=1,3

where w¥, for k = 1,2 is the solution of the following local problem,

%aij(wfv) =0 on B} (0) for i =1,3
oz(wy) =0, wh, = e on B (0)

oi(wh) =0 on Cin

wk, =0 on OB (0)\ X

where {€"},_13 is the canonical base of R®. So ¢y — ¢ uniformly on compacts
subsets o?f; R3 where

925(2:) = Z C’klzkzl and

kl=1
0 (k—=3)(1—-3)=0
Cru = Ae(w)e(w)dz  otherwise , for k=13 (53.16)

3
R+

and w* for k = 1,2 is the solution of the following local problem,

aiyjaij(wk) =0 on R} for 1 =1,3
k ko k 2
LP 0‘33(21} ):07 wr =e¢ on BI(O)
(LP) oiz(wk) =0 on R? — B%(0)
wk(y) — 0 when |y |— oo

Remark 5.3.8. From Lemma 5.53.7 we can see that
On(2) = ¢n(z) and () = d(z).
Now using Remark 5.3.8, by similar techniques as in ([3], see Prop 4.4) we have.

Lemma 5.3.9. Let u; — u weakly in V' and bounded in L>=(Q;R3). Consider v; to
be defined as

Y = Z QSN(,U“;T)XQ:JQ
€L}
where L,
Qh = (@7, 0+ (-2,9),
and uz and Z; are defined in Lemma 5.3.35.
Then we have

lim || — én(u,) | ds =0

Jj—0oo Jo
T
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Proof. First we will show that

5\ J @il = o.
z‘ez;
Indeed, let
vi= U e
€L\ L}
QLY

Then easily can be seen that

I\ U @i | cu
€L}
and therefore we obtain the limit when j — oo that
Tim [T5\ | Q%] < lim H2(wj) < H2(017) = 0 (5.3.17)
i€z}

Using Remark 5.3.8 we get

tim [ | —ow(u,) | ds = lim

j—00 0 j—00 0
Ty I

S onlu gy, — onlu) |<

7
zer

< lim | ) / | dn(uj) — dn(u) | ds | + 1im/ s . lon(u)l
J—00 : ; J J—00 FO\ o Q_J
ZGZ? 2 f zeZ} 4,2

Now from Lemma 5.3.6, and (5.3.17),the uniform boundedness of ¢y, Lemma 5.3.6
and the boundedness of (u;); in L>®(Q, R?) we get

y | uf —u|ds

i€z b2

lim [ |4 — on(us) | ds < M lim Z/

= Jro j—00
By similar arguments as in ([3], Prop 4.4.) we can prove that

lim E |u: —u|ds=0
j—00 / € J
i€zl Th?

and this proves the statement of the Lemma. O

Using Remark 5.3.8, Lemma 5.3.7, Lemma 5.3.9, by similar arguments as in ([3],
Sec. 5) we obtain the liminf inequality
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Lemma 5.3.10. Consider p.; = €;0(¢;) defined as in Lemma 1 such that

Sl
0 < lim @ =c < 400. (5.3.18)
j—oo €5

Let k,N € M fived, and N > 2*. Then for any sequence (uj);, such that u; € Ve,
and u; — u weakly in V', we have

hmmf | w; 3> w |li +e Z / Criurwds

k=1
where the matriz (Cy ). —13 is defined in Theorem 5.3.1.

Proof. Remark 5.3.8 is very important. Because of the property mentioned in Remark
5.3.8, we can follow the proof in ([3], Sec. 5), although in our case the space Vs is
not the same as in [3] and therefore the functions ¢ and ¢ respectively are not the
same as in [3].

Let u € V and consider {u;}; such that u; € V,, and u; — u. Let w; and p} as in
Lemma 5.3.3 and

= |J B! with Bg:Bpj(x?,O)m{xeR?)|x3>0} for all i € 7}

7]
ZGZf

We have

hmmf | w; [|2> liminf Ae(u;)e(u;) da:—}—hmmf/ Ae(uj)e(uj)dr  (5.3.19)
=

J=eo Ja\E; j—oo
Next we can see that

M
- + lim inf Ae(uy)e(u;)dr > u ||} (5.3.20)

i= Jo\E;

The proof of (5.3.20) is identical with the proof in ([3], Prop 5.1)) and therefore
we won'’t present here.
Now similarly as in [3] let’s define, for fixed j € N and i € ch

w;((z,0) + €;0(¢;)x) if v € By (0)
pla) =4 ! Y o (5.3.21)
uj if v € B (0 )\332 (OF
where k; € 1,k — 1 and u are as in Lemma 5.3.3.
As in [3] we have, by Lemma 5.3.3
— +hm1nf/ Ae(u;)e(uj)dr > hrnmf/ Ae(w;)e(w;)dx (5.3.22)
J—00 J—0o0 .
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and using ¢, defined in (5.3.21), as a test function in the definition of ¢y (see
[3],(5.31)) we get

liminf/ Ae(w;)e(w;j)dr > lim inf o )Z Zon(u )

Jj—00 Jj—00 €;

Jj
zEZf

By Remark 5.3.8 and the hypothesis (5.3.18) we obtain

liminf/ Ae(w;)e(w;)dx > c- hmmfz 5N (ul,). (5.3.23)
i= Jp, j—00

J
zEZf

Note now that for any j € N we have

> Eon(ul,) = /FO Y;ds, (5.3.24)
f

: ~7]
zGZf

where 1), has been defined in Lemma 5.3.9. Combining (5.3.22), (5.3.23), (5.3.24) we
obtain

— —|— lim mf/ Ae(uj)e(uj)dr > climinf [ ;ds (5.3.25)

j—o0 j—oo  Jro
f

and from (5.3.20) and (5.3.25) we obtain

M
—+ liminf/ Ae(uy)e(u;)dr > u |} +climinf/ Y;ds (5.3.26)
Q J=ee JrY
7

From Lemma 5.3.7, Lemma 5.3.9, (5.3.26) and the arbitrariness of & € N, using
Lemma 3.5 from [13] as in ([3], sec. Prop 5.2), we can “remove”’ the L>(2,R3)
boundedness hypothesis from Lemma 5.3.9, and obtain the liminf inequality in a
similar manner. O

Next, we will prove the limsup inequality.

Lemma 5.3.11. Let 6(¢;) be such that

S(es
O<hmﬁ:c<+oo.
J—oo €5

Then for all w € V' and for all 6 > 0 there exists a sequence u; € V¢, s, converging to
u, in the weak topology of V', such that

limsup || uj |3 =8 <|| u ||} +c/ Z Crauguds,

Jj—00 fkl 1

where (Cy)y, =13 has been defined in Lemma 5.3.7.
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Proof. Without loss of generality we will assume ¢ small enough. Again Remark 5.3.8
allows us to follow the same arguments as in ([3], Sec. 6).

Indeed, suppose first that u € L>(Q,R?). Recall that By, = Bny,, (z7,0) and
BJJ{,pﬁj = Bnp., N{x3 > 0}. From Lemma 5.3.3 for u; = v and p,, = 3€;0(¢;) and from

the equi-integrability condition we obtain a sequence (w;); such that

1

i +
wj = uj = |Cl~j|/c?'u on GBNej(S(ej) \ 2.

where by |A| we denoted the usual superficial measure supported by A. Define

v; =w; on €\ U B;\;ejé(ej) (5.3.27)
i€z
+ ~ € 3( . RN 1 1
Then because | U Be,se;) |~ €;6°(€;), and w; — w weakly in V', we obtain that
i€Z%
v; — u weakly in V. We will define v; on |, B;eja( ) below.

€
Next, using similar arguments as in ([3], Sec. 6) we get

limsup || v; 12 < u ||} + lim sup €(v;)e(v;)dx . (5.3.28)

/ A
P B

i€z}
From Lemma 5.3.7, we have that for any § > 0, there is an Ny € N such that

J )
o(z) — 3 < on(z) < o(2) + 3 for any z with |z |[<m, (5.3.29)
and for any N > Ny, where m =|| u || o (q,r3)-
By the definition of ¢ there is w! € H'(B(0);R?), w? = 0on Bf(0) and w} = u/
on dB};(0) \ Xo, such that

A iy, 0 i i
o Ae(wj)e(w))dr < oy (uj) + 3 < d(uj) + 0 = ¢(uf) +6 (5.3.30)
N
where we used Remark 5.3.8 for the last equality above. Next, similar as in ([3], Sec.
6) we define v; on U Bny,, to be
i€z}

v = W' - (ZL’:Z,O)

o j( €;0(€5)

—h. (w) w;(z) on B

€;0(€5) e

) on Byes(e, for i€ Z (5.3.31)

and
for 7 € Z;jl \ ch (5.3.32)
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where 0 < h <1 is the same scalar function used in ([3]), i.e., h =1 on 9Bx(0) \ Xg
an h = 0 on B?(0).

From (5.3.27), (5.3.31) and (5.3.32) we can see that v; € V, and from (5.3.30) we
have that ,

- Sle ‘
/ Ae(vj)e(vj)dx = €;0(€;) Ae(wj)e(w))dr < (&) (€5p(ul,) + €0)
. (5.3.33)
for any i € Z?c.

Obviously we have

limsupz Ae(v))e(v;)der < limsup Z . Ae(v))e(v;)dz (5.3.34)

Jj—00 Jj— e Z] 1\ZJ BNe]-B(sj)

'L'Gchl BNE 5(6 )

+ limsup Z )e(v;)dx (5.3.35)

j—oo ] By, 58(e5)

Now let w) = U Qy. For any i € Z?l \ Zi} we have

ZGZJ \Z]
/ Ac(v;)e(v;)dz < M(N) / | D, | de <
B;5j5(ej) B;E 6( )
1
—M(N)/ \Dh|2|wj\2dx—|—/ | D, 2dz. (5.3.36)
6252(6]) B]—Cejé(Ej) B]—Cejé(Ej)

Then using (5.3.36) and the equi-integrability and L*> bound of w; we obtain

hmsup Z Ae(vj)e(vj)de < M(N) lim 3le) ) m H*(w)) < M(N)-c'H*(9T'%) = 0.
lGZJ 1\ZJ Ne 6(e5) Jmoo € ]HOO
(5.3.37)
Next summing in (5.3.33) for all i € ch and passing to the limit when 7 — oo we

get

J)

lim sup Z Ae(v;)e(v;)dr < lim lim sup Z (€5¢(ul,) 4+ €56). (5.3.38)
j—o0 " J Bt Jjooo €5 jooo
i€zl NGO i€z

From (5.3.29) we have that

ot < X (dontu) + 45) < Mo+ X donlus,). (5339

7] 7] ;7]
ZEZf Zer ’LEZf
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From (5.3.39) and Lemma 5.3.9, we obtain

lim sup Z eo(ul) < Mo +limsup | tpjds = Mo+ [ on(u,)ds. (5.3.40)
j—o0

e Jrg g
From (5.3.34), (5.3.37) and (5.3.38), we obtain that there exists a positive constant
M =M (|| wl|ge, ¢, My, My, |TY])
lim sup Z Ae(v))e(v;)dr < c- Z / Criugwds + M. (5.3.41)
j—0 ic Z] Ne 5(5) k=1

From (5.3.41) and (5.3.28) we obtain

limsup || v; 13 <] w ||} +c Z / Crauguds + Mo.

= k=1

Because of the fact that M is a constant independent of § the statement follows
taking for example 0 = < in (5.3.33) and (5.3.30). Next the boundedness assumption
for u € L°°(Q; R?) can be removed exactly by the same arguments in [3]. ]

Next we make the simple observation that the functional v ~~ / S1H(|vs|)—f(v)
170

is continuous with respect to the weak topology on V. This can be seen by the trace
continuity and the definition of the function H. Also easily we can observe that the
limit functional does not depend on the particular subsequence €; and therefore by
Uryson’s property for the I'-limits, using Lemma 5.3.10 and Lemma 5.3.11 and the
above observations we proved Theorem 5.3.1. O

The cases ¢ = 0 and ¢ = oo are discussed in the following Remark:

Remark 5.3.12. We can see that when ¢ = 0 the influence of the barriers disappear
in the limait problem. Indeed in this case we obtain

F—lir%WE:W
where W :V — R3

W) =5 o+ [ ScH(ed) = 7o)

f

In the other case ¢ = oo we obtain that

' —limW,. =W

e—0

with W :V — R? and

00 otherwise

115



5.3.2 Asymptotic analysis of the spectral problem €&,

Rayleigh’s principle for the operator K gives us
2
u
P ll’lf || ||V

n .
u€EWe,ulus / U2
-
i=T,n—1 ro

f

(5.3.42)

where {u¢}; form the orthonormal sequence of eigenvectors for K¢ corresponding to
the sequence of eigenvalues {\{};. Using trace inequality and (5.1.3) we obtain

Ao > M forany n € N (5.3.43)

with M not depending on €, and therefore {\$} is uniformly bounded from below.
Next we will prove that all the limit points A, of {\},}. > 0 are finite.

)
Lemma 5.3.13. ]flin%ﬁ < 0o then we have limsup A;, < oo for any n € N.
€— € €—0

Proof. Let u € V such that u = @y + 4y where 0 # u; € W and 0 # 4y € V3.

Next consider the recovering sequence for u, i.e., u,. defined in the proof of Theorem
5.3.1,(5.3.27) and (5.3.31). We have that u. € Vs and u. — u weakly in V. Obviously
from the definition of © € V' we can see that there is an ¢y > 0 such that

u. ¢ Vi and u. ¢ W, (5.3.44)

for € < €.
Indeed if u, € V; for a subsequence still denoted by €,with ¢ — 0,then

0 =< fe, Uy >y—< Uy, Uy >v=| @ [|}>0

and therefore the contradiction. Similarly it can be seen that u. ¢ W, for all € < €.
From (5.3.42) we have that

woo LPwolp _luly v
/0 (PWEQG)E /0 ’ag’r /O azT
T Ty Ty

Since . is weakly convergent to v and using the continuity of the trace we get

limsup A\] <

M
e—0 —2
/ ulT
FO

f

< 00

where we used the orthogonal decomposition

Vs =Wed W1
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in order to obtain

[ pwagz= [
ro I

f f

Next we will use an induction argument to prove the statement for all n € N.
Let’s assume that
limsup A\, < oo forany k <n—1. (5.3.45)

e—0

We need to prove
lim sup A;, < o0
e—0
Let {\¢ }e=o be a subsequence of {\¢ }.¢ still denoted by e. Then, using the induction
hypothesis (5.3.45), the orthonormality of the associated sequence of eigenvectors and
a diagonalization argument we find a decreasing sequence {¢;};en,such that ¢; — 0
and

ug B e W (5.3.46)
lim \Y = )\, < o0 (5.3.47)
j—o0

fork=1n-1
Let u € V, u = 6y + uy where 0 # u; € W and 0 # uy € V4, with

uy ¢ span{uy, ..., Up_1} (5.3.48)

We can do that because W has infinite dimension.
Let 4. be the recovering sequence defined before such that %, € V5 and @, — u.

From (5.3.42) we obtain

2
o= e el (5.3.49)

uGWej ,uJ_u:j / u?_do-
i=T,n—1 r$

Consider now
Z9 = U, — Zu < uej,u-j >y (5.3.50)
First we can see that
< z9,uf >y=0forany i =1,n — 1 (5.3.51)

Then 29 € V;, and 2% ¢ V; for j big enough.
Indeed from (5.3.4) we have

< ﬁej,u? >p= A/ / ug’ Ue,; for i=1,n—1 (5.3.52)
1’10
!
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and from the trace continuity, the definition of u%, (5.3.46) and (5.3.47) letting j go
to the oo in (5.3.52) and using the result in (5.3.50) we have

n—1

79 ~Z=u— E uz/\z/ Uir Uty -
X 179
=1 f

If we suppose z = 0 on I'} this is equivalent to

n—1

(U — Z Uz)\z/ uiTu17> =0 on EO
i=1 >0 r

and this is equivalent to

n—1

<U1 — Zul/\l/ UZ'T’LL17-> =0 on ZO
i—1 I .

which implies

Uy — U'z)\z/ UirUir = 0 (5353)

because 1, — Z?:_ll ui/\i/ UirUr € W and W L V.
T
7
But (5.3.53) leads to a contradiction with (5.3.48).

Therefore z. # 0 and this implies the statement, i.e 2% ¢ V; for j big enough.
Next using (5.3.51) and (5.3.49) we obtain

| Pw,, 2 ¥ s M

[ puzi [ e : e

7 7 7
Passing to the limit when 7 — oo we obtain

A <

_ M
limsup A;7 <
j—00 / 272-
F[;,

So we have proved that any subsequence of \¢ has a subsequence {\/ }jen such
that (5.3.54) is satisfied. Therefore we have that

< 0. (5.3.54)

lim sup A;, < oo

e—0

for any n € N O]

The next corollary shows that the weak-limits u, of the sequence {u }.~¢ of the
normal eigenvectors associated to the eigenvalue X, cannot be zero.
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Corollary 5.3.14. Let {u },en is the orthonormal sequence of eigenvectors associ-
ated to X, for the problem (E,).

Then for any n € N we have that every weak-limit u, of {u$}nen (i-e., u, such that
on a subsequence uS, ~ u, ), is nonzero.

Proof. Let n € N be arbitrary fixed. Let u, be a weak limit of {uf,}.Thus there exists
a subsequence of {uf }. still denoted by € such that u — u,,.
Using the variational form of & and the normality of {ug} we have

1
)\6

" fFO U$”_2 .
f
Letting € go to zero above we obtain

1

5

o=
! frg}“m

Next using Lemma 5.3.13 we obtain that

[ a0
FO

f

and this together with the arbitrariness of n implies the statement. O]
Let us now consider the duality operator J¢ : V.5 — (V.5)’
(JuUw) v, yv., = (ww)yy forany u,we Vs

J€ is an operator of subdifferential type

JO=0p ¢ Vs —R (5.3.55)
. 1
o) =5 el (5.3.56)

Lemma 5.3.15. The sequence of operators J¢ is G convergent to Op, with respect to
the weak x strong topology in V x V.

Proof. From the proof of Theorem 5.3.1 the sequence of functionals {¢*} is I'-convergent
weakly in V' to ¢ given by

1 1 1 1
p(v) =5 |v ||%/ +—C/ Cijuv; = = || v ||%/ —i——c/ v,Cv,

where ¢ and the matrix (Cj;); ;_13 are defined in Theorem 5.3.1. Using the G-
convergence result for subdifferentials of I'-convergent sequences (see Attouch [6]-
Th.3.67) we have that the I'-convergences of the sequence ¢ to ¢ imply the G-
convergence of the subdifferentials,

dpt =

119



Theorem 5.3.16. There is a decreasing sequence {¢;}; € N with ¢; — 0 such that
Usl —Up, M — A where (A, u,) solves the limit problem, A, € R and u,, € W such
that:

o(u,) = Ae(uy,), divo(u,) =0, in Q, (5.3.57)
up, =0 onTy o33(u,) =0 on X (5.3.58)
07 (Un) = Unr(Muds —cC)  on  TY, (5.3.59)

where I3 is the unity matriz in M3*3 and ¢ and the matriz C' have been defined in
Theorem 5.3.1.

Proof. Let an arbitrary fixed n € N. Let {\{}.so be the sequence of eigenvalues
for the problem (&) and u¢, the corresponding orthonormal sequence of eigenvectors.
Then there is a subsequence {¢;}; € N such that:

ug —u, and A7 — A\,

We have proved in Lemma 5.3.13 that A, < oo for all n € N.
Let f' € V' be defined as

fri(w) = A3 / ug w, forall we V.
Iy
Using the variational formulation (5.3.4) we have:

f9(w) =< J9uS,w >y v for all w € Vej.

3’ 0nc

This implies

f e 0 (u?) (5.3.60)
The next observation is that:
fri = fn strongly in V' (5.3.61)

where

falw) = )\n/ Up,w, forallw eV
FO
f

The proof of the above convergence is straightforward. Indeed,

I f7 = fallvr="sup A7 /o U wr = A /0 Uns Wr
weV Iy I
l[wllv <1

~Now from the reflexivity of the space V' we have that there exists
w) € V with || w] |[[v< 1 such that

€ € 0yyd J
)\n] /0 Uiy Wor — An /0 UnrWor
r r

f f

IS = o llvr =
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= (A7 — An)/ uif}wgf+)‘n/ (ug, = ),
r9 o
s s
Thus, from Cauchy-Schwartz inequality

1/2 1/2
Ltz = fullv <D=l ([ k) ([ e+
ry ro

f

1/2 1/2
+IM</ i u\) (/ \wéf) .
I}

Next we will use the following interpolation inequality (see [48]):
2(d—1)
d—2
ifd>3 orifd=2 and o = 2, and for all

Lemma 5.3.17. Let Q C R? be as above and let o € [2,
dla—2)+2
200
[ if d =2 and a > 2, there exists a constant C = C(8) such that:

|ifd>3 and o > 2
if d = 2. Then, for 3 =
f €]

o —

|[v]] Lo (a0) < C’HUHL2 Hv||H1(Q), Vv € HY(Q). (5.3.62)
In our case d =3, a =2 and 3 = % and thus the inequality becomes,
| ur ([T2yS M | u lm@ll wllzg) YueV. (5.3.63)
Using the trace inequality, (5.3.63) and the fact that || w) || < 1 we obtain :
fri =% fn strongly in V.
Therefore from (5.3.60), (5.3.61) and using the Lemma 5.3.15 we obtain that:
fn € 0p(uy). (5.3.64)
But (5.3.64) is equivalent with:

(U, W)y = / Upr (Anlz — cC)w, for any w € W. (5.3.65)
1'\0
f

which is the variational formulation for the problem (5.3.57), (5.3.58), (5.3.59).

From the arbitrariness of n € N we have that the Theorem 5.3.16 is proved for
all positive integers n. O]

The main homogenization result of this section is:

)
Theorem 5.3.18. Ifc = lin%(—e)@o then for any n € N we have
€— €

i) lirré A, = A, on the entire sequence,and )\, is the n-th eigenvalue of the limit
€—>
problem,

i) There is a decreasing sequence {€;}jen with €; — 0 such that u; —u,, where
U, 18 the normal eigenvector for the limit problem associated to \,,.
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Proof. Suppose there is A eigenvalue of the limit problem such that A # \,, for any n €
N.
Let u € W be the normal eigenvector associated to A, i.e, || u |[y=1 and

(u,w)y = / ur (A3 — cCw, for any w € W. (5.3.66)
170
7

Now obviously there is m € N such that
A< Apt1- (5.3.67)

From the Lax-Milgram lemma we have that there exists w® € W, such that

< Jw,w > Wi Vi)™ )\/0 u,w, for all w € W,
f

It can be seen easily that w® is bounded in the norm of V.
Then on a subsequence still denoted by € we have,

w"—wase—0

for some w € W. But if we consider fy € V' with f\(w) = )\fpo u;w; then clearly
!

from the definition of w, an J¢ we have
H(w) =< Jw w >y vy In € 0 (we).
So using the G-convergence result stated in Lemma 5.3.15 we obtain
fr € Op(0) =< w,v >y +c/ v,Cw, = )\/ U Uy
o o
f f

for any v € W.

Therefore, from (5.3.66) we have that u = w. Now by Uryson’s property we can
see that
w® — u when € — 0.

Let
m
Ve =w" — E us (W, ug)
1 9 1 V
i=1

Using the interpolation inequality (5.3.63) and (5.3.4) we obtain

€ .
(W us)y = )\f/ us we — )\i/ uiru, fori=1,m.
Iy Iy

On the other hand using the definition of w® we can see that

€ . .
(W us)y = )\/ U U, — )\/ wiru,  for i =1,m.
r r

0 0
f f
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Now because A # \; for all ¢ = 1, m from the last two relations we have that

/ ui;uy =0 for all i =1, m.
T}

Thus (w€, u§)y — 0 and therefore v© — u weakly in V. Noticing that v¢ € W,
and v¢ L u$ for all i = 1, m from the Rayleigh’s principle for (&) we have

€ |12
Ay < Aoty (5.3.68)

R

!

Now, from the definition of w® and the trace continuity we have

lim || o [5= Tim || w* 5= A / (u,)?.
e—0 e—0 F?c

From the last relation, the inequality (5.3.63) and Theorem 5.3.16, passing to the limit
when ¢ — 0 in (5.3.68) we obtain the contradiction. So i) above has been proved and
ii) is exactly the same as in Theorem 5.3.16. [

Next, following an idea in ([6]), we give a Mosco-convergence (see [6] for the

(e
definition of Mosco-convergence) result for the case ¢ = lir% Q < 00:
€e— €

)
Theorem 5.3.19. Let ¢ = lin(l) G < 00 and i € N arbitrary fized and let {\S,uS }n
€e— €

be the couple of eigenvalues and normal eigenfunctions for &..
Then if m; is the order of multiplicity of \;,i.e

A1 < N\ = /\i—l-l =..= )\H-mi—l < )\’H-mi (5369)

then the sequence of subspaces generated by {us, ..., us, ., _} Mosco-converge in L*(Q)
to the eigenspace {U;, ..., Uiym,—1}, associated to ;.

Proof. We remark that the multiplicity of A{ might be strictly smaller than that of
Ai. So if we denote

€ € - € ~ ~ -
span{ug, ..., ui—i—mi—l} = S; and span{t, ..., Uipm,—1} = 5;

we can see that as in the above remark Sf may be strictly larger than the eigenspace
of A{. Now from Theorem 5.3.18 we have that, for any n € N, there is a subsequence
still denoted by € such that

lir% A, = A, and u;/—wu, weaklyin V|

where (u,, \,,) solve the spectral limit problem (5.3.57), (5.3.58) and (5.3.59).
From the linearity of £ and £ we can say that

limsup S; C S;.

e—0
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We can easily see that for arbitrary fixed [, j € {i,...,i +m; — 1}, with [ # j and
uw — w and uj — u;

we have

w # (5.3.70)

Indeed suppose that there are I,j € {i,...,i + m; — 1}, with [ # j such that w, =
u;. Then from

2 =] uf — u || = / (N, — Ao, ) (ay — )
0

passing to the limit when ¢ — 0 using the inequality (5.3.63) we obtain the contra-
diction.

Next we will prove that set {u;, ..., Uiym,—1} is linear independent.

Indeed let

i+m;—1
k=i
We have for any j € {i,...,i + m; — 1} that

i+m;—1
—_ € € __ )€ € € € o
c; = E Crly, Us)y = )\j/ E Ry, | uf, — )\j/ E CrUgr | ujr =0
k=i o k=i o ;

where the last equality above comes from (5.3.71).

Using the linear independence of {u;, ..., jym,—1}, (5.3.70) and the fact that the
dimension of the eigenspace associated to \; is m; we have in fact that

S; = span{w;, ..., Wiym, 1}

and therefore
limsup S; = 5;.
e—0
Because of the compact imbedding of V' in [L?]® we have that there is a subsequence
€; such that

liminf S{ = limsup S;”.
e—0 j—00
Now if there is v such that
v ¢ lim ionf S¢
€E—>

then from the above relation we have

v ¢ limsup S}’ = S;
Jj—00
which implies
S; C liminf S;.

e—0

So we have proved the statement. O
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In the next Remark we will briefly discuss the cases ¢ = 0 and ¢ = oo.

Remark 5.3.20. The case ¢ = 0 can be seen as a particular case of the previous
theorems. The limit problem for the problem &, is

o(u,) = Ae(uy,), divo(u,) =0, in (5.3.72)
up, =0 onTy o33(u,) =0 on X (5.3.73)
0r(Un) = Apns 0N F?c. (5.3.74)

In the other case ¢ = oo we have seen that the sequence {¢}e~o defined in Lemma
5.3.15, I'-converge to ¢ and we have

_Jlullyde if wewn
plu) = { o0 otherwise

Now suppose that there is n € N such that \$ — )\, < co.
Now using the same approach as before, from Theorem 5.3.16 and Lemma 5.3.15 we
obtain that f\ € Op(u,) where f\ has been defined above. This means that

u, € Dom(p) = V).
But we know that u;, € W, s C W which means that
u, € W.

Using the fact that W = Vit in V we obtain w, = 0,which contradicts Corollary
5.83.14. Then our assumption that X\, < oo is false. Now from the variational form
of (5.5.4) if uS, is the normal eigenvector associated to A, we have

1 / € \2
N Upr
A S0 (tnr)

Consider u, € W to be the weak limit of u;, when € — 0. Passing to the limit for
e — 0 in the equality above we obtain

/ (e =0

And this together with the fact that u, € W and W L Vi give us that u, = 0. So
in this case we have that all the eigenvectors of the E. converges to zero and all the
eirgenvalues of the same problem converges to co.

5.4 Physical Interpretation

We give here the physical interpretation of the previous theoretical results con-
cerning the macroscopic behavior of a fault with small-scale heterogeneity of rupture
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resistance (small scale barriers). Through theorems 4.2 and 4.16 we have obtained an
effective (or equivalent) friction law which, used on a homogeneous fault, leads to a
slip evolution similar to the one produced on the heterogeneous fault. More precisely,
for a fault which has e-periodically distributed barriers of radius r. we have proved
that for 0 < ¢ =: lim,,¢ d(€)/e < 0o the sequence of energy functionals I'-converges to
a limit energy functional. This limit functional is associated to another slip weakening
friction problem called the equivalent friction law. These results can be interpreted in
the context of a barrier erosion process during the nucleation phase of an earthquake.

The earthquake nucleation (or initiation) phase, preceding the dynamic rupture,
has been pointed out by detailed seismological observations (e.g. [44, 37]) and it
has been recognized in laboratory experiments (e.g. [36, 67]) to be related to the
slip-weakening friction. This physical model was thereafter used in the qualitative
description of the initiation phase in unbounded (e.g. [16, 2]) and bounded (e.g.
(33, 80]) fault models. Important physical properties of the nucleation phase (charac-
teristic time, critical fault length, etc.) were obtained in [16, 33, 34] through simple
mathematical properties of the unstable evolution.

During the nucleation phase, the stress concentration and at the boundary between
the barriers and the slipping zone exceeds the the barriers’ strength and a part of the
barrier is broken (i.e. it is transformed in a slipping zone). The evolution of the shape
and of the distribution of the barriers can change the effective frictional properties
of the fault and can explain the qualitatively different behaviors with the same local
friction law.

In order to see how the barriers evolution change the effective friction properties
during the initiation phase let us imagine that we deal with a external loading process
on the time interval [0,7]. Since the loading rate of the tectonic plates is very slow
we can suppose that the process is quasi-static. In this context [0, 7], the nucleation
(or initiation) phase of an earthquake, turns out to be the transition between the
quasi-static and the dynamic slip. The fault will be supposed to have periodically
distributed barriers of period € (small non-dimensional distance with respect to the
fault length) and of a variable diameter €d(e,t) (non-dimensional length) with ¢ €
[0,T]. The erosion of the barriers is described by the fact that the function ¢t — d(e, t)
is non-increasing. Regarding the evolution of the parameter

we can distinguish three periods of time. At the beginning of the process, [0,7}], the
diameter of the barriers is large (i.e. Ac(t) is very large). The second period of time
[T, T3] the parameter A.(t) is of the order of unity and the last period [T3,T] the
parameter A.(t) is very small.

1) In the first period of time [0,7}] the barriers are too large with respect to the
distance between them, (i.e. ¢(t) =: lim._od(¢,t)/e = o0) and the equivalent fault
is locked (i.e. no large scale slip even if we can have a small scale slip). This means
that the presence of the ”large” barriers (i.e. with diameters of the same order of
the distance between them) will imply that the effective static friction force is larger
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than the local one. Such a fault can stand ”large-scale” locked without slipping even
if the loading is greater than the local friction resistance.

2) In the second period of time [T7, T3] the ratio between the barrier radius and the
inter-barrier distance is of order of the ratio between the the inter-barrier distance
and the fault length (i.e. 0 < ¢(t) =: limeod(€,t)/e < 00). In this case on the
equivalent fault is acting a slip weakening friction law with a smaller weakening rate.
That means that during this period of time the equivalent fault has a larger critical
slip D.. The presence of barriers that slow down the growth of the instability is
accounted for in the effective law by an initial weakening rate that is much smaller
than that for the local laws. Since the initial weakening of a friction law determines
the initiation duration, as discussed in [49], the initiation time associated with a
large earthquake which develops on a large area of an heterogeneous fault can be
important. The equivalent slip weakening rate may be also negative, hence a slip-
hardening effect can be expected. This type of friction properties were used in [83] in
describing the dynamic rupture arrest. Moreover, the large scale (equivalent) friction
law is not isotropic (i.e. the tangential stress and the slip are not collinear). This can
be explained by the fact that the periodic distribution of the barriers is not isotropic,
hence the limit problem will heritage this anisotropic geometrical perturbation.

3) In the third period of time [13,T] the barriers are too small with respect to
the distance between them, (i.e. ¢(t) =: lim._od(¢,t)/e = 0) and the presence of the
barriers does not affect the friction law on the equivalent fault. That means that the
effective friction law is the same as the local one only in the last stage of nucleation
phase. Moreover the slip weakening rate at the end of the initiation is larger than
the rate of the initial stage of nucleation.

Let us summarize now the role played by the process of erosion of the barriers
in the effective properties of the homogenized fault. In this context the time period
[0, 7] turns to be the " (effective) locking period”, the second one [T, T3] is the "first
stage of (effective) initiation” and the last one [T5,7] becomes the "last stage of
(effective) initiation”.

i) The effective friction resistance (static friction) is greater than the local one.

ii) The slip weakening rate is smaller at the beginning of initiation phase than at
the end. This imply a concave shape of the friction distribution with respect to the
slip of the effective friction law. From the concavity of the friction law we can expect
a long initiation phase.

iii )A negative weakening rate (i.e. hardening of the friction force) can be present
in some cases at the beginning of the initiation phase.

iv) A loss of the isotropicity of the friction force can be remarked during the first
stage of the nucleation phase.

We have to mention that the partition of the initiation phase into two stages with
two weakening rates was also pointed out in [17] into a different context. Indeed, in
[17] they analyze a dynamic two dimensional (anti-plane) process, and the separation
between the two stages is given by the fact that barriers are (almost) instantaneously
broken. In contrast in the present analysis this separation is given by a quasi-static
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erosion of the barriers.
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Chapter 6

Appendix

In this Section we will present the proofs for some of the results used in the
previous Sections and which were not included in the main body of the chapter for
the sake of clarity of the exposition.

6.1 Definition and Properties of the Unfolding Op-
erator

Let 2. ={£ € Z"; (£ +€Y) N Q # (0} and define

Qc= | J (€ +ev) (6.1.1)
geE.
Let us also consider H,,.(Y) to be the closure of C75,.(Y) in the H' norm, where
Cpe.(Y) is the subset of C*(RY) of Y-periodic functions, and

Woer (V) = {v e H' (Y)/R, |—§1/|/Y“zy = o}

(see [24] for properties).

Next, similarly as in [22],[31], if we have a periodical net on RY with period
Y, by analogy with the one-dimensional case, to each x € RY we can associate its
integer part, [z]y, such that z — [z]y € Y and its fractional part respectively, i.e,
{z}y =« — [z]y. Therefore we have:

x

xze{—} +6[q for any x € RY.
ely ely

We will recall in the following the definition of the Unfolding Operator as it have
been introduced in [22](see also [31]), and review a few of its principal properties. Let
the unfolding operator be defined as 7, : L*(Q.) — L*(Q x Y') with

T.(9)(x.y) = 6le | Z| +ey) forall o€ L)
We have (see [22]):
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Theorem 6.1.1. For any v, w € L*(Q)) we have

1.
T(vw) = Te(v)Te(w)
2.
V, (T:(u)) = €T.(V,u) where u € H'(Q)
3. .
udr = — T (u)dxdy
fyte = [, T
/.
/QW?U - myZ(U)dxdy‘ < |U’|L1({xefle;dist($,89)<\/ﬁe})
.
T.(Y) — ¥ uniformly on Q XY for any ¢ € D(Q)
0.

T.(w) — w strongly in L*(Q xY)
7. Let {w.} C L*(2 x Y) such that w. — w in L*(Q). Then

T(w.) — w in L*(Q x Y)

8. Letwe — w in H' (). Then there exists a subsequence and o € L* (Q; H},,(Y))
such that:

a) To(w.) — w in L*(Q; HY(Y))
b) T(Vw.) — Vyw + Vb in L*(Q x Y)

Another important property of the Unfolding Operator it is presented in the next
Theorem due to Damlamian and Griso, see [41].

Theorem 6.1.2. For any w € H'(Q) there exists w. € L*(Q, H!

per

(Y)) such that

per

{ el 20,11, (vy) < Ol Vew|| 2y (6.1.2)
| T(Vaw) = Vow = Vydoe|[r2(vn-1()) < Cel|Vaw]|z2yy

where C'" only depends on N and €.

Next present some interesting technical results obtained in [41] which are used in

Section 4. Define p(.) = mf{&, 1} where p(z) = dist(z,05). Define also Q. =
€

{z € Q; p(x) < €} and for any ¢ € L*(Q) consider M (¢)(x) = %/Y’];(qb)(x, y)dy.

Let v € H?(Q2) be arbitrarily fixed, and the regularization Q. defined at (2.0.6). Then
(see Griso [41], for the proofs)
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Proposition 6.1.3. We have

L. ||vxpe||L°°(Q) = ||pr€||L°°(Qe) =

1
2. 1100 = pJollizzp < [ollpas < Cetllvllm) for any v e HY(Q)

1 ) 1
3IVavll 2, < Cezl|v]laz@) = [[Qe(Vav)ll 2 HIMy (Vav)ll 2,y < Ce2||v]|n2q)
for any v € H*(Q).

. . 1
4 AWz + IV O)lla@,y < Ce2l[Yllm ) for every 4 € Hp,,(Y)
5. || My (v)|] 20y < ||U‘|L2(Q€) for any v e L*()

v — My (v)||r2(0) < Ce||Vvl[L2@y~
6. H’U — Z(U)HLQ(QXY) S CEHVUH[Lz(Q)]N
1Q:0) = Mg (0)l|z2(o) < CellVollaays  for any v e H(Q)

7. HQG(v)w(é)HLz(Q) < C’HUHLQ(QE}Q)HwHLz(y) for any v € LQ(QGQ) and ¢ € L*(Y)
6.2 Convergence results a the smoothing argument

Let m,, € C'"° be the standard mollifying sequence, i.e., 0 < m, <1, fRN mydz =
1, sppt(my,) C B(0, ). Define A"(y) = (m,, * A)(y), where a has been defined in the
Introduction (see (2.0.1)). We have:

1.A" — Y periodic matrix

2| A" < Al

3.A" — A in LP for any p € (1,00) (6.2.1)
From (6.2.1) we have that c[¢]* < A% (y)&€; < Cl¢|* VE € RN, Define
hom n n aX?
(A, )ij = MY(Aij<y) + A(Y) 0yk) (6.2.2)

1
where My (-) = m / -dy and xj € Wer(Y') are the solutions of the local problem
Y

—Vy - (Ay)(VX] +¢€5)) =0 (6.2.3)

Next we present a few important convergence results needed in the smoothing
argument developed in the previous Sections.
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Lemma 6.2.1. Let f,, f € H Q) with f, — f in H Q) and let b*,b € L*(Q),
with
cl¢]® < (y)&&; < ClEP
clé]® < bij(y)&&; < ClEP
for all ¢ € RY and
bt — b in L*(Q)

Consider ¢, € H}(Q) the solution of

/Q b (2) V¢, Vipdr = /Q fupdz

for any ¢ € H} (). Then we have
G = in Hy(Q)

and ¢ wverifies

/ b(x)V(Vipdr = / fbdx for any ¢ € HI(Q).
Q Q
Proof. Immediately can be observed that

Gal () < C

and therefore there exists ( such that on a subsequence still denoted by n we have
¢ — ¢ in Hy(Q) (6.2.4)

For any smooth ¢ € H} () easily it can be seen that

/b"(x)vgnvwdazﬁ/b(x)VCVz/de
Q 0

and this implies the statement of the Lemma. Due to the uniqueness of ¢ one can
see that the limit (6.2.4) holds on the entire sequence. O

Remark 6.2.2. Using similar arguments it can be proved that the results of Lemma
6.2.1 hold true if we replace the Dirichlet boundary conditions with periodic boundary
conditions.

Corollary 6.2.3. Let u € Hy(Q) be the solution of

v (A”(%)Vu’j) —f nQ
r=0 on 082

u

We then have

u . in Hy(Q)

where u. verifies

—V-(A(%)Vue) —f nQ
ue =0 on 02
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Proof. Using (6.2.1) we have that

A(

LIRS

)5 AS) in L2(Q)
€
and the statement follows immediately from Remark 6.2.2.

Corollary 6.2.4. for j € {1,..., N}, let X7 € Wy, (Y') be the solution of

=V, - (A"(y)(VX] +¢5)) =0

(6.2.5)
where {e;}; denotes the canonical basis of RY. Then we have

Xj — X5 in Wer (Y)
where x; € Wper(Y') verifies

—Vy - (A[Y)(Vx; +¢5)) =0
Proof. From (6.2.1) we obtain

o .. 0 . /
8yiAij(y) a_yiAij(y) in (Wper(Y))

The statement of the Remark follows then immediately from Remark 6.2.2 O
Proposition 6.2.5. Letv € [HY(Q)]Y be arbitrarily fived and for every j € {1, .., N},

let xj € Wyer(Y) be defined as in (6.2.3), and X} € Wyer(Y), for j € {1,.., N}, to be
the solutions of (6.2.5.

Define (. ) = X3 (s, e, 2) =350y, 97, 2) =3 (2)u(w), o, )
Xj(;)@e(vj)- We have that

1. g" % g in H(Q)

2. Ifve W)Y, p> N, then ,h™ ™ h in H'(Q)

Proof. First note that applying Corollary 6.2.4 to the sequence {X;L}n we have

Xj =X in We(Y)
Next we have

(6.2.6)

I Dl = [ I Pdr+ [ (9w et [ (G EIV.Quw) e

(6.2.7)
and
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ny T n, T 1 n, T n, T
I ey = [ G+ 5 [(Tpde+ [ (Ve
Q € € Q € Q €
(6.2.8)

For the first convergence in Theorem 6.2.5 we use that
n T n
G (D)Qe(wi)lln @) = ClIXG llwer vy (6.2.9)
Next we can see that (6.2.7) imply that

X

lg" (2, ) = g, =) [y = / () = (D) (@uley))Pda

and using (6.2.9) we obtain the desired result.

€

For the second convergence result in Theorem 6.2.5 we will recall now a very
important inequality (see [53], Chp. 2) to be used for our estimates.

For any p > N we have

N 1-N
I, 2, ) < eIl + Volls 6y (6210)

for any ¢ € H*(2) and where c(p) is a constant which depends only on ¢, N, Q.

For v € [W1P(Q)]Y with p > N, using (6.2.6), the Sobolev imbedding W1?(Q) C
L>(€2) and (6.2.10) in (6.2.8) we obtain

W, X
|[h" (z, ;)H?{l(n) <C

where the constant C' above does not depend on n.
Next we can easily observe that

i T

1, 5) = i Dl = [ (G =) (s

€ €
and in either of the above cases, (6.2.6) and a few simple manipulations imply that

T

W (2, 5) ih(a;,%) in L*(Q)

This together with the bound on the sequence {A"(x, £)}, implies the statement of

the Corollary. O

The two convergence results in the next Corollary will follow immediately from
Proposition 6.2.4.

8UQ

O;

. Ouyg

Corollary 6.2.6. Let w}(z, %) = Xn(z)(’?_x]

j and uf (x,g) = Xj (;)Qe( ). Then

we have
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1. If ug € W3P(Q) for p > N,
w B wy in HY(Q)

2. If ug € H2(Q),
u' oy in HY(Q)

Corollary 6.2.7. Let 07 be the solution of

—V- (A”(%)V@?) =0 inQ, 0" =uw(x, %) on 99 (6.2.11)
and (7 be the solution of

v (A”(%)Vﬂ?) —0 inQ, "= ul(z, %) on 9 (6.2.12)

We have that
(i) if up € W3P(Q), p > N, then
0" X0, in Hl(Q)

(ii) if ug € H?*(Y), then
B = B in H(Q)

where 6. and B. satisfies

YV (AEWVO) =0 in Q0 =wi(z,2) on 99 (6.2.13)
€ €

and

V. (A(%)Vﬁg) =0 inQ, B=u(r, %) on 0f) (6.2.14)

Proof. Using Corollary 6.2.6 and a few simple arguments one can simply show that

V- (A Vi (e, 2) A =V (A Ve (e, 2) in H(Q)

and
V- (AC)Vui(e, 2) & =V (A Vun (e, 2) in H(Q)

Homogenizing the data in the problems (6.2.11) and (6.2.12) and using Corollary
6.2.6 and Lemma 6.2.1 the statement follows immediately. O

Corollary 6.2.8. For anyi,j € {1,..,N} let xj; € W, (Y) be the solutions of:

Vy - (A"Vyxi;) = b — My (b)) (6.2.15)
where e 5
X.
Pl = — A" — AN L (AT T
i ij ik Oy ayk( szj)

and My (.) is the average on Y.
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Then we have
Xij = Xij 0 Wper(Y) for any i,j € {1,..,N}

where x;; satisfies

/ AW)Vyxi;Vybdy = (bij — My (big), V) (Wyer (V) Wer (V) (6.2.16)
Y
for any ¥ € Wy (Y) and with
ox; 0
J J k 8yk ayk ( kXJ)
Proof. For any ¢ € W, (Y), we have that,
[ = dody = [ (- - a0y Ay [ vy [ Aoy
Y Y Yk Y Y Yk
(6.2.17)
where we have used that My (b};) = —(AL™); (see [59]).
Using (6.2.1), (6.2.6), and simple manipulations we can prove that
X7} IX;
A —L ~ Ayp—L in L*(Y 6.2.18
ik ayk kayk ( ) ( )
and
ARXS — Awx; in LA(Y) (6.2.19)
From (6.2.18), (6.2.1) and (6.2.2) we have that
(AR™)i5 — AL (6.2.20)

Finally using (6.2.1), (6.2.6), (6.2.18) and (6.2.19) in (6.2.17) we obtain that
biy — My (b3) — bij — My (bij) in (Wper(Y))'

This and Remark 6.2.2 complete the proof of the statement. ]
Remark 6.2.9. We can easily observe that we have
n.n N n aXZL n, aXU :
Al = Aijxig, A (93/: = A Do weakly in Wye,(Y)
Corollary 6.2.10. Let ug € H*(Q) be the solution of the homogenized problem (2.0.2)
and X3, Xij € Wyer(Y') be defined by (6.2.15) and (6.2.16). Suppose that there exists
82U0

(%j@xi

p > N such that ug € W3P(Q). Define uj(x,y) = X3 ()

(92u0
UL

() and us(x,y) =

(). Consider ¢ the solution of

V(A =0 in Q. ot =ul(z, ) on 00 (6.2.21)
€ €
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Then we have that

n

we, D) Boug(e, ) and @ e in HY(Q)
€

a8

where . satisfies
V- (ASVe) =0 in Q, . :u2(x,§) on 0Q (6.2.22)
€

Proof. Following similar arguments as those used in Corollary 6.2.5 we can prove that

w, T om D?ug
Uy (ZE, Z) X’L](y) ax]é?xz

(r) in H'(Q)

Using the above convergence result and similar ideas as in Corollary 6.2.7 we
complete the proof of the statement. n
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