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Abstract

The sensitivity of the He6-CRES experiment is limited by frequency-dependent oscillations
in the signal-to-noise ratio (SNR) observed in initial data. We model these oscillations as
a result of various reflective components in the apparatus forming a multi-mirror Fabry-
Pérot cavity. Electromagnetic simulations of key RF components along with a model for the
reflections will allow us to mitigate the issue of irregular SNR. Prior work has characterized
several elements of our radio-frequency (RF) system in simulation, namely the quarter-wave
polarizer and circular-to-rectangular waveguide transition. In this project, we construct a
model and simulation of the full He6-CRES waveguide system, including simulating CRES
radiation in a decay cell, enabling a more comprehensive computational study of the observed
SNR variations.
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Chapter 1

Background

The He6-CRES experiment will perform high-precision β-decay spectroscopy of 6He and
19Ne through a frequency-based experimental technique called Cyclotron Radiation Emission
Spectroscopy (CRES) [1]. The experiment is a low-energy probe of physics beyond the
Standard Model, as distortions to the β spectrum may correspond to non-standard chirality-
flipping scalar and tensor currents, parametrized by the Fierz interference term bFierz [2].

He6-CRES aims to perform a measurement of bFierz with sensitivity ∆b ≲ 10−3, which
would enable probes of new physics at the >10 TeV scale [3].

1.1 Beta decay experiments and bFierz

Beta decay is a fundamental type of nuclear decay mediated by the weak interaction in which
a nucleon releases a β± particle (electron or positron) and a neutrino. β− decay is described
by the process n → p + e− + ν̄e via a W− boson, and β+ decay is p → n + e+ + νe via a
W+ boson. Due to the mass of the proton being greater than then mass of the neutron, free
protons cannot undergo β+ decay, so this process only affects protons in a nucleus.

Beta decays have been key to both theoretical and experimental breakthroughs in the
development of modern particle physics and the theory of the standard Model. In 1930,
Wolfgang Pauli hypothesized the existence of the neutrino (under the later-revised name of
”neutron”) to explain continuous beta energy spectra [4]. In 1956, the seminal Wu experi-
ment [5] discovered that the weak interaction was parity violating by finding asymmetry in
the angular dependence of 60Co beta decay. Today, beta decay continues to provide insight
into the Standard Model and is being used in experimental searches for physics Beyond the
Standard Model (BSM).

In the Standard Model, weak interaction is described by vector-minus-axial vector (V-A)
theory, which implies that weak interactions can only involve left-chiral fermions or right-
chiral antifermions: parity is maximally violated and chirality is conserved. In some Beyond
the Standard Model theories, new physics at energies beyond the electroweak symmetry
breaking scale ≳ 10 TeV would violate chiral symmetry. In particular, some BSM extensions
of the weak interaction include chirality-flipping scalar and tensor currents in addition to
the existing V-A model. From Cirigliano et al. [6, 7, 3], a correspondence can be made
between new physics at these high energies and distortions to low-energy (MeV-scale) nuclear
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1.2. CYCLOTRON RESONANCE EMISSION SPECTROSCOPYCHAPTER 1. BACKGROUND

Figure 1.1: Feynman diagram of β− decay

processes such as beta decay. The scalar and tensor coupling constants ϵS and ϵT contribute
linearly to the Fierz interference term bFierz, a parameter which introduces anm/E distortion
in the beta differential decay distribution. bFierz = 0 in the Standard Model.

dNobs

dE
=

dN

dE

(
1± bFierz

me

E

)
. (1.1)

The sign of the bFierz distortion is + for β− decays and - for β+ decays. Furthermore,
pure Fermi decays probe exclusive scalar currents ϵS, while pure Gamow-Teller decays probe
exclusively tensor currents ϵT , and mixed transitions probe a linear combination of the two
[7]. For example, 6He decays via pure Gamow-Teller decay, 14O decays via a pure Fermi
decay, and free neutrons and 19Ne have mixed decays.

It is established in [7, 3, 8] that experimental measurements of bFierz with uncertainties
∆b ≲ 10−3 in beta decay experiments would achieve a sensitivity to physics at energy
scales > 10 TeV. Current experimental limits on bFierz are set by ultracold neutron decay
spectroscopy and angular correlation experiments such as UCNA and UCNb [2] at Los
Alamos National Laboratory and Nab at Oak Ridge National Laboratory [9]. He6-CRES
aims to reach 10−3 sensitivity from the beta decays of 6He and 19Ne using a frequency-based
technique called Cyclotron Radiation Emission Spectroscopy.

1.2 Cyclotron Resonance Emission Spectroscopy

A particle with charge q and mass m (e.g. electron or positron, denoted β±) in a magnetic

field B⃗ undergoes cyclotron resonance,

qv⃗ × B⃗ = γ
mv2

r
. (1.2)
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1.3. THEORY OF WAVEGUIDES CHAPTER 1. BACKGROUND

Taking E = γmc2, the frequency of cyclotron resonance fc for a β± with energy E is
given by

fc =
|q|
2π

Bc2

E
. (1.3)

The frequency of cyclotron resonance depends inversely on E. Measuring fc is thus a
proxy for measuring the energy of a β± particle without directly interacting with it [10]. As
a charged particle spins, it emits coherent circularly polarized electromagnetic radiation at
the cyclotron frequency, which couple to the fundamental mode of a circular waveguide and
are received by an antenna and amplified. The cyclotron frequency increases as the particle
loses energy to radiation, so CRES events appear as chirped signals at the LNA output,
with the start frequency as the figure of interest for beta spectroscopy. A short-time Fourier
transform plots the frequency space representation of a CRES signal in time.

Figure 1.2: 83Kr CRES data from [1]. Right: Spectrogram showing full 1.1 GHz bandwidth.
Left: Zoom-in on a single CRES event

CRES was developed by the Project 8 experiment as a technique to directly measure the
neutrino mass via the tritium β spectrum endpoint (18.6 keV). [11, 10], as a low-volume
alternative to other precision β spectroscopy experiments such as KATRIN [12]. The He6-
CRES experiment applies CRES over a much broader energy bandwidth, to measure full β
spectra rather than just the endpoint.

CRES has various advantages compared to traditional β calorimetry methods. Experi-
ments that involve depositing energy in a semiconductor or scintillator detector must account
for losses such as backscattering and bremsstrahlung, and energy resolution is limited by the
detector material. CRES does not directly measure β interactions with matter, and en-
ergy resolution is fixed by the frequency resolution of the Fourier transform applied to the
amplifier readout [1].

1.3 Theory of waveguides

A plane wave propagating losslessly along the z-axis has a harmonic time and z dependence as
ei(ωt−βz), where the propagation constant β = 2π

λ
= ω

vp
, carrying a wave number k = 2π

λ0
= ω

c
,

9



1.3. THEORY OF WAVEGUIDES CHAPTER 1. BACKGROUND

where λ is the physical (peak-to-peak) wavelength, vp is the phase velocity, λ0 is the free-
space wavelength of a plane wave with frequency ω, and c = 1√

εµ
[13]. Representing the wave

as a phasor and omitting the time-dependent term, the phase of the wave is ϕ(z) = βz, and
the phase shift picked up over a distance of L is accordingly ϕ = βL.

In a TEM structure (e.g. coplanar waveguide or free space), β = k. For TE or TM
waves, as in circular and rectangular waveguides, this simplifying relationship does not hold,
instead propagation is described by the cutoff wavelength kc, such that [13]

k2
c = k2 − β2. (1.4)

To support eiβz propagation through a waveguide, it is required that β be real, equiva-
lently

β2 = k2 − k2
c > 0. (1.5)

kc is determined by solving Maxwell’s Equations inside the specific geometry of the
waveguide, and depends on the waveguide dimension mode indices (n,m). With R as the
inner radius of the circular waveguide, a and b as the inner dimensions of the rectangular
waveguide along x and y respectively, [13]

kc =

√(nπ
a

)2

+
(mπ

b

)2

(rectangular waveguide), (1.6)

kc =
pnm
R

(circular waveguide, TMnm), (1.7)

kc =
p′nm
R

(circular waveguide, TEnm). (1.8)

Here, pnm and p′nm denote the mth zero of the Bessel function of the first kind Jn(x) and its
derivative J ′

n(x).

(a) (b)

Figure 1.3: Cross section of TE10 in a rectangular waveguide (a) and TE11 in a circular
waveguide, polarized along x (b) [14]

The fundamental mode of a waveguide is the mode with the lowest cutoff wave number.
In a rectangular waveguide, the fundamental mode is (taking a > b without loss of generality)
the TE10 mode, with kc = π

a
(Fig. 1.3a). In a circular waveguide, this is the TE11 mode,

with kc ≈ 1.8412
R

, depicted in Figure 1.3b. This mode is degenerate with continuous polar
symmetry, so it is conventionally analyzed as two orthogonal polarizations along x and y.

10



1.4. HE6-CRES WAVEGUIDE SYSTEM CHAPTER 1. BACKGROUND

1.3.1 Power flow and attenuation in waveguides

We may define the Poynting vector as

S⃗ = E⃗ × H⃗∗. (1.9)

From this expression, the power flow along the the waveguide through a cross section A0

perpendicular to the direction of propagation ẑ is given by

P =
1

2
Re

∫
A0

E⃗ × H⃗∗ · ẑ dA. (1.10)

The factor of 1
2
corresponds to the root-mean-squared time averaging of the electric and

magnetic fields.
The propagation constant iβ is often generalized to include an attenuative term γ =

α+ iβ, arising from propagation through a lossy medium. Attenuation in waveguides occurs
from dielectric loading or from Ohmic conductor losses. Since the He6-CRES waveguides are
evacuated, attenuative losses are attributed to conductor losses only. The Ohmic attenuation
term for TEn,m and TMn,m modes in a circular waveguide can be approximated for ω > kcn,mc

[15], where η =
√

µ0/ϵ0 is the impedance of free space and Rs =
√
ωµ0/2σ is the surface

resistance of the waveguide walls, with finite electrical conductivity σ:

αc =
Rsω

aηβn,mc


(

kn,mc

ω

)2

+ n2

p′2n,m−n2 TE

1 TM.
(1.11)

More strictly, conductive waveguide walls modify the boundary conditions at the waveg-
uide walls, perturbing the TE and TM mode basis and thus the power flow along the waveg-
uide, which were both previously taken to be ideal in deriving Eqn. 1.11. The approximation
fails when ω is very close to ωc, and when ω < ωc the finite conductivity allows for a small
amount of power to flow down the waveguide as current induced in the skin depth of the
conductor walls. Methods to construct to the modified mode basis and derive more accurate
expressions for αc are described in e.g. [16]. A more detailed discussion of power flow in
CRES experiments including these attenuation effects is in preparation [17].

1.4 He6-CRES waveguide system

A diagram of the Phase II He6-CRES RF system is given in Figure 1.4. CRES events occur
in the decay cell (A), which contains the gaseous β emitter. CRES radiation leaves the decay
cell and passes through a circular-to-linear polarizer (B). The linearly polarized wave passes
through a waveguide transition (C) to a rectangular waveguide (D), to a microwave circulator
coupling the rectangular waveguide to RF low-noise amplifiers (LNAs) (E). CRES radiation
leaving the decay cell in the opposite direction propagates through a circular waveguide to
a waveguide terminator (F).

In the previous iteration of the experiment (Phase I), the two sides of the decay cell had
symmetric RF systems apart from the waveguide U-bend. An additional circular-to-linear
polarizer and circular-to-rectangular waveguide adapter were installed on the left side of the

11



1.5. RF NETWORK PARAMETERS CHAPTER 1. BACKGROUND

Figure 1.4: Diagram of He6-CRES system. A: Decay cell. B: Polarizer. C: circular-to-
rectangular waveguide transition. D: Rectangular waveguide. E: to LNAs. F: circular
waveguide terminator.

decay cell A. Instead of a terminator at F, a second RF amplifier system read CRES data
in parallel to the readout at E.

The amplifier readout is digitized at 2400 MHz in bins of 213 samples. The Fourier
transform of the binned data forms a 2D plot of Fourier amplitude in frequency and time.

1.5 RF network parameters

1.5.1 Scattering parameters

Scattering parameters (S-parameters) are a type of linear network parameter that relate the
amplitudes of incident (ai) and reflected (bi) waves at each port of a microwave network.
S-parameters describe how much a wave incident on any one port excites a wave leaving
a specific port. By using field amplitudes, S-parameters bypass the ambiguity of defining
voltage and current in non-TEM structures, and lend themselves especially well to analysis
of components at microwave frequencies. A typical 2-port microwave network is depicted in
Figure 1.5.

a1

b1 a2

b2

[S]

Figure 1.5: 2-port S-parameters, with incident and reflected field amplitudes an and bn

The S-parameters for a 2-port network are defined as:(
b1
b2

)
=

[
S11 S12

S21 S22

](
a1
a2

)
(1.12)

In the canonical 2-port example, S11 = b1
a1

∣∣
a2=0

is the reflection at port 1 when port 2

is terminated, and S21 = b2
a1

∣∣
a2=0

is the transmission from port 1 to port 2 when port 2 is
terminated.

12



1.5. RF NETWORK PARAMETERS CHAPTER 1. BACKGROUND

A general N -port network can be described by the following S-parameter matrix. Gen-
erally, Sij expresses how much a signal incident on port j excites a wave at port i, when all
ports other than j have zero incident signal.b1

...
bn

 =

S11 . . . S1n
...

. . .
...

Sn1 . . . Snn


a1

...
an

 (1.13)

Using 4-port networks is natural for analyzing series RF elements in the He6-CRES
experiment. The fundamental mode of a circular waveguide is the TE11 mode, which is
degenerate with polar symmetry. We decompose this mode into orthogonal x and y polar-
izations, which can be treated as two independent “virtual” ports at the same “physical”
port. In this sense, a two-ended component in a circular waveguide can be analyzed as a
balanced 4-port network.

Borrowing terminology from the theory of coupled antennas, we introduce the notion
of Active S parameters to describe transmission and reflection of a circularly polarized
wave through a component. Active S parameters describe a weighted sum of a devices
S-parameters under a certain excitation times the magnitude and phase of that excitation.
A circularly polarized wave is a superposition of an x-polarized and y-polarized wave with
equal magnitude and 90◦ phase difference, so we can write

Active Sij =
ExSij,x + EySij,y

|Ex|2 + |Ey|2
=

Sij,x ± iSij,y√
2

, (1.14)

Where Sij,x and Sij,y are the S parameters under an x-polarized and y-polarized incident
wave respectively. The ±i phase is for right handed (+i) and left handed (−i) circular
polarization.

1.5.2 Transfer scattering parameters

Transfer scattering paramaters, or T-parameters, are another wave-amplitude network pa-
rameter that facilitate characterizing the overall performance of several “cascaded” mi-
crowave networks in series [14]. T-parameters allow for cascading microwave networks in
close analogy to using ABCD network parameters for cascading 2-port lumped element net-
works. For a two-port network, the T-parameters are defined as 1(

b1
a1

)
=

[
T11 T12

T21 T22

](
a2
b2

)
(1.15)

Consider two two-port networks with T-parameters T1 and T2. The T-parameter matrix
describing the series combination of the two networks is simply T = T1T2, and this cascading
extends to an arbitrary number of networks in series. Most importantly, while T-parameters
cannot be physically measured in the same way as S-parameters, there exists a well-known

1Some conventions reverse the order of b1 and a1 on the left-hand side and a2 and b2 on the right, yielding
different but equivalent notation in (1.16).
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1.5. RF NETWORK PARAMETERS CHAPTER 1. BACKGROUND

conversion between S-parameters and T-parameters [14],

T11 = S12 −
S11

S22

S21 S11 =
T12

T22

T12 =
S11

S21

S12 = T11 −
T12T21

T22

T21 = −S22

S21

S21 =
1

T22

T22 =
1

S21

S22 = −T21

T22

(1.16)

Using these conversions, we can obtain “overall” S-parameters of a series of cascaded
microwave networks with known S-parameters [S1], . . . , [SN ] by following a simple algorithm:

1. Using S to T transformations from (1.16), convert each [S1], . . . , [SN ] to T-parameters
[T1], . . . , [TN ].

2. Calculate the overall T parameters of the entire network with simple matrix multipli-
cation

[T ] =
∏
n

[Tn].

3. Using T to S transformations from (1.16), convert T to the overall network S parame-
ters.

This overall S-parameter matrix takes into account the full wave behavior throughout the
whole network naturally from the T-parameter chaining, without additional analysis needed.

1.5.3 Generalizing to N-port networks

Recent studies [18, 19] explore the idea of generalizing the traditional two-port T-parameter
definition to a cascaded series networks with N > 2. The S-parameter matrix of an N -port
network remains square (N × N) for all N . The definition of the T-parameters implicitly
requires denoting ports as input (“external”) ports or output (“internal”) ports for cascad-
ing, so in unbalanced networks with a different number of internal and external ports the
input/output symmetry is broken [18]. An unbalanced network with will thus have a non-
square T-matrix. However, balanced networks still have a square T-parameter matrix, and
we will limit the scope of this discussion to balanced 4-port networks, with two external ports
and two internal ports. The T-parameter matrix for such a network with external ports 1,2
and internal ports 3,4 is 

b1
b2
a1
a2

 =


T11 T12 T13 T14

T21 T22 T23 T24

T31 T32 T33 T34

T41 T42 T43 T44



a3
a4
b3
b4

 (1.17)

Cascading 3 such networks is schematically represented in Figure 1.6.

14



1.5. RF NETWORK PARAMETERS CHAPTER 1. BACKGROUND

Figure 1.6: Cascading three 4-port balanced networks with T-parameters [18]

Working with ports assigned as external or internal, N -port network parameters may
be either between two external ports (external-to-external), between two internal ports
(internal-to-internal), internal-to-external, or external-to-internal. Notice that a multiport
network parameter matrix can be decomposed into submatrices of parameters that fall in
the same “group” of input and output ports, as in (1.18).

S =

[
[See] [Sei]
[Sie] [Sii]

]
T =

[
[Tee] [Tei]
[Tie] [Tii]

]
(1.18)

It can be shown [18, 19] that not only does a transformation between N -port S- and
T-parameters exist, it generally preserves much of the familiar structure of (1.16).

T11 = Sei − SeeS
−1
ie Sii See = TeiT

−1
ii

T12 = SeeS
−1
ie S12 = Tee − TeiT

−1
ii Tie

T21 = −S−1
ie Sii S21 = T−1

ii

T22 = S−1
ie S22 = −T−1

ii Tie

(1.19)

1.5.4 Observed SNR oscillations

In the intial He6-CRES data collection stage (Phase I), we observed a strong frequency-
dependent oscillations in the signal-to-noise ratio (SNR), as shown in Figure 1.7 at various
B-field strengths. These oscillations are characteristic of internal reflections of CRES ra-
diation off of various components in the RF assembly causing constructive and destructive
interference of the signal. SNR variations interfere with accurate CRES event reconstruction,
limiting our sensitivity to bFierz. It is therefore critical for the experiment to exhibit uniform
and sufficiently high SNR over the frequency range of interest. The waveguide terminator
at point F of Figure 1.4 was installed to mitigate these reflections, but the SNR oscillations
remained a prominent feature of the experimental data (Fig. 1.8). The dominant oscillation
peaks are spaced by about 90 MHz, corresponding to an interference with a path length
on the order of twice the distance between the decay cell and the waveguide termination.
This work contributes to efforts to understand and characterize the SNR oscillations and to
suggest future hardware upgrades.
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Figure 1.7: SNR vs. frequency varying magnetic field strength, before installing terminator

Figure 1.8: SNR vs. frequency varying magnetic field strength, with terminator

16



Chapter 2

Methods

Full-wave simulations of the RF components were performed in Ansys HFSS, a finite-element
method solver for full-wave electromagnetic simulations [20], particularly well-suited to mod-
eling high-frequency RF and microwave applications. All relevant components were modeled
in the native 3D CAD environment, and assigned conductive or dielectric material properties
or boundary conditions as needed. Copper waveguide material was frequently approximated
as a perfect electrical conductor (PEC) material in the interest of computation time, except
when investigating attenuation effects from conductor losses.

2.1 Simulating individual components

Waveguide components were first simulated individually to characterize their reflective and
transmissive properties as S-parameters. Models of the circular-to-linear polarizer, waveg-
uide transition, and circular waveguide termination were performed. The S-parameters of
polarizer and waveguide transition in series were simulated directly in HFSS and calculated
using transfer scattering parameters. Additional analysis was performed to characterize the
behavior of this component assembly under a circularly polarized incident wave, intended as
a proxy for CRES radiation.

The waveguide structure enclosing each component was assigned wave-port excitations
at either end, which instructs HFSS to numerically solve for the modes of the waveguide
in order of increasing cutoff frequency, then to express the S-parameters of the structure in
terms of the waveguide modes at the port. Ansys HFSS reports S-parameters for each mode
of each physical port of the structure being simulated. For legibility, this report attempts
to retain the familiar two-port language (S11, S12, S21, and S22) with an additional qualifier
for the polarization of the mode in question, rather than use 4-port notation.

The He6-CRES waveguide system is constructed with WR42 rectangular waveguides
(internal dimensions 0.42”× 0.17”) and 0.455” diameter circular waveguides.

2.1.1 Circular-to-linear polarizer

The polarizer applies a 90◦ relative phase shift between orthogonal components of a wave at
45◦ relative to the orientation of the polarizer. This allows for the conversion of circularly
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polarized waves to linearly polarized waves as well as the reverse. Especially in free space,
quarter-wave polarization is performed with a birefringent crystal [21], but the He6-CRES
polarizer is a diamond-shaped dielectric sheet inside a circular waveguide (diameter 0.455”),
for improved broadband performance (Fig. 2.1), for a vacuum to be pulled in the waveguide,
and to remove reflections that would otherwise occur at the vacuum-crystal interface.

Figure 2.1: Polarizer model in HFSS, with waveguide walls hidden

Under a linearly polarized incident wave, the circularly polarized output of a perfect
polarizer could be decomposed into x- and y- linearly polarized components, each carrying
half the incident power. |S21| into each polarization is therefore 0.5 ≈ −3.01 dB. We may
also measure the quality of elliptical polarization with the phase difference between S21 into
both x- and y-polarized modes from either an x- or y- linearly polarized incident wave. The
phase difference between these two parameters is 90◦ in a perfect polarizer.

The axial ratio is another figure of merit for polarization quality, defined as the ratio
between the major and minor axis amplitudes of an elliptically polarized wave. Perfect
circular polarization has an axial ratio of 0 dB, and by convention a practical circularly
polarized wave is understood to have an axial ratio < 3 dB. The axial ratio r can be related
to a measurement known as cross-polar distortion (XPD) with the following equation:

AR [dB] = 20 log10

(
1 + XPD

1− XPD

)
(2.1)

XPD is defined as the ratio of the amplitudes of right-hand circularly polarized and
left-hand circularly polarized components of a wave, squared.

XPD =
|ERHCP|2

|ELHCP|2
(2.2)
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The circularly polarized components can be constructed from the S-parameters from a
linearly polarized incident wave into the x- and y-polarized components of the output wave.
These are simply the Active S21 parameters of the polarizer for RHCP and LHCP incident
waves.

ERHCP =
S21,x + iS21,y√

2
(2.3)

ELHCP =
S21,x − iS21,y√

2
(2.4)

2.1.2 Circular-to-rectangular waveguide transition

The circular-to-rectangular transition is a continuous deformation from a circular waveguide
to a WR-42 rectangular waveguide. Notably, only the fundamental TE10 mode of a rect-
angular WR-42 waveguide has a cutoff frequency below our frequency range of interest, at
14.05 GHz. The next mode, TE20, has a cutoff frequency of 28.10 GHz. The TE01 mode
has a cutoff frequency of 34.71 GHz, and is of more interest than the TE20 mode as it is
orthogonal to the TE10. Components of a wave that project onto non-propagating modes
reflect, so this component is of interest as the first obvious location where high reflection
may occur the apparatus.

The model (Fig. 2.2) is oriented so the E-field of the propagating TE10 is parallel to
the y-axis. We anticipate an incident wave linearly polarized along y to transmit. The non-
propagating TE01 mode has an E-field parallel to x, so x-polarized waves are expected to
reflect.

Figure 2.2: Circular-to-rectangular waveguide transition model in HFSS

A recent update to the HFSS geometry kernel changed the behavior of the loft feature to
generate a continuous 3D shape between two planar cross sections. Lofting between a curve
and a polygon is no longer supported, so the waveguide transition was constructed with an
N = 50 regular polygon cross section on the circular waveguide side.
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2.1.3 Waveguide termination

In Phase II, the waveguide extending from the decay cell away from the U-bend waveguide
(I-side) is a circular waveguide ending at a conical waveguide termination made of a blend
of graphite powder and Stycast 1266 epoxy, with an estimated dielectric constant. The
termination is intended to absorb CRES radiation from the decay cell without reflection.
The design is based on the Project 8 waveguide termination, which estimates an effective
dielectric constant of εeff ≈ 3.1+0.033i with the Maxwell Garnett formula for the dielectric
constant of mixed media [22]. The spacing of the SNR oscillation peaks indicates the presence
of a long reflecting cavity being formed, most probably explained by imperfect termination
and partial reflection at this component.

Figure 2.3: Conical waveguide termination model with backing PEC cap in orange in HFSS

2.2 Modeling the full waveguide system

After characterizing individual components in HFSS, the next step was to produce a full
model of the He6-CRES waveguide system, including the decay cell and CRES source. With
a complete model, we may study the impact of modifications to the components or system
configuration before making expensive and time-consuming hardware upgrades.

2.2.1 Defining a CRES source

Using wave port sources is insufficient for simulating the full RF model, which includes the
decay cell. In HFSS, wave ports are intended to be placed on the external surface of a model
and represent an external source. Internal wave ports are supported, but require a PEC
backing plane of the same cross section, which would cause full reflection of any radiation
crossing the decay cell. At frequencies above the TM11 cutoff, cyclotron radiation also does
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not excite a pure mode in the circular waveguide like a wave port would, and instead is a
superposition of modes including those above TE11 at harmonics of the cyclotron frequency.

HFSS does not support point particle sources or moving charges, but it does support
assigning explicit near-field electric and magnetic field vectors to a surface as a Linked
Field excitation. To model a CRES source, we imported the electric and magnetic fields
of a radiating point charge inside a waveguide, numerically evaluated at discrete solution
frequencies between 18 and 19 GHz in 20 MHz intervals. The fields were calculated on a
lattice of points specified on the surface of a source geometry, and stored in the .nfd data
format and imported to Ansys with a .and header file. Magnetic bottle trap effects were not
considered, and the β was assumed to be centered on the waveguide and have a 90◦ pitch
angle. The simulation was performed at each solution frequency for which we generated the
source fields.

Figure 2.4: Lattice of points on the surface of a 3mm cube on which the near-field source is
defined. Points are spaced by 0.1 mm and colored by index.

For each frequency specified in the near field solution, the .nfd file format specifies a
solution frequency then iterates through each point on the lattice. Each line contains 16
comma-separated values: the index of a lattice point in the order they are defined, the
point position, and the real and imaginary components of the E⃗ and H⃗ vector components.
Cartesian, spherical, and cylindrical coordinate systems are supported, and the lattice may
be specified on a cube, sphere, cylinder, or plane.

The .and file format links a .nfd file to an HFSS solution setup. It contains a header
block, which details the solution frequencies and source geometry, and as a data block, which
points to a .nfd file for each solution frequency.
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Although a cylindrical source geometry would be natural for the system, we were not
able to successfully import CRES near-field solutions specified on spherical or cylindrical
source geometry. The success of the near-field linking seems to depend on the order points
are defined and indexed in the solution lattice, and we were not able to specify a mesh on a
curved surface that did not result in an error. Because of this, simulations were performed
with fields defined on a 3mm side length cube source at the center of the decay cell.

After generating the near fields in a .nfd file and the associated .and file, the source was
imported into HFSS. A 3mm cube was modeled and assigned a near field excitation with
the context menu Excitations > Linked Field > Near Field ... > Interior Source

and selecting the .and file. With this command, HFSS creates a PEC copy of the source
geometry and assigns the source excitation to it. The original model of the cube was set to
a non-Model geometry to not interfere with the source.

2.2.2 HFSS waveguide model

The full waveguide system as shown in Figure 1.4 was modeled in Ansys HFSS. The elec-
tromagnetic model omits the pipe that delivers the isotopes to the decay cell, the flanges
connecting waveguide components, and the RF circulator coupling the rectangular waveguide
to the LNA output.

Figure 2.5: Cross section of actual He6-CRES waveguide system (top) compared to HFSS
model

The system was simulated with three different circular waveguide terminations. First,
we used the the realistic termination model described in 2.1.3, then we used a ”worst case”
perfectly reflective waveguide termination by removing the graphite-epoxy terminator cone
and leaving only flat PEC wall at the end of the waveguide. Finally, we replaced the PEC
wall with a waveport, which behaves like an infinite waveguide or a perfect termination for
a ”best case” result.

2.2.3 Power delivered to amplifier

The signal strength recorded at the RF LNAs is related to the power delivered to the read-
out antennas. This is measured in simulation by integrating the time-averaged Poynting flux
through waveguide cross section at the end of the waveguide, by Eqn. 1.10. The numer-
ical surface integral is computationally expensive on the generated FEM mesh, and must
be repeated at each solution frequency specified in simulation. To make the computation
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tractable, we exploit the y-independence of Sz for the propagating TE10 mode in a rectan-
gular waveguide (Figure 2.6).

Figure 2.6: Real component of Sz [W/m2] over the WR42 waveguide cross section, with
y = 0 integration line traced.

P =
1

2
Re

∫ b
2

− b
2

∫ a
2

−a
2

Sz(x)dxdy =
b

2
Re

∫ a
2

−a
2

Sz(x)dx (2.5)

The numerical integral in one spatial dimension is much quicker than the the surface
integral. This calculation is performed with the HFSS Fields Calculator utility, which allows
defining a wide range of expressions based on environment variables and simulated electro-
magnetic fields. The expression for Poynting flux in the Fields Calculator notation, which
uses Reverse Polish Notation operations, is
*(Integrate(Line(integration_line),Real(ScalarZ(Poynting))),$y_wr42)$,
where integration_line is a line object over which the integration is performed (see Fig.
2.6) and $y_wr42 is a constant environment variable defined as the height b of the WR42
waveguide. The Poynting field solution variable is a time-averaged value that already con-
tains the scaling factor of 1

2
and is automatically computed by HFSS at simulation time.
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Chapter 3

Results

3.1 Simulating individual components

3.1.1 Circular-to-linear polarizer

The polarizer S11 and S21 for both x-polarized and y-polarized incident waves are presented
below. Input reflection is below -25 dB for all polarizations and transmission from each
incident polarization is approximately -3 dB (half power): the incident linearly polarized
wave becomes a superposition of x and y polarized waves.

(a) S11, all polarizations (b) S21, all polarizations

Figure 3.1: Polarizer S11 and S21

When a linearly polarized wave is converted into a circularly polarized wave, a relative
phase shift of 90◦ is applied. This result is confirmed by calculating the phase difference
between S21 into the x-polarized mode and y-polarized mode.
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Figure 3.2: Polarizer phase shift along x and y

We also calculate the axial ratio of the output wave from the S21 to measure the quality
of polarization.

Figure 3.3: Polarizer axial ratio

These results all suggest that the polarizer is performing according to specification: it
has very low input reflection and performs nearly perfect polarization.

Using Active S parameters, we can determine how the polarizer affects an incident cir-
cularly polarized wave. In Figure 3.4, we see that a RHCP wave transmits very well (¿-0.05
dB) into the x-polarized TE11 mode and very little (¡-26 dB) into the y-polarized mode, and
a LHCP wave likewise transmits very purely into the y-polarized mode and transmits very
little into the x-polarized mode.

3.1.2 Circular-to-rectangular waveguide transition

The S11 and S21 of the waveguide transition are presented below with the circular waveguide
side as the input port and the rectangular waveguide TE10 mode as the output port. An
incident x-polarized wave in the circular waveguide does not excite the TE10 mode and
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(a) High transmission (b) Low transmission

Figure 3.4: Active S21 of RHCP and LHCP waves transmitting to x- and y-polarized mode
in the polarizer

reflects completely, as seen by the high x-to-x S11 and low S21. By contrast, the y-polarized
mode transmits completely into the TE10 mode.

(a) S11, all polarizations (b) S21, all polarizations

Figure 3.5: Waveguide transition S11 and S21
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3.1.3 Behavior in series

The overall S parameters of the polarizer and waveguide transition in series were constructed
using the T parameters of each component. From this, we calculate the Active S parameters
of the series components. We found that the waveguide transition only transmits y-polarized
incident waves, while x-polarized waves cannot propagate in the rectangular guide. We also
found that the polarizer converts LHCP waves to the y-polarized TE11 mode and RHCP
waves to the x-polarized TE11 mode. Therefore, we are expecting to see high transmission
of an LHCP incident wave through both components, while RHCP waves are reflected.

(a) LHCP (b) RHCP

Figure 3.6: S11 of LHCP and RHCP wave through both components in series. HFSS simu-
lation in solid lines, T parameter equivalent in dashed lines

The results match the qualitative prediction. LHCP waves have low reflection, with
Active S11 ¡ -20 dB (Fig. 3.6a), and high transmission into the propagating TE10 mode in
the rectangular waveguide, with Active S21 of nearly 0 dB (Fig. 3.7a). RHCP waves, by
contrast, reflect with half of the incident power (-3 dB) into the x- and y-polarized modes
(Fig. 3.6b), and have low transmission into the propagating mode with Active S21¡-20 dB.

The T parameter calculations based on each component simulated independently (dotted
lines in Figs. 3.6 and 3.7) reproduce the order of magnitude and general trend of the actual
HFSS simulation of both components in series, though fine features of the the plots are
not shared. Differences between the simulation and calculation are likely attributable to
differences in how the two components are meshed in the finite element analysis setup.
Despite these differences, a qualitative comparison of the two validates the use of the 4-port
T parameter method for simulating components in series, which may be leveraged to save the
time of performing expensive multi-component simulations with a prohibitively large mesh.
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(a) LHCP (b) RHCP

Figure 3.7: S21 of LHCP and RHCP wave through both components in series. HFSS simu-
lation in solid lines, T parameter equivalent in dashed lines

3.2 Constructing a simulated CRES source

Expressions for the near-field electric and magnetic fields of a CRES source were generated
on the surface of a 3mm cube source geometry (2.4) over a frequency range of 18 to 19 GHz
in 20 MHz intervals. These were assigned to a source cube of the same dimensions in HFSS,
modeled inside a 0.455” diameter circular waveguide. The electric field of CRES radiation
simulated at 18 GHz along the center line of the waveguide is plotted in Figure 3.8.

The circular polarized of the radiation is evident by inspection, though there is some
small distortion to the rotation of the E-field vector as it propagates.

3.2.1 Simulated CRES source power spectrum

Wemeasured the power outputted by the simulated CRES source by calculating the Poynting
flux at both ends of the decay cell following a polarizer and transition to a rectangular
waveguide.

The nonlinear total power, which oscillates between 18.5 and 25 fW, is not a desirable
result, and may suggest an issue with the simulated CRES source. Additionally, almost no
power is delivered to port 1 around 18.25 GHz, and almost all the power from the source is
delivered to side 2 around this frequency. Either this is an issue with the directionality of
radiation from the source, or radiation at this frequency radiated towards port 1 is improperly
circularly polarized, reflecting off the polarizer and waveguide transition and transmitting
into port 2 instead.
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Figure 3.8: E-field radiated from a simulated CRES source with cube source geometry at 18
GHz

3.3 Power delivered to LNA

The CRES fields were simulated over a frequency range of 18 GHz to 19 GHz, with 20 MHz
frequency resolution. The Poynting flux through the waveguide cross section at the location
of the LNA readout was calculated at 20 MHz intervals and is plotted below. The system
was simulated with fully reflective waveguide termination, a realistic termination, and an
ideal termination.

With a reflective termination in place, the power delivered to the LNA output exhibits
large amplitude oscillations across the frequency range (Figure 3.10). When using a realistic
termination model with S11 ≈ −6 dB, the oscillations remain present but have a greatly
reduced amplitude (Figure 3.11). The oscillations are spaced by abound 80 MHz, slightly
lower than the 90 MHz spacing in data, meaning the modeled distance between the CRES
source and terminator might be slightly larger than the real distance. With the perfect
termination, the main oscillations disappear, but there is still a large decrease in power at
around 18.3 GHz and a peak around 18.7 GHz. This is possibly due to the non-uniform
power from the CRES source towards port 1 of the decay cell in Figure 3.9.
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Figure 3.9: Power spectrum of the CRES source delivered to the rectangular waveguides in
either direction (red: port 1, blue: port 2) and total power (orange)

Figure 3.10: Power flow in the rectangular waveguide waveguide [fW] at LNA from 18 to 19
GHz with a reflective waveguide termination.
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Figure 3.11: Power flow in the rectangular waveguide [fW] at LNA from 18 to 19 GHz with
a realistic waveguide termination.

Figure 3.12: Power flow in the rectangular waveguide [fW] at LNA from 18 to 19 GHz with
a perfect waveguide termination.
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Chapter 4

Discussion

4.1 Summary

In this work, I present a CAD model and numerical simulations of the He6-CRES waveg-
uide system in Ansys HFSS. These simulations were developed to characterize frequency
variations in the signal-to-noise ratio due to interference effects in the waveguide, a major
source of systematic error in taking broadband CRES data. Access to a fully parametric
electromagnetic simulation of the waveguide system allows the group to quickly and inex-
pensively model the effect of any hardware upgrade or modification, or to inform relevant
design choices before making hardware purchases and installation.

Interference effects are caused by reflections off of waveguide components, so I began by
simulating the S-parameters of key components the quarter-wave polarizer, the circular-to-
rectangular waveguide transition, and the waveguide termination. Since the fundamental
mode in a circular waveguide is axially symmetric, it can be decomposed into two degen-
erate orthogonal polarizations along x and y, which are treated as independent ports for
S-parameter solutions in Ansys HFSS. The S-parameters of the polarizer showed very little
incident power reflected for a linearly or circularly polarized incident wave. Furthermore,
the relative phase shift between x and y polarizaions transmitting through the polarizer was
within 90◦±1◦ and the axial ratio was below 0.04 dB, indicating nearly perfect quarter wave
polarization over the frequency range of interest. The waveguide transition from a circu-
lar waveguide to a WR42 rectangular waveguide completely reflects an incident x-polarized
mode, which is orthogonal to the polarization of the fundamental mode, but it transmits the
y-polarized mode with very low loss. A circularly polarized wave incident on the waveguide
transition transmits and reflects half of the incident power: the wave can be decomposed into
fully transmitted and fully reflected components which are orthogonal with equal amplitude.
The waveguide termination was simulated to have an S11 on the order of -10 dB, falling an
order of magnitude short of the desired -20 dB or better design specification. This figure
should be compared to experimental measurements of the terminator S11 to verify if the
epoxy-graphite blended material used to cast the terminator is being properly simulated in
HFSS.

I then modeled the full He6-CRES waveguide system including the CRES decay cell,
including a simulated source of CRES radiation. The source was created by assigning electric
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and magnetic fields to the surface of a 3mm cube source geometry as an incident wave. The
fields were calculated numerically at solution frequencies in 20 MHz increments from 18 to 19
GHz from an analytic solution for the Liénard–Wiechert potentials of an on-axis β particles
undergoing cyclotron motion in a circular waveguide. Successfully importing the fields seems
to be dependent on the order in which the points on the source lattice are indexed or spatially
arranged: a successful configuration was achieved for a cubic source by trial-and-error, but I
did not succeed in generating a functional cylindrical source geometry for this project. The
cubic source geometry may contribute to a non-uniform total power spectrum radiating from
the source, and other potential non-idealities which remain to be identified and rectified.

The signal delivered from the CRES source to the LNA was calculated as the Poynting
flux through the waveguide cross section at the location where an RF circulator couples
the waveguide to low-noise amplifiers in the physical experiment. The numerical surface
integral was optimized to a much quicker single variable integral: in principle, the delivered
power could be calculated from just the z-component of the Poynting vector at the center
of the rectangular waveguide, since only the TE10 mode propagates. I varied the termina-
tor reflectivity between an ideal termination, a realistic termination, and a fully reflective
termination. The simulations with non-ideal terminations produced oscillations in signal
amplitude at the other end of the waveguide with similar peak spacing to the experimen-
tal SNR oscillation data. The realistic, less reflective termination had a smaller oscillation
amplitude than the fully reflective termination. The ideal termination did not produce the
closely spaced oscillations, but did have a much wider oscillation that is either a product of
a much shorter path length reflection in the system or simply an artifact of the non-uniform
simulated CRES source.

4.2 Outlook

He6-CRES aims to measure the Fierz interference term bFierz to a sensitivity of 10−3 from
the beta decays of 6He and 19Ne using Cyclotron Radiation Emission Spectroscopy. The
experiment is currently being prepared for a data-taking run targeting 10−2 sensitivity which
will address major sources of uncertainty before working to correct other sources of error to
achieve the target sensitivity to search for physics Beyond the Standard Model.

In the long term, He6-CRES will serve not just as a new precision measurement of
bFierz, but also as a demonstration of the applicability of CRES towards broadband beta
spectroscopy in general. As compared to Project 8, which only takes measurements in a small
energy range around the tritium beta spectrum endpoint, He6-CRES uses both a broad data
collection bandwidth and a varying magnetic field to cover the entire energy range of nuclear
decays. Achieving the target measurement sensitivity would establish CRES as a tool to be
used in nuclear physics laboratories for any of a wide range of experiments requiring beta
spectroscopy: for example as a new instrument at the Facility for Rare Ion Beams (FRIB).
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Appendix A

Noise

The results presented in this report only concern oscillations in signal amplitude. Equally
important to reconstructing the SNR oscillations in simulation is a comprehensive noise
analysis. Decoherent thermal noise originates from every where in the waveguide system.
Ansys HFSS does not natively include tools to perform analysis of thermal noise originating
from waveguide components. This work does not extensively investigate the power spectrum
of incoherent noise inside the He6-CRES waveguide system.

Until a more robust noise model is constructed, we make the simplifying assumption
that the LNA readout is the dominant noise source in the system, and approximate the
noise spectrum by considering the S11 at the output port. This plot is presented below for
the realistic and fully reflective terminations.

Even from this simplified model, we observe that the peak noise is 5 dB worse without
the epoxy termination in place. The maximum values of the S11 oscillations are about -10
dB with a fully reflective termination, and vary between -15 dB and -20 dB with the realistic
termination model. We hope that a further improved waveguide termination might further
reduce the noise amplitude by -5 to -10 dB.

Figure A.1: S11 at output port with a fully reflective termination
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Figure A.2: S11 at output port with realistic termination
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