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Abstract

The analysis of big data is of great interest today, and this comes with challenges of
improving precision and efficiency in estimation and prediction. We study binary data
with covariates from numerous small areas, where direct estimation is not reliable,
and there is a need to borrow strength from the ensemble. This is generally done
using Bayesian logistic regression, but because there are numerous small areas, the
exact computation for the logistic regression model becomes challenging. Therefore, we
develop an integrated multivariate normal approximation (IMNA) method for binary
data with covariates within the Bayesian paradigm, and this procedure is assisted by
the empirical logistic transform. Our main goal is to provide the theory of IMNA and
to show that it is many times faster than the exact logistic regression method with
almost the same accuracy. We apply the IMNA method to the health status binary
data (excellent health or otherwise) from the Nepal Living Standards Survey with
more than 60,000 households (small areas). We estimate the proportion of Nepalese in
excellent health condition for each household. For these data IMNA gives estimates of
the household proportions as precise as those from the logistic regression model and it
is more than fifty times faster (20 seconds versus 1,066 seconds), and clearly this gain
is transferable to bigger data problems.

Key Words: FEmpirical logistic transform, Markov chain Monte Carlo, Metropolis
Hastings sampler, Multivariate Normal distribution, Parallel computing.
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Chapter 1

Empirical Logistic Regression Method

1.1 The Empirical Logistic Model

The problem we are considering has a binary response variable from numerous small
areas. Direct estimation is not reliable for this kind of big data problem, and there
is a need to borrow strength from the ensemble, as in small area estimation. This is
generally done using Bayesian Logistic Regression and can be assisted by the Empirical
Logistic Transform for big data.

To begin with, we consider the simple case of the Empirical Logistic model without
covariates. Empirical Logistic Transform (ELT) demonstrated by D.R. Cox and E. J.
Snell in 1972 is a method to accommodate binary data. Suppose Y with n independent
trials has a binomial distribution with the probability of success p. The Empirical
Logistic Transform Z can be expressed as

1
Y+ 2
Z=log| —2+ |,

and the corresponding variance V is
. (n+1)(n+2)
nY+1)(n—-Y +1)
Then Z has a normal distribution with mean 6 and variance V, where # is unknown
according to Cox and Snell (1972). Zhilin Chen (2015) in her Master’s Thesis, advised

by Professor Balgobin Nandram, applied this conclusion and expanded it to situations
where there are multiple response variables.

Suppose y is the variable of length ¢. Each of the binary response y;(i = 1,...,¢)
follows a binomial distribution with corresponding number of observations n; and prob-
ability p;. The goal is to estimate the Bernoulli probability parameter p;. Here we
assume that ‘

y; Bernoulli{p; }
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and for logistic transform we define z; = log( y’;il) as the the empirical logistic

it+3
L
o (Sjj&;"fll) as the associated variances. Let 7y = w =

bR > 2.

transforms, and V., =

n—1,w; =

Consider the Bayesian Empirical Logistic model

zilvi, Vi nd Normal(y;, V;)
d
wi|012 = X72707

with independent priors

vi|0, 6% % Normal(6, 6%)

1
2 —
7(0,6%) (EwDE
0|, % 1Gamma(a, §)
70, ) o

(1+a)* (1+6)
—00 < 1,0 < 00,0%,a, B> 0.

In this model, the parameters are (v,0?,0,0% a,3) and data are (z,V). The

Bernoulli probability parameters are
evi

14 ev

bi =

2 znd

Vi |o; Xﬂ , the distribution function of V;|o;?

With the assumption that w;|o;? = M0, %
is

V.
M0 _ 1 Moz
dw; o (770%)20 te Mo
dVi o Q%OF(%O)
Using Bayes’ theorem, we can get the joint posterior density function for all of the
parameters

(v, 0% 0,8 a,B|z, V) xn(z, V|v,o®)n(v|0, )1 (a?|a, B)m(0, 6*)m(a, B)

W(Vi|<7i2) = f(wi|ai2)

Vi
¢ 1 (Zz L"L) 770 (no .)no 16 o ﬁ
< ] e — ey
i1 27V o; 22F(3)
¢ 2 ¢ 1 a+1 a2 Do
1 (v;=0) (52) B 1.1.1
X{H GQJQ}X ) A G
=1 V2162 i=1 I'(a)
1 1 1

X
(14+02)2(1+a)? (14 6)%
— 00 < v,0 < 00,07,0% a, B> 0.
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1.2 The Integrated Nested Normal Approximation
Method

Using the Integrated Nested Normal Approximation (INNA) method (Zhilin Chen
(2015), Master’s Thesis), we get the conditional posterior density (CPD) functions for
each of the parameters.

According to the joint posterior density function (1.1.1), it is obvious that the v;
independently have normal distributions, the o? independently have inverse gamma

distributions, and # has a normal distribution. The conditional distributions are given
by

Vif 4 6%z 6%V

2 2 7 %

v;]0,6 ,z,VwNormal( Vr o2 ’(52—1—‘/-) (1.2.1)

oi’la, B,z,V ~IGamma (oz—i—,ﬁ—i— 770V> (1.2.2)
l zi
1= . - 1

0|6, z, V ~ Normal (Z ! V’+62 ) (1.2.3)
=1 V+62 El 1V—|—62

i=1,..,1

We obtain the joint posterior density of parameters (6, 6%, a, 8|z, V') by integrating out
parameters v and o?

7(0,0% 0,82, V) = [ [#(v,0%,0,6% a, |z, V)dvdo®
I _Eimv)?  wi—0)? 1 a+1+n70 _B8 Y
OC//{I;[l [6 21;1.2 252 ] |:<0_22> e ai? 201'2:|}d1/d0'2
H B 1 1 1
w%ﬁr (@) @+022(1+a21+ /)2
x ﬁ I i | |_Lox®)
=1 (/B+ 770 ) +5

52 +V;
y | B“} 1 1 1
S ver2l(a) ) (1+02)2 (1+a)? (1+5)?
5 BT(a+%)
e () (8 + 2V, VWJ

‘ 1 <927>2

o [H me 2( +v¢>]
" 1 1 1

(1+0%)? (1+a)* (1+5)*

We integrate out parameter 6 to get the joint posterior density of parameters




(527a7/6|z7 V)7
(8%, a, Bz, V) :/OO 7(0,8%, v, Bz, V')do

oo ¢ 2(9522‘),2 1 ¢ 6a1’\(a+770)
OC/_OOZ:E[e (+)d@[H —52+V] H ()(ﬁ+n0 )a+ro]
» 1 1 1
(1+82)2(1+a)2(1+p)?
_ (1.2.4)
(Zf 1522\/)2
s o
xXe _

St 162+V [H \/52+V1
ﬁ BoT(a+m) ] 1 1 1
N QG )% | T+ P A +aP G+ 87

Combining the 62 terms in (1.2.4) we easily get the conditional posterior density of
82|z, V

(22:1 52?\/1-)221 ,212]
O N U | 1
e e
(1.2.5)

Combining the a and § terms in (1.2.4) we get the conditional posterior density of
a, BV

2

1
(8|2, V) x | =€

=1 §24V;

L peT(a+ ™M) 1 1
AV {H C(a) (3 + 2V F | T+l (14 AP

Here §%¢(0, 00), so we transform 62 into n which falls in the interval (0,1).
2

(1.2.6)

) n 1 1 1—n
ST Tre [ T Vi o+ @=-n)V;’
1
dn = —————db>.
T= T+

The conditional posterior density of 62|z, V in terms of 7 is

2
Y
i=1 n+(1— n)V
Zl 1 n+(1 n)v

l
Zi:l TI+(1 nV;

1

n; 1 2
= ZJ i1 raw

m(nlz, V) oc (1 —n)=e €

n; 1
2t n+(1-n)V;
(1.2.7)
Similarly, we transform « into ¢, and /3 into 1 so that ¢ and v fall in the interval (0, 1).

Q@ 10) 1
L =——.Th = ————  da.
et ¢ Tt a en o =o' and do (1+a>2da




Letw—lfﬁ. Thenﬁ—libw,anddw— (14‘15)2 dg.

The joint conditional posterior density of a, 3|V in terms of ¢ and 1) is

(¢, ¢|V) < ] (1.2.8)

We apply Gauss-Legendre Polynomial to (1.2.8) to get the posterior density function
of parameter 1

! Aﬁi)lzTF( + 1)

W<wrv>:/01w(¢,w|vm¢zi[ H —r =, (1.2.9)

=1 D(e22) (15 ¢_|_770‘/>1 S

where w, are weights and x,. are the roots of Gauss-Legendre Polynomial.
The conditional posterior density of ¢|i), V' can be obtained by

(¢l V) o< w(p, 1| V).

Thus with the full density of parameters v;,0?,0,5% « and 3, we can sample the
parameters. However, we do not pursue this model further.

1.3 Integrated Nested Laplace Approximation

In passing we make remark about the Integrated Nested Laplace Approximation
(INLA). The idea of INNA is associated with the idea of INLA (Rue, Martino and
Chopin, 2009). INLA is a promising alternative to Markov chain Monte Carlo (MCMC)
for big data analysis. However, it requires posterior modes. Computation of modes
becomes time-consuming and challenging for generalized linear mixed models (for in-
stance, logistic regression model) yet INLA has found many useful applications. See,
for example, Fong, Rue and Wakefield (2010) for an application on Poisson regression,
and Illian, Sorbye and Rue (2012) for a realistic application on spatial point pattern
data. We note that INLA can be problematic especially for logistic and poisson hi-
erarchical regression models, even if the modes can be computed. For example, see
Ferkingstad and Rue (2015) for a copula-based correction which adds complexity to
INLA.

We are not going to apply INLA on big data with numerous small areas. As
stated INLA needs computation of posterior modes, which is very challenging in the
current application because thousands of posterior modes are needed. INNA improves
the computation problem of INLA in big data analysis for numerous small areas, but
INNA does not use covariates. We introduce covariates in the model and extend INNA
to Integrated Multivariate Normal Approximation (IMNA). This work focuses on the
theory of IMNA and its application.

10



1.4 Plan of Thesis

Finally, we give a plan for the rest of the thesis. In Chapter 2 we discuss the
theory of IMNA. Specifically, we show how to approximate the joint posterior density
by a multivariate normal density. In Chapter 3, we existing logistic regression exact
method. In Chapter 4, we discuss data analysis to show comparisons between IMNA
and the exact logistic regression method.

11



Chapter 2

Integrated Multivariate Normal
Approximation (IMNA) Method

2.1 The Bayesian Logistic Model

In most real world situations, responses are accompanied by covariates. Therefore in
our study, we would like to introduce covariates in the model to explain the responses.
Suppose we have a set of independent binary responses y;; and a set of corresponding
covariates x;;, i = 1,...,0,j = 1, ..., n;, where x;; = (1, z;;1, . .. ,xijp)T, the parameters
are 0%, v = (vq,..., VK)T and B8 = (B, b1, - - - ,ﬁp)T. After introducing p covariates, our
model will be as follows

18, v %' B i ema
|8, vi ~ Bernoulli § ————— 5|
Yij 1+ ewijBJer
v;| 6% w Normal(0, §%),
1
R S —
2 >0i=1,...0,j=1,..n;

a standard hierarchical Bayesian model. It is convenient to separate B into [, and
B0y, where By = (b1, Bs, - ,Bp)T. We put [y as the mean parameter of v, and omit
intercept term from the covariate x;;. Consider the adjusted model

Yij|Vi, Boy ~ Bernoulli —1 B [

viBo, % % Normal(By, 6%), (2.1.1)
1
6%) X ————
7T(167 )OC (1"’62)2’
2>0i=1,....0,j=1,..,n.

12



The Bernoulli probability parameter is
eTiiBo) Tvi
Dij = x’ . Boy+vi
1 4 e7ij (0) TV

In this adjusted Bayesian logistic model, the density of (y;;|B(0), vi) can be expressed
as

f(Wij| By, vi) =

eTiiBo) Tvi ]W [ L r_yij e(@i3B)tvi)vis

1 4 e®iPortvi 1 4 e®iPortvi 1 + e%iBotvi’

Using Bayes’ theorem, the joint posterior density for the parameters (v, 3, 62|y) is

(v, 8,6 y)
x 7(ylv, By) x 7(v|Fo, 62) x (B, 5?)
¢ n; 6(%2jﬁ(0)+ui)y¢j 1 (i Bo)? 1 (2.1.2)
X H H e 22 |y ——
V262 (1+ 02)2

7 )
bl =i 1 + ewij,@(m-‘ruz

2.2 The Multivariate Normal Approximation

2.2.1 Approximation Lemma

Lemma. Let h(7) be a unimodal density function with a vector parameter 7. Then T
can be approxrimated by a multivariate normal distribution.

Proof. Let f(7) = logh(7T). The multivariate Taylor series of f(7) to the second order
evaluated at 7 is

£r) = J(r) + (r = 7)g 4 5(r = TV H(T = 7)

where ¢ is the gradient vector and H is the Hessian matrix, evaluated at 7*.
The density function h(7) can be expressed by

h(T) = elogh(t) — of(7)
o VY g (e H(r )
_ ef(‘l'*)-‘rT/g—T*/g—%(—T’HT-{-?T’HT*—T*/HT*)

_ ef(T*)—T*/g-l—%T*/HT*—%(T’(—H)T—QT’(—H)(T*—H_lg))

= GC(T*)e_% {(T_(T*_Hilg))/(—H)(T—(T*—Hflg))}

9
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where C'(7*) is a function of 7* only, i.e. constant of 7. Thus the density function
h(T) can be approximated by

(r=(=1729) () (r— (7 -1 9))]

h(r)oce (2.2.1)

Notice that the right hand side of formula (2.2.1) is a non-normalized density func-
tion for some multivariate distribution with mean vector 7% — H~'g and covariance
matrix —H !, so we conclude that T approximately has a multivariate normal distri-
bution

7 ~ Normal (T* — H g, —H’l) .

2.2.2 The Multivariate Normal Approximation Theorem

Approximation Theorem. Suppose we have a set of independent binary responses y;;
and a set of corresponding covariates x;;, i =1,...,0,7 =1,....,n;. If

ind | emuborty
Yij Vi, By ~ Bernoulli W

for parameters v = (v, ..., Vg)T and By = (b1, .- ﬁp)T with prior one, the joint poste-
rior for parameters v, B)|y can be approzimated by a multivariate normal distribution.

Proof. Denote T as a vector of parameters v and B

= (s)
-~ \Bo)’

and denote h(7) as the likelihood function 7 (y|v, B()), i.e. the joint posterior density
(v, B(oy|y), with prior one,

¢ oni (@B tri)yig
h(T) = _—
) z:l_[l gl;[1 1+ Pty
By approximation Lemma, 7 approximately has a multivariate normal distribution

7 ~ Normal {T* — H g, —H_l} )

which is equivalent to

v v*
~ Normal {7 — H'g,—H! ,T*:< . ),
<5<o>> { 7 } Bl

14



ES

where 7* is the approximated posterior mode, g and H are respectively the gradient
vector and the Hessian matrix evaluated at 7*.
Now we have to specify ﬁ{o), v*, g and H. Consider the log likelihood function

¢ omi (@B Tvi)yis
fr) =logh(r) =log 3 I 1 = =50
i=1j=
(2.2.2)

"4

= Z Z {(113;;_7',3(0) + Vi)yij — log (1 + em;j3<0)+yi)} .

i=1j=1

(i) By,

To begin with, set the empirical logistic transform z; equal to the start value of v;
. 1
. Yi + 5,
Vi* =z = log {22”11} )

Plug ;" in the log likelihood function (2.2.2) and consider it as a function of B only,
say g(B))

¢ ni (@801 )yig
9(B)) = log H H @ Boy 0"

i—1j=1 1+ €74

- Z {<w;jﬁ(0) + ;") yi; — log (1 + emgj'B(O)*ﬁi*)} )

¢
i=1j=1

The first derivative function of g(B()) over B is

/ - wz‘je(w%ﬁ(o)*’ji*)
9 (Bwy) = Z >3 T

1+ eTiiBo) Vi

ilj:l (2.2.3)
3 ‘ 54\ —1
- Z Z {mijyij — i (1 + e~ (@Bt )) } ‘
i=1j=1
Typically, we can solve the equation g’(ﬁ(o)) = 0 for the mode as the maximum

likelihood estimator (MLE), but here it is not easy to solve the equation because
g (By) is complex. We use first order Taylor series approximation to simplify the

/ sk — 1
above function. Since the first order Taylor expansion of (1 + e~ @i+ )) equals
(1 — e_(mgjﬁwﬁﬁi*)), (2.2.3) equals to

i: i {@ijyij — @i (1 — e @aPo 20 (224)
i=1 j=1

This is still complex. We apply Taylor series again and get expansion of the term
e~ @B to the first order as (1 — (x};B0) + 7;7)). Thus (2.2.4) approximately

15



equals

l n;
3 l{wijyz-j — i (1 (1= (2};80) +5:7))) }
1=1 =

{ n,;
=>> {‘Bij(’yz‘j = 0;") — @i (i (0))} '
=1

=1j=1

(2.2.5)

(2.2.5) is easy to solve. Solve for ¢'(B(p)) = 0, and we can get the approximate posterior
mode of B

£ n;
By = [ZZ%‘%} {ZZ% Yij — Vs ] . (2.2.6)

i=1j=1 i=1j=1
Plug B in the likelihood function (2.2.2) and consider it as a function of v only,
say q(v;)

n; e(ngﬂfo)"rl/i)yij

a(v) = log [] g = > {(@l;8) + vo)yiy — log (1 + e"sPo ™)}
]11‘1‘6” ©) j=1

The first derivative function of ¢(v;) over v; is

) n; e(mgjﬁzo +v4) n; (el Am) 1
W)=Y 3% — w50 :Z{yij—(1+€ #1°(0) ) } (2.2.7)

= 1 + %Pt j=1
Similar to above, we apply Taylor series approximation
(14 P >+”1)) ~ (1= e o).
So (2.2.7) equals |
f: {ym (1 — e_”ie_w;jﬁfm)} .
=
Solve for ¢/(v;) = 0, then the approximate posterior mode of v; can be obtained as

% 6_9021'8{0)
=log | =L —
ni(1—yi)

Notice that the term (1 — y;) in denominator may cause trouble for this posterior
mode, because the binary response variable could lead to y; = 1 for some 7, so that
(1 —y;) = 0. We borrow the idea from ELT and make a little adjustment to avoid 0’s
in denominator

g 0 g*
3 e %o
2

ni(1 =i+ 5,)

v;* =~ log (2:2.8)

16



(iii) g and H
g and H evaluated at the approximate posterior mode 7 = 7* can also be obtained
as

_ (oA ... oA oA T
ovy vy 8,@(0) ’V:V*’ :3(0):3(0) )
oA, 0 _’A
81/12 8V18ﬁ(0)
H = 0 o 827A 82A |y:l,*75<0):ngo),

81142 8l/gaﬁ(0)

02A . 02A 02A

(91118,3(0) 811585(0) 8ﬂ(20)

5(0) +Vz)yzy

where A = f(7) = logH H6 i

i=1j=1 14e Tij
The partial derivatives can be expressed in terms of response y;; and covariates x;; as

/
OA L my I O
555 5] EFE it
8,3 4 wijﬁ(o)"'”i

POyt

1+e

oA n; engﬁ(oﬂrw
aV' = Z yij A R )

1 + e"uPotvi

02A R e%ﬂ<0)+w

aﬁ%@) = _ZZ

. Y
e 1 1+6 (0)+V1)2

92A n; e x;;B0)tvi
v, — (1 + POy’
. !/ .
A N g el ot

Ov;0B o) N _j:1 (1+ exéjﬂ(O)JFVi)Z‘

D /
For the convenience of computation, denote g = <91> and H = — < C) , where

g2 C B
A an\ T OA
g1 = o Bu, g2 = )
(8 1 9 Z) 8/3(0)
92A
)
o A (25— - 525) D= o
e 0P s ; s
Ovy?

—1
~ D C' E F
—H™ <C B> - <F G) ’
E=D'+D'C'(B-CD'Cc)'CcD™,

F=—(B-CD'C')'CD™,
G=(B-CD'C)™!

17



Now that 7*, g and H have been calculated, the mean vector 7* — H~'g can be derived

- v E F g1 V*+EQ1+F/g2
I (’6(0)> (F G) (92> (ﬁ(o) + Fg1 + Gga
If we denote p,, and pg respectively as

1, =V" + Egy + F'ga,

ps = By + Fg1 + Gga,

we can get the joint posterior density of v, B |y as

v Hy -1
(5(0)) |y ~ Normal { <N6> ,—H } . (2.2.9)

O

Corollary 1. The conditional posterior density of v|B,y and Bwyly can be approzi-
mated by multivariate normal distributions.

Proof. For the multivariate normal distribution, its conditional and marginal distribu-
tion can be expressed as multivariate normal distribution. Suppose @ has multivariate
normal distribution

T Uy Y1 X2
= (5 o= (1) 2= (B 52)}

x1|xy ~ Normal{a, 3},

then

2 ~ Normal{us, Y},

where @ = uy + 215550 (2 — u), 2 = D11 — 215355 Doy

Using this conclusion, we can derive from the joint posterior density of v, 8|y in
(2.2.9) that the conditional distribution of v/|B), y and marginal distribution of By |y
has multivariate normal distribution

v|B0),y ~ Normal{p, — D~'C"(B) — ps), D'}, (2.2.10)
Boy|ly ~ Normal{ s, G}. (2.2.11)
O
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2.3 The Integrated Multivariate Normal Approximation
Method

We apply the IMNA method to the Bayesian Logistic model. The joint posterior
density is

71-(1/7/[3752|y) X W(y’l/,ﬂ(o)) X ﬂ-('/|/80752) X Tr(ﬁ762)‘

The likelihood can be approximated by the multivariate normal density of parameters
v and B by the approximation theorem. Now combine (2.2.10), (2.2.11) and the
priors given by the Bayesian Logistic model (2.1.1), we have IMNA model

v|B),y ~ Normal{p, — D_IC'/(B(O) — Kg), D_l}

Bo)|y ~ Normal{ps, G}
v|Bo, 6% ~ Normal{Bj, 6*I}

7(Bos Boy: 5°) &m

2 >0i=1,....0,j=1,...,n;

where j is a vector of ones.
By Bayes’ theorem, the approximate joint posterior density for the parameters v, 3
and 62 is

7Ta('/7/8752|y) X 7.‘—a(lj|18(0)7y) X ﬂ-a(ﬁ(o)’y) X 7T<V|50752) X W(ﬂ752)

x \11|1/2€_5["‘(“V‘D10’(B<0>—“ﬂ))]/D[“—(“v—D10’(B<0>—%))}
D_
1 _1 _ ! ~—1 _ 1 1 /e 7\ —1 . 1
X o~ 518 —ms] G By —ms] o~ 3v—P03) (821) " v —Bog] o
G2 521172 1+ o)y
_ 6—%{[v—(uV—D*C’(ﬁ(m—uﬂ))]'D[V—(uu—Dflc'(ﬁ(m—uﬂ))]ﬂu—ﬁoj]’(a%)ﬂ[u_goj}}

X |D‘1/2 X 1
021)72|G|2 - (14 62)?

« e—%[Bw)—“ﬂ]/G*l[ﬁ(or“ﬁ],

(2.3.1)
By this approximate joint density function, we can derive the approximate condi-
tional posterior density (CPD) functions of parameters v, 3 and §°.

Corollary 2. For each of i = 1,...,{, the conditional posterior density of v;|3,6% y
can be approximated by a normal density, where the v; are independent.
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Proof. Look at ! the exponent containing v in the posterior density (2.3.1)
[v = (1 = D7'C"(Bro) — 1p)) | D [v = (10 — D'C'(Broy — 1)) ] + v — Bodl’ ( ) [v — Bos]

52

= [p - @+ 507 (D= B0y~ )+ 25) | 0+ 0 [v -0+ 50 (Dr— B0 - ) + B3|
! [ = DTIC (B — 1) — Pod] -

+ [y — D71 (Bloy — ms) — Bod| (D1 +621)"

Combining all the terms including v in (2.3.1) we can derive the conditional posterior
density of v|3, 2,y as

7(v|B, 8%, y) o e~ O+ D (Due=C (o)) +383)] (D+ D= (D+ ) (D =C' (Broy =19+ 34|

Y

which indicates v approximately has a multivariate normal distribution

1 | 1
v|3, 0%,y ~ Normal {(D + ﬁ]) YD, — C'(Boy — ps) + ﬁﬁog) (D + 5—2]) }
(2.3.2)
For i = 1,...,¢, 1B, y are independent. So the densities of 14|3,d% y can be
approximated by independent normal distributions.
([l

Since the v; are independent and there are many of them, Corollary 2 is very important.
For one thing parallel computation can be done for v;, which accommodates time-
consuming and massive storage challenges in big data analysis.

Since v has a multivariate normal distribution, we can integrate out v from the
joint posterior density 7 (v, 3, 6%|y), and get the joint posterior density of 3 and 6% as

’D‘1/2 1
X

D+ L1252 P2 (14 67)?
% 6—%{[MV—D’IC’(B@—MB)—BOJ'],(D’1+521)’1[MV—D’lc'(ﬁ(o)—#ﬁ)—ﬁoj]-i-[ﬁ(o)—uﬁ],G*l[ﬁ(o)—uﬂ]}

(2.3.3)

(B, 8%ly) o

Corollary 3. The conditional posterior density of (ﬁﬂo ) |62,y can be approzimated by
(0)

a multivariate normal density.

LA similar formula can be written for the sum of two vector quadratics: If x, a, b are vectors of
length k, and A and B are symmetric, invertible matrices of size k x k, then

(x—a)Alz—a)+ (z—b)Blz-b)=(x—c)/(A+B)(z—c)+ (a—b)'(A '+ B™H " a—10)

where ¢ = (A + B)~!(Aa + Bb).
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Proof. Combining terms with 3 in the joint posterior density of 3 and ¢% in (2.3.3),
we have the conditional posterior density for 5y and B

—3 { [Hu—Dflc'(,@(o)—Hﬁ)—501']/(1771-*‘521)71 [, =D71C" (B(o)— ) —Bod |+ [Boo) _Nﬁ]lG71 [Bo)—15] }

(2.3.4)
We will show that this is the non-normalized multivariate normal distribution func-
tion.

(Bl y) ox e

Assume that 8 has the multivariate normal distribution

-1
Bo 2 wo 58 'Y/
62y ~ Normal .
(@m)‘ YR N ew ) v A

The density function is

2 I\ |2 1( Bo — wo >/<5§ 7’)( Bo — wo )
f(ﬂléQ,y)o<|<f‘YJ APY(0)>| e \Bo—wo)\7 Ao/ \Bo-—we) (239)

First, look at the exponent in (2.3.4)

[, — D71C"(Broy — ms) — Bog] (D™ + 617" [, — D' C"(B(o) — ms) — Bod]
+ [Bioy = 5] G [Blo) — ms]
= Bloy [CDHD™' +8* 1) 'D7IC" + G| Broy + B33 (D™ +821) 715
=2[(p + D) (D71 4 821 DTIC + py G By (2.3.6)
= 2[(py + D7'C'pg) (D™ 4 6°1) 7] 5o
+2B0j' (D" +6°1)' D71 C' By
+ (o + D71 Cpp) (D71 4+ 82 1) " (o + D710 pg) + G g,
Then look at the exponent of (2.3.5)

5 6 )65

By —wo/) \7 Ao/ \Bo —wo

= 0535 + BEO)A(O)B(O) — 2(65wo + w20)7)50 — 2(woy + Ayw(o)) B
+ 2507/5(0) + 58’/3 + 2000‘-020)’)’ + WEO)A(O)""(O)'

(2.3.7)

(2.3.6) equals (2.3.7) when
A(o) = CDfl(Dfl + (52[)71D710/ + Gil,
6 =3' (D~ +6°1)715,
~v=CD YD '+ 681)7g,

wo\_ (% N\ (1 + D71 C' ) (D + 6°1)
w(0) v A (ko + D710 pg) (D™ + 21) D70 + G )
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We conclude that (3|62, y approximately has multivariate normal distribution,

B w A
o 116%,y ~ N ] o). (" . 2.3.8
(f"m)) 9%y ~ Norma wo)) ' \Y Ao (2.38)

O

Since approximate conditional distribution of (3|42 is a multivariate normal distri-
bution, we can integrate out 3 from the joint density of 3 and 6% in (2.3.3), and get
the posterior density of §2|y

1 ey, 1
62D + I]1/2 (14462)2

52 /
e O R R A G
(&

637

7T(52|y) o8 ~y A(O)

Since 6% € (0, 00), we make a transformation of n = so that n € (0,1) and draw

1
1ty |
samples for parameter n between (0, 1). Then §% = ;77’ dn = —mdéz.

The posterior density 7(d%|y) in terms of 7 is
1

7T<U|y) X { ‘52D + ]|1/2 2} |52:1—T77

52 /
_% [(HV_;’_Df10/“,8)/(D71+52[)71(“V_i_DflC/uﬁ)_i_“fBGfl“B_ul( o Y )V:|
X g€ |52:ﬂ-

63 ¥
Y A

7 A

(2.3.9)
Recall that D and I are diagonal matrices.

2.4 Parameter Sampling

IMNA simply uses the multiplication rule to get samples from the approximate
joint posterior density. Here we can write the steps to draw samples for the parameters
in our IMNA method using the full conditional distributions of parameters 62, 3 and
V.

(i) Draw samples for 62 given data from (2.3.9) where we transform 7 to 62. We apply
grid method for sampling 62 and take 100 grids between 0 and 1.

(ii) Draw samples of 3 given §% and data using multivariate normal distribution as in
(2.3.8).

(iii) Use a Metropolis algorithm with an approximate normal distribution as proposal
density as in (2.3.2) to draw samples of v; given B, §? and data. Parallel computing
can also be used in this latter step.
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Chapter 3

Logistic Regression Exact Method

3.1 The Bayesian Logistic Model

Recall the Bayesian Logistic model with covariates that we worked on with IMNA

method
. 33B(0) +i
ind . e
yiili By ¥ Bernoulli {w} :

vil By, 6> % Normal (B, 6%), (3.1.1)

1
7T<,3»52) (S8 m,

2 >0i=1,....0,7=1,..,n.

According to Bayes’ theorem, the joint posterior density of the parameters (v, 3, 6%|y)
1S

(v, 8,0%y)
x w(ylv. By) x T(v]Bo,8%) x (B, 5)

ni (@3B0t 1 _eims)? 1
25 - .
o 1 emulPortv || /2rg? ‘ (1+62)2

The standard MCMC Logistic regression exact method is complicated to work
with and it takes longer time to get posterior samples. We apply Metropolis Hastings
sampler to draw samples for parameters 3, 62 and v.

3.2 The Logistic Regression Exact Method

The idea of exact method is to get full conditional posterior distributions for all of
the parameters in the model, and then get a large number of independent samples of
each parameter with its full conditional posterior density.
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First, we integrate v from the posterior density to get the joint posterior density of

B, 0%y as

Uz ”/@(O)"'Vz)yu 1 (’/i_ﬁO)Q 1
6 / STl |
Sl H { 1 TPt \/27r52e 2 (1+62)? g
' i (3;8(0)+vi)Yij
1 H /00 €=t 1 _<ur§620>2 J
=71 22 n; . e 2 2
(1406%)2 25 | /-= I1 [1 + ewijﬁ(o)""yl} V2mh?
j=1

Notice that this is not a simple distribution function for the integration, so we apply
numerical integration. Divide the integration domain to m equal intervals [tx_1, 1], k =
1,....,m. Let z; = ’”%60 with standard normal distribution. We get an approximate

density (very accurate though),
i(w;;jﬁ(o)‘i‘l’i)yij

ey m
1 1 e e 1 _wi-80?
w05 e () TS [ L,
(1+62)2 62) i | = e ﬁ [1+€z;j5<0)+ﬂ o

j=1

3 (@l B0y +2i0)uis
= > - e 2dz
(14022 25 | = o [ [1 4 emisPort=o] V2
j=1

Take the middle point of each interval [t;_1,tx] to estimate the cumulative density

function, and denote Zj, = % We have the following deduction

g

> (@80 +2k0)yij
=1

1 Toe te 1
7T(lga 62|y) ~ o, n; / e zdz
(1+02%)2 Z:Hl kgl H {1 . ”,6(0)+zk6} th_1 \/ 2T
j=1

The integration is now over a standard normal distribution. We consider the interval
(-3, 3) for numerical integration, since this domain (standard normal) covers 99.74%
of the distribution that we are dealing with. We take m=100 grid points. Then the
joint posterior density for 3 and 4% can be expressed as

g

Z( x;:B(0)+2k0)yi;

2 ~ 1 o
(8,0 I:t/)fw—(1 ) 1211 kzl ﬁ s o (D(tp) — D(tpr)) p.  (3.2.1)

We still have a complicated density function for parameter sampling. Instead of
further integration, we apply Metropolis Hastings sampler to sample parameters 3
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and 6%, This joint posterior density function (3.2.1) is the target density function in
Metropolis Hastings sampling. As for the proposal density of 3 and §?

Ta (B, 52|y) = 7Ta(/6|527 Y) X 7Ta(52|y)7 (3.2.2)

Take the approximate conditional posterior distribution for 3|2, y from Corollary 3 in
IMNA method as 7,(8[6%,y)

52 / -1
52,4 ~ Normal { [ “© > : ( o ) :
/3| Y orma {(W(O) 7 A(o)

Take the posterior density for 62|y obtained from the IMNA method as 7,(5%|y)

1 e |z 1
(62 62 Gamma
Ta(07|y) o 02D + 1|2 |7 Ao (1+ 62)2
-3 (uu+D—1C/ua)’(D‘1+621)‘1(uy+D—lc’ua)+ugG—1us—u'(53 Gamma’)y}
X e T A

An easy way to draw 62 from this distribution is to approximate it by a gamma distri-
bution, denoted by I'(r, s)
ma(0*y) = T(r, s).

The expectation and variance of I'(r, s) are
r T
E@ly) =, Var(d®ly) = 5.

Numerically calculate the expectation and variance of m,(6%|y) as

_ [ 0Pma(6°]y)do?
 Jma(82]y)do?

E(5°ly)

2 _ (0% = E(0%ly))*ma(0°|y)do™

Var(@*ly) = B(5* = B(&*|y) X

So we can solve for r and s to get

By el
Var(62|y)’ Var(62ly)
We can draw samples for parameters 3 and 6% using Metropolis Hastings algorithm.
The target density is as in (3.2.1), and proposal density as in (3.2.2).

We use the same method as for the IMNA method to draw samples of parameter
v, using Metropolis Hastings algorithm given 3, % and data.
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3.3 Parameter Sampling

With the full conditional densities for each parameter, we write steps to draw
samples.
(i) Find posterior modes 62*, 3 and ,32‘0) as the starting values for proposal density of
B and 2.
(ii) Draw 3 and 62 given data using Metropolis Hastings sampling with starting values
6%, B and By
(iii) Draw v given B3, 6 and data using Metropolis Hastings sampling. Again, v; are
independent and this can also be done by parallel computing as in the IMNA method.
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Chapter 4

Application

4.1 Health Status Data

The source of the data should be reliable. To apply the Integrated Multivariate
Normal Approximation (IMNA) Logistic method, we need binary response variable
and useful predictors (covariates). We would like to have both response and covariate
come from same survey. We have used health data from the national household survey
of Nepal Living Standards Survey (NLSS) conducted in year 2003/04. NLSS follows
the World Bank’s Living Standards Measurement Survey (LSMS) methodology which
has already been successfully applied in many parts of the world. It is an integrated
survey which covers samples from whole country and runs throughout the year. The
main objective of the NLSS is to collect data from Nepalese households and provide
information to monitor progress in national living standards. The NLSS gathers infor-
mation on a variety of area. It has collected data on demographics, housing, education,
health, fertility, employment, income, agricultural activity, consumption, and various
other areas. NLSS has records for 20,263 individuals from 3,912 households, which can
be used as an example of our big data problem. For our purpose we have chosen a
binary variable, health status, from the health section of the questionnaire. As this
dataset has thousands of variables, we can choose as many covariates as required.

4.1.1 Sample Design

NLSS follows the World Bank’s Living Standards Measurement Survey (LSMS)
methodology and uses a two-stage stratified sampling scheme. NLSS II enumerated
3,912 households from 326 Primary Sampling Units (PSU) of the country.

Stratification

The sampling design of the survey NLSS was two-stage stratified sampling. The to-
tal sample size (3,912 households) were selected in two stages. The sample of 326 PSUs
were selected from six strata using Probability Proportional to Size (PPS) sampling
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with the number of households as a measure of size. Within each PSU, 12 households
were selected by systematic sampling from the total number of households listed. The
NLSS sample was allocated into six strata as follows: Mountains (384 households in 32
PSUs), Kathmandu valley urban area (408 households in 34 PSUs), Other Urban areas
in the Hills (336 households in 28 PSUs), Rural Hills (1,152 households in 96 PSUs),
Urban Tarai (408 households in 34 PSUs) and Rural Tarai (1,224 households in 102
PSUs). Table A.1 in Appendix presents the geographic distribution of the sampled
PSU by regions and belts.

4.1.2 Health Status

Health status questionnaire is covered in Section 8. This section collected infor-
mation on chronic and acute illnesses, uses of medical facilities, expenditures on them
and health status. Health status questionnaire is asked for every individual that was
covered in the survey.

The health status questionnaire has four options. For our purpose we make it bi-
nary variable. We keep excellent health condition as 1 and other zero. So we have
health status with excellent health condition 58.2 percentage. The survey data show
that there are 60.35 percent male and 56.21 percent female have excellent health con-
dition reported. Urban reported more excellent health status than rural area. Urban
has 63.87 percent excellent health condition versus 56.01 percentage in rural area. By
religion Hindu has 58.89 percentage excellent health status and non-hindu has 55.19
percentage excellent health status.

4.1.3 Covariates

We choose five relevant covariates which can influence health status from same NLSS
survey for Integrated Multivariate Normal Approximation (IMNA) Logistic method.
They are age, indigenous, sex, area and religion. We created binary variable indigenous
as whether indigenous or not (Indigenous = 1, Non-indigenous = 0), religion as whether
Hindu or not (Hindu = 1, Non-Hindu = 0), sex as whether male or female (Male = 1,
Female = 0) and area as whether urban or not (Urban = 1, Rural = 0). For continuous
covariate age we standardized it. We believe that health status could be affected by
age of the individual. Older age and child age are more voulnerable than younger age.
Indigenous are those who lived within the same territory for thousands of years for
many many generations. We believe they could have different health status than other
migrated people. Similarly, health status of urban and rural citizens could be different.
Frequency tables for the covariates are shown in the Appendix (Tables A.3, A.4, A.5,
A.6). Also the distribution of age (the continuous covariate) shown in Figure A.1 of
the Appendix.
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4.1.4 Quality of Data

To maintain the quality of data, a complete household listing operation was un-
dertaken in each selected PSUs during March-May of 2002, about a year prior to the
survey. Systematic sample selection of households was done in the central office. The
field staff consists of supervisors, enumerators and data entry operators. Female in-
terviewers were hired to interview female respondents for sensitive questions which are
related to women such as their marriage and maternity history and family planning
practices.

Data collection was carried out from April 2003 to April 2004 in an attempt to cover
a complete cycle of agricultural activities, health related questionnaire and to capture
seasonal variations in different variables. The process was completed in three phases.

Data entry was done in the field. Separate data entry program with consistency check-
ing was developed for this survey. There was consistency checking for each question-
naire linked between sections. All errors and inconsistencies were solved in the field.
Data were collected through out the year.

4.1.5 Questionnaire

The questionnaire that collect information about chronic illness of all household
members in the survey is shown in Figure A.2 in Appendix.

4.2 Exact Method Output Analysis

As for the simulated samples we obtained from exact method by Metropolis Hast-
ings sampler, diagnostics need to be performed to determine convergence and to obtain
random samples. The Geweke test output of samples for parameters 3 and 62 is shown
as follows.

We simulated 11,000 iterations in total for Metropolis Hastings sampling. We have
used 1,000 samples as a burn-in and we used every tenth iterate. After burn-in and
thinning, we get the final 1,000 samples. The Geweke test for stationarity of the
parameters 3 and 62 are shown below. The p-values are much higher than 0.05 and
effective sample size for each parameter is 1,000.
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Parameters | p-values | Effective Sample Size
Betal 0.104 1000
Betal 0.650 1000
Beta2 0.774 1000
Betad 0.449 1000
Beta4 0.598 1000
Betab 0.187 1000
Delta Square | 0.155 1000

Table 4.1: Geweke results for parameters by exact method

Figure 4.1 are the trace plots for all beta parameters and delta squared. There are
1,000 samples left as final samples. These trace plots show that samples are random
and mixing well.
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Figure 4.1: Trace plots for parameters by exact method

31

Betad Betal

-0.4

Betal

-3.2

-40

-03.4

-0.3

-0.5

1.5

=20

200

400

600 800 1000
Index




Figure 4.2 are autocorrelation plots for parameters beta and delta squared. These
plots do not show any dependency among samples.
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Figure 4.2: Autocorrelation plots for parameters by exact method
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4.3 Result Comparison of IMNA and Exact Method

We compare the processing times of the IMNA method and exact method in order
to find a faster computation. The total time for exact method is 17.46.18 minutes
(1,066.18 seconds) for 1,000 samples while only 0.20.65 minutes for IMNA method
with 1,000 samples, more than 50 times faster than the exact method. So it is obvious
that integrated multivariate normal approximation (IMNA) method is much faster and
equally reliable as exact method.

These are computation for 3,912 households in the survey. Suppose there are
1,000,000 households in our dataset. Then, assuming propotional allocation the to-
tal time for respectively the exact method and IMNA method could be approximately
76 hours and 1.5 hours with 1,000 samples each. This will make a lot of difference in
big data analysis.

The estimates for parameters beta and delta square by exact and IMNA method
are in Table 4.3 and Table 4.4. The mean of parameters and numerical error by the two
methods are close. IMNA has slightly smaller standard deviations and coefficients of
variation than exact method. Although the intervals are a bit shorter for IMNA than
the exact method, our conclusions are basicly the same based on interval estimation.
This suggests that inference for IMNA is reasonably close to the exact method.

Parameter | Mean | Standard | Coefficient of | Numerical | Lower | Upper
Deviation Variation Error Limit | Limit

Betal 3.61 0.32 0.09 0.01 2.94 4.20
Betal -0.71 0.03 -0.04 0.00 -0.76 | -0.66
Beta2 -1.54 0.27 -0.17 0.01 -2.09 | -1.07
Beta3 -3.59 0.23 -0.06 0.01 -4.04 | -3.17
Betad -0.36 0.05 -0.15 0.00 -0.46 | -0.25
Betab -1.75 0.32 -0.18 0.01 -2.35 | -1.10
Delta Square | 33.12 0.98 0.03 0.03 31.33 | 35.05

Table 4.2: Estimates for parameters by exact method
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Parameter | Mean | Standard | Coefficient of | Numerical | Lower | Upper
Deviation Variance Error Limit | Limit

Betal 3.62 0.26 0.07 0.01 3.14 4.11
Betal -0.71 0.02 -0.03 0.00 -0.75 | -0.67
Beta?2 -1.55 0.21 -0.13 0.01 -1.98 | -1.17
Beta3 -3.60 0.18 -0.05 0.01 -3.96 | -3.27
Beta4 -0.36 0.04 -0.12 0.00 -0.44 | -0.28
Betab -1.75 0.25 -0.15 0.01 -2.29 | -1.31
Delta Square | 33.11 0.76 0.02 0.02 31.63 | 34.57

Table 4.3: Estimates for parameters by IMNA method
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Figure 4.3 is comparison of posterior means for proportions of excellent health
status in each household (small area in our case) for IMNA and exact methods. This
plot is almost 45° straight line through the origin, which shows that posterior means
for the proportions from IMNA method and exact method are close.

Posterior means for proportions of health status by exact and IMNA method

1.0

IMNA Method

0.4

| | | | [ |
0.0 0.2 04 0.6 08 1.0

Exact Method

Figure 4.3: Posterior means for proportions of health status by exact and IMNA
method
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Figure 4.4 is comparison plot of posterior standard errors of proportions for IMNA
and exact method. Almost all points are on the 45° straight line through the origin,
while few households show slightly higher standard errors for IMNA method for stan-
dard errors between 0.12 and 0.23. This plot shows that there is almost no difference
in posterior standard errors of the proportions from IMNA and exact methods.

Posterior standard errors of proportions by exact and IMNA method

IMNA Method
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Figure 4.4: Posterior standard errors of proportions by exact and IMNA method
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Linear Regression of Posterior Means of IMNA on Exact Method

We run linear regression on posterior means for the proportions of IMNA on exact
method.

The standard error for residuals is 0.00457 with 3910 degrees of freedom. The p-
value for F test is less than 2.2 x 107!, and R? = 0.9997, suggesting a very good fit
of linear regression. The t-test p-values for intercept and regressor are almost zero,
suggesting strong significance. The intercept value is around zero (0.0015274) with
very small standard error (0.0001140) and regressor estimate almost one (0.9987685)
with small standard error (0.0002836). This shows that the two methods are very much
close in their posterior means for the proportions.

Estimate | Std. Error | t value | Pr(> |t|)
(Intercept) | 0.0015274 | 0.0001140 | 13.39 | < 2e — 16 | ***
output avgl | 0.9987685 | 0.0002836 | 3521.22 | < 2e — 16 | ***

Table 4.4: Linear regression output for posterior means

The histogram of difference between posterior mean for proportion estimation by
IMNA and exact method scaled by exact method is shown in Figure 4.5. This histogram
is centered around zero with small variation. This histogram also confirms that the
results of IMNA method and exact method are very much similar.
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Figure 4.5: Histogram of (PMa-PMe)/PMe

Linear Regression on Posterior Standard Deviations of IMNA and Exact Method

We also run linear regression on posterior standard errors for the proportions of
IMNA on exact method.

The standard error for residuals is 0.00401 on 3910 degrees of freedom. The p-value
for F test is p — value < 2.2 x 10716, and R? = 0.9987, suggesting a very good fit
of linear regression. The t-test p-values for intercept and regressor are almost zero,
suggesting strong significance. The intercept value is around zero (0.0015365) with
very small standard error (0.0001232) and regressor estimate almost one (1.0009586)
with small standard error (0.0005872). This shows that the two methods are very much
close in their posterior standard errors for the proportions.

Estimate | Std. Error | t value | Pr(> |t|)
(Intercept) | 0.0015365 | 0.0001232 1247 | <2e—16 | ***
output stdl | 1.0009586 | 0.0005872 | 1704.74 | < 2e — 16 | ***

Table 4.5: Linear regression output for posterior standard errors

The histogram of ratio of posterior standard error for proportion estimation by
IMNA and exact method is shown in Figure 4.6. This histogram is centered around
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one with small variation. This histogram also confirms that the results of IMNA
method and exact method are very much similar.

Histogram of PSDa/PSDe

Frequency

200

100
1

I T T I T 1
-1.0 -0.5 0.0 0.5 1.0 156 20

PSDa/PSDe

PSDa is posterior standard errors by IMNA, PSDe is posterior standard
errors by exact method

Figure 4.6: Histogram of PSDa / PSDe

4.4 Future Work

In the NLSS survey, there are stratification, survey weights and non-samples.

It is easy to deal with stratification. We simply need to apply our IMNA procedure
to each stratum separately.

PPS sampling is used in the first-stage of the survey design. Thus there are survey
weights (design, not adjusted weights). All households (each member) in a psu has the
same weight. So we can proceed in one of the two ways in our analysis. First, we can
use an adjusted logistic likelihood incorporating the survey weights (e.g., Wang 2013,
Master’s Thesis, WPI). Second, we can simply use the weights as covariates because
we have all the weights for prediction of the non-sampled survey households.

It is not so easy to deal with non-samples. In each psu, twelve households are
systematically sampled from a large set of households. We have information of the
number of the non-sampled households in each psu. However we do not know the
number of members in each household or the covariates. We have these for the most
recent census, but record linkage has to be used to match the households. However we
can use bootstrap to predict the proportions for the non-sampled households for the
sampled psus.
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Appendix A
Tables and Figure for Data

Ecologica Development Region
I Zone | East [ Central | West | Mid West | Far West | Total
Mountain 9 11 1 5 6 32
Hills 22 67 45 18 6 158
Tarai 44 47 19 15 11 136
Total 75 125 65 38 23 326

Table A.1: Primary samling units of the NLSS by region and zone

’ Hindu ‘ Freq. ‘ Perecnt ‘ Cum. ‘
Non-Hindu | 3885 19.17 | 19.17
Hind 16379 | 80.83 100
Total 20264 100

Table A.2: Frequency table of Hindu religion

’ Gender ‘ Freq. ‘ Perecnt ‘ Cum. ‘

Female | 10501 | 51.82 | 51.82
Male 9763 48.18 100
Total | 20264 100

Table A.3: Frequency table of Gender
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’ Indigenous ‘ Freq. ‘ Perecnt ‘ Cum. ‘

Non-Indigenous | 11905 | 58.75 | 58.75
Indigenous 8359 | 41.25 100
Total 20264 100

Table A.4: Frequency table of Indigenous

’ Area ‘ Freq. ‘ Perecnt ‘ Cum. ‘
Urban | 5585 | 27.56 | 27.56
Rural | 14679 | 72.44 100
Total | 20264 100

Table A.5: Frequency table of Area
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Figure A.1: Density Plot of Age
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SECTION 8. HEALTH PART A | CHRONIC ILLNESSES (ALL HOUSEHOLD MEMBERS) |

I|1. 2, 3. 4. 5. 6. 7.
D
E | ID CODE OF | Does What chronic illness How How much has How many days | What is the present
N | RESPONDENT | ..[NAME].. | does ..[NAME].. many .. [NRME] .. did ..[NAME].. | health status of
T suffer primarily suffer from? yEars spent in the have to stop .. [NAME]..?
I from a ago did | past 12 months | doing his/her
F WRITE ID | chronic HEART CONDITIONS ..... 1| the on the usual activity
I | CODE FROM | illness? RESPIRATORY .......... 2 [ illness | treatment of due to this
C | HOUSEHOLD ASTHMA ..... .3 | start? this illness? illness during
A | ROSTER OF EPILEPSY ... 4 the past 12
T PERSON CANCER ..... - montha?
I PROVIDING DIABETES ..... 6
Q | INFORMATIO MALFUNCTION OF KIDNEY 7 INCLUDE COST
N N YES ..1 CIRRHOSIS OF LIVER ... B OF
NO ...2(#7)| OCCUPATIONAL ILLNESSES? CONSULTATIONS,
c HIGH/LOW BLOOD PRESSUREL DIAGNOSIS,
Q DRUG ABUSE .......... 11 MEDICINES AND
D OTHER ...t 2 TRAVEL
E
ID CODE YEARS RUPEES DRYS
01
0z
03
4
05
€
07
€
08
10
11
17
13
14
15

Figure A.2: Questionaire of Chronic Illness
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Appendix B
R codes

B.1 R codes for for exact method

#install.packages ("mvtnorm")
#install.packages ("biglm")
#install.packages ("speedglm")
#install.packages ("coda")
#install.packages ("statmod")
#install.packages ("gibbs.met")
#install.packages ("MHadaptive")
rm(list=1s ())

.libPaths ("/library")

library (coda)

library (statmod)

library (mvtnorm)

library (stats)

library (gibbs .met)

library (MCMCpack)

library ("plyr")

library (ars)

ptm = proc.time ()

#——————— input data —--——-——-—-—--—-—- #

house <- read.table ("house.txt", quote = "\"")

nobsyu=ulength (house [, 11])
colyu=uc(5,6,7,8,9,11)

iiy=porder (house [, 3], house[,1], housel[, 2
Luuuuuuuuuuhouse [, 5], house [, 6], house [, 7
Luuuuuuuuuohouse [, 8], house [, 9], house [, 1
Luuuuuuuuuuwhouse [, 12])

housel_ =_,cbind (house[,1], house[,2], house [, 3],
LLuLuLuLLLuuuuuuuuuhouse [, 5], house [, 6], house [, 7
LuLuuuuLuuuuuuuwhouse [, 8], house [, 9], house [, 1
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Luuuuuuuuuuuuwohouse [, 12]1) [11, ]
xyu=wuhousel [, 5:9]
ylu:uc ()
xy[,1]lu=u(housel[,5

' u-umean (housel[,5])) o/
Luusgrt (var (housel [ ]
)

]
51))
for(iuinulu:unobs
uuif (housel[i, 6] 0
vuelseuxy[i,2]u=ul
uulif (housel (i, 7]1u==u0)uxyl[i,3]u=u0
uuelseuxy[i,31u=ul

Luuif (housel[i,8]u==u0)uxy[i,4].=0L0
uuelseuxyl[i,4]u=ul

uuif (housel[i, 9]lu==0ul)uxy[i,5]u=0ul
uuelseuxy[i,5]u=u0

Luuif (housel[i,11]lu==ul)uyllilu=ul

uuelsepyyl [1]u=u0

}

number =_,factor (housel [, 3])
nor.yuyu=uas.array (split (yl, number))
X.numyu=,¢c(1,2,3,4,5)

pu=ulength (x.num)
nigu=uas.numeric (sapply (nor.y, length))
lu=ulength (ni)

maxng =gmax (ni)
x.listOyu=pas.array (split (xy[,x.num], number))
x.listyu=uas.array (list ())

for(ioinulyo:ul) {
uuX.list[[i]lu=umatrix(x.1listO[[i]],nil[di], p)
}

row.names (x.1list) o =uNULL
row.names (nor .y) u=uNULL

N~ ~

uz)uXY[ilz]u:uO

ni <=-uni
xylyu<=uxy
xyu<—ucbind (housel [, u3], uxy)

y._.._.<-|_.y1

hidou<=_ohousel [, u3]lLuu#ohouseid
tempu<—-uas.data. frame (ycbind (hid, uy) u)

library (plyr)
yibaryu<=,ddply (temp, u"hid", Lfunction (x) {m=mean (x$y) ;
data.frame (yibar=m) }.)
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ziLuuu<=—ulogu (uw(yibar[, u"yibar"]l,u+,0.5/ni)
uuuuuuuuuuuuuuu/u (1_uyibar [, u”yibar "Tu+u0. 5/111) )

S2Lu<—Lut (xy1l)L%*%sL (xyl)

beta.staru<=usolve (s2)u%*%usl
tempu<—uas.data.frame (ucbind (,hid, Lexp (
uu— (xylous*Subeta.star) o) u)w)

names (temp) u<—uc ("hid", ,"xijb")
tempu<-uddply (temp, u"hid", ufunction (x
uusum (x$8xijb);udata.frame (vi.hatyu=,8)
tempu<-Ltemp [, u"vi.hat"]/uni
vi.hatu<=-,logu (utemp/ (1-yibar [, u"yibar"]1+0.5/ni) )
ratiou<—Lexp (Luxylu%*Subeta.staru+urep (vi.hat, uni) )
/ (Ll+texp (LuxylL%$*%Subeta.star+urep (vi.hat, uni) ))

) {s=
1)

au<—uas.data.frame (ucbind (hid, u(yu—-wratio)) u)
names (a) u<=gc ("hid",o"a")

au<—-yddply (a, u"hid", ufunction (x) {su=usum(ux$a);
data.frame (a=s) })

au<—gpal,u"a"l

bu<—Lapply (L ((xylou*uy)u—-uw(xylo*,as.numeric (ratio))),

LULLLULUULLLULL 2, wsSum)

Bu<—-umatrix (0, 45, 5)

for(uivinul:udim(xyl) [1] L) {
uotempu<—uxyl[i, ulu%s*sut (xy1l[i,0])u*ur[i]
LuBLu<—-uBLo+temp

}

tempu<—-uas.data. frame (L,cbind (hid, ur) )

names (temp) u<=oc ("hid",o"r")

Du<=oddply (temp, u"hid", Lfunction (x) {s=sum(x$r) ;
data.frame (r=s)1})

Du<=,diag(D[,o"r"])

tempu<—uas.data.frame (ucbind (hid, u(xyly*

LU L L L L DL DL dsS s numeric (r) ) ) o)
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names (temp) u<=-uc ("hid",o"v1l","v2", "v3",o"v4d", ,"v5")
Cu<=-uddply (temp, u"hid", Jfunction(x) {sl=sum(x$vl) ;

s2=sum (x8$v2) ;

s3=sum (x$v3);sd4=sum (x$v4d); sE5=sum(x8$vhH) ;

data.frame (clyu=us1l, uc2u=1,82, uc3u=us3,ucd=us84, LcS5u=us85) } L)
Cu<—=uLC[,u2:udim(C) [2]1]

Cu<—-ut (C)

Guu<—usolve (WBL- L (LCLFS*SLUDInLLs*SLt (C) L) u)
Gl|_.<—|_.B|_.—|_.C|_.%*%|_.Dln|_|%*%|_1t (C)

CD|_|<_|_|CL]%*%|_|Dln
E|_,<—|_,D1I‘1|_J~I—|_,Dln|_,%*96|_|t (C) u%*%uGu%*%uCD
F1|_|<_|_|_|_|G|_|%*%|_|CD

ua|_|<-|_|Vi .hatu+uEu%*%uau+ut (Fl)\_,%*%ub

ub|_|<_|_|beta . Staru+|_|Flu%*%uau+uG|_j%*%|_|b

abu:uuau+uDinu%*%ut (C) u%*%uub
bGu:ut (ub) u%*%uGl
biu:ut (ub) u%*%uGlu%*%uub

Ju=urep (1, 41)

CD1l.,<-,t (CD)

disu<—-ufunction (epsi)
uudeltayu<—pepsi[2]u-—uwepsi[l]
uudel.logu<=uc ()
vufor(ivuinul:ulength (epsi) u) {
Luuuepsilonyu<—uepsi[i]

LuuwDDL=,diag (1,./u(diag (Din) u+u (lu-uepsilon) /Lepsilon))
LuuuCDDL=,CD,%*%LDD

LuuuDDJIL=uDDL%*%S L J
LuwwaDDu=ut (ab) U%*%.LDD
LuuuDEL L =,CDDL%*%.CD1 +.,G1

Lvuuudel =0t (J) u%*%0DDJ
Luuwgamyu=,CDD L% *%s L J
Luuuwcovy=ymatrix (0, put+ul, putul)
Luuwcov[l,1]u=udel

Luuucov [2uru(putul), 20w (putul) ] u=uDEL
LuwwucovI[l, 24y (pu+u1) ] u=ugam
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Luuwucov 2y (putul), 1]lu=ut (gam)
Luuuwlincovy=4,solve (cov)

LuuubO0L=,abDD % *% 0 J

Luuumb0,=,aDD,%*%,CD1 +.,bG

vuuumbou=,c (b0, mb0)

LuuuMUy=uincovy,s*%,mb

uuuuwdcovy=L (det (cov))

uuuwudDu=ylog (diag((lu-uepsilon)u/uepsilony*D) L+,1)
LuuwsDou=4usum (dD)
vuuulogu=u-uw0.50u*,(log (dcov) u+usDu+L,aDDL%*%S L ab
Lo tFubGbhu—ut (mu) LS*SLcovi$*Sumu)
vuuwutulog (delta)

uuuwdel . logu<—-uc(del.log, uloqg)

I_II_I}

uureturn (del.logqg)

}

gridu<—-,seg (0.0001, 5.999, Lby=.005)

del.logu<—-,dis (grid)

My<-yumax (del.log)

exptu<=—susum (u (l1-grid)/gridu*Luexp (del.logu—uM) L)
/usum (Lexp (del.logu—-uM) u)
varigg<=gusum(y ((l1-grid) /grid)"2,*%,uexp (del.logu—-uM) u)
/usum (Lexp (del.logu—-uM) u)uu—uexpt *2
delau<—-Lexpt*2,/uvari

delb,<-exptyu/uvari

- uproposal,function,gamma,,————-—————— #
paramy=,delayu*,log (delb),—ulgamma (dela)

can_delta2_ ,<—-_,function (delta2) {

uuparamy+y (delay-uwl)u*ulog(delta2)  —-udelbyu*,delta2

- LProposalgnormal —-—-—-——-———-— #
can_betayu<=,function (nu) {
Lubetau=unul2u:u(putu?2)]
uudelta2=pnu[l]

uuDDu=udiag (1./u(diag (Din) u+udelta2))
LuCDDL=,CDL%*% DD

LuuDDJIL=uDDL%*%J
LuaDDL=yut (ab) u%*%uDD
LuuDEL,,=,CDD%*%CD1 +,G1

uudel =4t (J)u%*%.DDJ
Lugam=,CDDL%*%S L J
uucovy=pmatrix (0, pu+ul, put+ul)
uucovI[1l,1]lu=udel
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u(pu+ul) ] u=uDEL

|_||_|COV[2|_|3|_|(p|_A+|_|1) L
lu=ugam
]
)

2
uucov [1l,20:u(putul)
uucov (20 (pu+ul), 1]lu=ut (gam)
uulilncovygy=,s0lve (cov
LubOLu=,aDDL%*%S,J
LumbO0,=,aDDL%*%L,CD1 ,+.DbG

uumbo=Lc (b0, mb0)

LuMU=,incovy,%*%.mb

uudcovy=, (det (cov))

uu—ul.50*t (betay—-—umu) u%S*Sucovu%s*%S, (betay—umu) u—
vuuw (p+1) u/uw2u*ulog (.50/upi)utu-5u*ulog (decov)

}

m=100,#_no._ofugridupoints
tu=useqg(u-uw3, 3, byu=u6u/um)

zku=uc ()

phio=Lc ()

for (kuinuly:um) {u#umidupointofugridouand, CDFE

vuzk [klu=u.50*0 (E[ko+ullou+utlk])
vuphilk]u=upnorm(tlku+ul]) u—wupnorm(tl[k])

}

n.draw,=10

updateyu=umatrix (0, n.draw, (pu+u2))
for(igingulyo:un.draw) {
uuupdate[i,l]lu=urgamma (1, shapeu=udela, ratey=y,delb)
uuDDu=udiag(l1u/u(diag (Din) u+uupdate[1i,17]))
LuCDDL=,CD,%*%.DD

LuuDDJIL=uDDL%*%J

LuaDDL=ut (ab) u%*%uDD

LuuDEL,,=,CDD%*%CD1 +,.G1

uudel =4t (J)u%*%,DDJ

uugamy=,CDD L %*%,J

uucovy=pmatrix (0, pu+ul, put+ul)

uucovI[l,1]lu=udel
Lucov (20w (putul), 2
uucovI[l, 200 (put+ul)
uucov [2u:u(putul), 1
Luulincovy,=,s0lve (cov
LubO0L=,aDDL%*%LJd
LumbO,=,aDDL%*%LCD1 L+.DbG

uumbou=,¢c (b0, mb0)

LuMUy=g,incovy,$*%.mb
uuupdate[i,2u:u(putu?2)]u=urmvnorm(l, mu, incov)

}

utu(putuwl) ]l u=uDEL
]u=ugam

]u=ut (gam)

)
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psuu<-guround (xy [, ull)
psuu<-—,unigque (psu)
- utargeufunction,———------- #

targetu=ufunction (nu) {u#otarget function
uufdel u<—guas.numericy, (wnull]w)
uufbetayu<—Las.matrixy (wunul2: (p+2)]14)

uusumlog <=0
vofor(uivingl:1) ¢

vuuuwfvyouu<—uas.data. frame (ucbind (uxy [, ull, uyu) o)
vuoonames (fy) u<—uc("psu", u"y")

|_||_||_||_|fY|_||_|<_|_||_|fy [n_an[, |_|”pSU” ]==pSU (1], 0ol
vuuwolif (dim (fy) [1]10>1)

oo fyouu<-ufy [, u2]

Luuutrelse |

Luuuuuiyvyu<—=uas.numeric (ufy[2]4)

Lo )

vuuuwifxyu<—Luuxy[xy [, 1]l==psuli]l, u]

vuuwuif (length (fxy)u>6) {
vuuuwuufxyu<—-gpuas.data. frame (uxy[xy [, 1]l==psuli]l, ulu)
oo Iy [, ullu<—-ul

Lo fxXxyu<—uas.matrix (fxy)

Luuutrelse |

|_||_||_||_||_||_|fXY|_|<_|_|Xy [Xy [, l]zszU (i1, ol
|_||_||_||_||_||_|ny [1]u<-ul
LuuuuuixXxyu<—pas.data.frame (fxy)
Luuuuu IXyu<=ut (as.matrix (fxy))

UL}
Luuuintsumy<—40
vuuufor (wkoyingl:om) |
vuuuwuuizu<=uzk [k]

LuuuuuIxbu<-Luufxyus*sLufbeta
Luuwuuufzdu<=ufzu*Lusgrt (fdel)

Lo fdnou<—uprod (uul+uexp (wfxb+fzdy) u)
Luuuuunumy<—-guexpu (usum (o (fxb+fzd)u*ufvu) u)
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Uuuuuulintsum<=intsumyg+,fnumy/ fdnoL*uphi [k]
L_ILJLJL_I}

vuuuwsumlogyu<—gysumlogyu+ulog (intsum)

I_JI_I}

Lusumlog

uuintyu<=-u-24u*,1log (1+fdel) uu+sumlog

uureturn (int)

}

#-—--uDrawy (delta2, ubeta) withyumetropolisyusamplery———#
chainu=garray (dimyu=uc(n.drawu+ul, put+u?2))
chain[l,]Lu=Luc(expt,umean(y)uu, beta.star)

Uu=prunif (n.draw)

ratu=uc ()

rat [1l] u=utarget (chain[l,])u-wcan_delta2 (chain([1,1])
-ucan_beta (chain[1l, 1)

probab,=,c ()

foryu(ivuinguly:un.draw) {
uurat[i+1l]u=utarget (update[i, ])u—-wcan_delta2 (update[i, 1])
Lu—wucan_beta (update[i, 1)

Luuprobab[i]lu=uexp ((rat[i+1l]ou—-wurat[i]))

}

foru(iuinulo:un.draw) {

Lulf L (isTRUE (u[i]lu<=umin (1, probab[i]))) {

vuuwchain[iu+uwl, Ju=uupdate i, ]

Lutelse|

vuuwcChain[ig+ul, Ju=uchain[i, ]

I_JI_I}

}

nu=un.drawg+.,1

rate =yunrow (unique (chain)) o /un.draw,*,100
mean_ =.,¢C ()

sdu=wuc ()

erroru=uc ()

lowerg=unc ()

upperu=uc ()

for(ivuinulu:u(putu2)) {

uumean[i]lu=umean (chainf[,11)
uusdl[ilu=usd(chain[, 1])

uuerror [1]lu=ugt (0.975,dfu=unu—-ul)u*usd([i]o/usgrt (n)
uulower [i]u=umean[i]l]u—uwuerror [1i]

uuupper [i]u=umean[i]u+uerror [i]
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}
MCMC .d_byu=urbind (chain, mean, sd, error, lower, upper)
proc.time () —ptm

d_b_mcmcy=,cbind (MCMC.

(n.drawo+u2) , 1u:u( )1,
(n.drawy+u3) , 1o (putu2)],
(n.drawu+u4),lu:u(pu+u2)]

(n w(
(n

I_II_II_ILILILII_II_II_II_ILILILII_II_II_II_IMCMCo !

.draw_,+.,6) ’ lu:u(pu+u2) 1)

colnames (d_b_mcmc)=c ("Mean",,"SD","SE", "Lower", "Upper")
#----uthrow,out,,first_nburngyas,"burn-in" - - - ———--—- #
nburn=151

chain.new=chain [ ((nburngy+,1),:0un), ]
#-—-—-—-uplotauto-correlationgyof eachyuparametery,—————- #
acf (chain.new[,1], lag.max,=,50)

acf (chain.new[[,2], lag.maxy,=u,50)

acf (chain.new[,3], lag.maxy,=,50)

acf (chain.new[,4], lag.max,=u,50)

acf (chain.new|[,5], lag.max,=.,50)

acf (chain.newl[, 6], lag.max,=4,50)

acf (chain.new([,7], lag.max,=u,50)

#-.'Thinning’:,looksyulikecorrelationgydiesyoffuafter
#about kthyusampley (seeyongyplot)
fkeepuindependent usamples byuonly,takingueveryukthysample
f-——— - ucalculatey NSE,—————————— #
sl=s2=s3=sd4d=s5=s6=s7=vector ()

for (iuinul:25) {

uwsl[1i]=0

uufor (jJuinul:34) {
LuwuwsSl[il=sl[i]+chain.new[34* (i-1)+7,1]
I_JI_I}

uusl[i]l=s1[1i]/34

}

for(iLinul:25) {

Lus2[11=0

vufor(juingul:34) {
Luuwus2[il=s2[il+chain.new[34*(i-1)+7, 2]
I_II_I}

Lws2[i]l=s2[1]1/34

}

for(iinul:25) {

Lws3[1i]1=0

uufor (Juinuwl:34) {
Luuws3[il=sl[i]+chain.new[34* (i-1)+7, 3]
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I_II_I}

Lws3[i]=s3 [l]/34

}

for(iuinul:25) {

._.._.for(j._.in._.l:34) {
LuwuwsSd4[il=sd4[i]+chain.new[34* (i-1)+7, 4]
I_JI_I}

Lusd[i]=s4[1]1/34

}

for(iuingul:25) {

uusS[1]1=0

uufor (juinul 34) {
vuuwsS[i)l=s5[i]l+chain.new [34* (i-1)+7,5]
I_II_I}

Lusb[i]l=s5[11/34

}

for(iuinyl1:25) {

Lus6[1]1=0

uufor(j._.in._.l 34) {
uuuwus6[il=s6[i]+chain.new[34* (i-1)+]J, 6]
I_II_I}

Lusb[i]=s6 [l]/34

}

for(iuinul:25) {

uufor(juingul:34) {
vuwwus7[i]l=s7[i]l+chain.new[34* (1-1)+7, 7]
I_JI_I}

LwusT7[i]l=s7[1]1/34
}

NSEyu=uc ()

NSE[1]=sd(sl)/sqgrt (25)

NSE [2]=sd (s2)/sgrt (25)

NSE[B]—sd(SB)/sqrt(25)

NSE [4]=sd(s4)/sqgrt (25)

NSE[S]—sd(SS)/sqrt(25)

NSE[6]=sd(s6)/sgrt (25)

NSE[7]=sd(s7)/sqgrt (25)

- ucalculatepyeffectiveysizey—-——>———-—--—-

ESSLu=wuc ()
ESS[l]lu=wueffectiveSize (chain.new[[,1])
ESS[2]u=peffectiveSize (chain.newl[,2])
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chain.new
chain.new

u=ueffectiveSize [,31)
[,4])
chain.newl[,5])
[,6])
[, 71)

[3]

[4] u=LeffectiveSize
ESS[5]u=ueffectiveSize

[6]

[7]

w=peffectiveSize (chain.new

~ o~ o~ o~ o~

u=ueffectiveSize (chain.new
f-m————- LGeweke test,———————— #
Gewekeyu=,c ()

Geweke [1l] u=Lgeweke.diag(chain.new[,1], ufracl=0.1,
LLLLLLL UL LU LU L frac2=0.5)8z [ [1]]

Geweke [2] u=uLgeweke.diag(chain.new[,2], ufracl=0.1,
LLULLUULULUULULULUULULULUuuuuuuu frac2=0. 5) $Z [ [1] ]

Geweke [3] u=Lgeweke.diag(chain.new[,3], ufracl=0.1,
LU LLLLLLULLLULLLLLLLLuuuufrac2=0.5) 8%z [[1]]

Geweke [4] u=Lgeweke.diag(chain.new[,4], .fracl=0.1,
LU LLLULL UL LD UL LU Erac2=0.5) 8z [ |

Geweke [5] u=Lgeweke.diag(chain.new [, 5], ufracl=0.1,
LUULULLLLLUUL UL LLuuirac2=0.5)8$z[[1]1]

Geweke [6] u=Lgeweke.diag(chain.new[, 6], ,.fracl=0.1,
LU LLLLLULLLLULLLLLLLLuuuufrac2=0.5)8%z[[1]]

Geweke [7] u=ugeweke.diag(chain.new([, 7], ufracl=0.1,
LULULLULULLUULLUULLULLuUuuuuufrac2=0.5)8z [ [1]]
pvalueg=4,c¢ ()

pvalue[l] u=udnorm (Geweke [1

( 1)
pvalue [2] u=udnorm (Geweke [2])
pvalue [3] u=udnorm (Geweke [3])
pvalue [4] u=udnorm (Geweke [4])
pvalue [5] u=udnorm (Geweke [5])
pvalue [6] u=udnorm (Geweke [6])
pvalue [7] u=udnorm (Geweke [7])
#L.0utput uof LIMNA ,parameters delta2,andubetay——-—-- #
MCMC.out=,rbind (ESS, Geweke, pvalue)
hist (diff (chain.new([,1]), prob=T,ylim=c(0,2.5),
LuuuuXlim=c(-8,6), col="red")
lines (density (diff (chain.newl[,1]1)), lwd=2)

plot (density (diff (chain.new[,1]) lwd=2, ylim=c (0,2.5))

)
lines (density (diff (chainl.newl[,1]1)), 1lwd=2)
plot (density (diff (chain.finall[,2])), 1lwd=2,ylim=c(0,4.5))
lines (density (diff (chainl.finall[,2])), 1lwd=2)
plot (density (diff (chain.finall[,3])), lwd=2, ylim=c(0,15))
lines (density (diff (chainl.finall[,3])), lwd=2)
plot (density (diff (chain.finall[,4])), lwd=2,ylim=c (0, 6))
lines (density (diff (chainl.finall[,4])), lwd=2)
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plot (density (diff (chain.finall[,5])
lines (density (diff (chainl.finall[,5])), 1lwd=2)
plot (density (diff (chain.finall, 6] lwd=2, ylim=c (0, 8))

), lwd=2, ylim=c (0, 5))
]
)
lines (density (diff (chainl.finalf[,6])), lwd=2)
)
]

plot (density (diff (chain.finall[,7])), lwd=2,ylim=c (0, 4))
lines (density (diff (chainl.finall[,7])), lwd=2)
- utraceyplots ,for,delta2_,andyubeta_i,—-—-———-#
plot (ts (chain[,1]))

plot (ts (chain[,2]))

plot (ts (chain[, 3]))

plot (ts(chain[,4]))

plot (ts(chain[,5]))

plot (ts (chainf[,6]))

plot (ts (chain[,7]))

- uplotualliterationsy—————-—--- #

plot (ts(chain.newl[,1]))

plot (ts(chain.newl[,2]))

plot (ts (chain.newl[,3]1))

plot (ts(chain.newl[,4]))

plot (ts(chain.newl[,5]))

plot (ts(chain.newl[,6]))

plot (ts(chain.new[,7]))

f-——————- uDrawpmugy,-—-——-——-—-—-—-—- #
beta.newy=uchain.new[,3L:L(p+2) ]
delta?2.newy=gpchain.new [, 1]
fmui_=Lfunction (mui, beta,delta2,xj,yl, nnl) {
Luxbetayu=Lurep (0, maxn)

Luxbetayu=urep (0, maxn)

vufor(juinuly:umaxn) {
Luuwuxbeta[jlu=ut(x3i[]j, 1) u%*Subeta+umui

vuuwxbetay [jlu=uxbetaljlu*uyl ]l

\_ll_l}

uuue=,sum (xbetay)-umuiy~u20/0 (20*,delta?)
uudeyu=uprod (lu+uexp (xbeta))

uuexp (ue) u/udey* mui,~unnl

}

intgfu=umatrix (NA, 1, (n.drawy—-unburngy+,1))
for(iuinu974,,:.1) {
uufor(kuyingly:u(n.drawy—unburng+u1)) {

vuuuintgf (i, k]u=uintegrate (fmui, betayu=ubeta.newl[k, ],
LU uuuuuuuuuuuuudeltaZ2 =, delta2 .new k],

LU LD Lo X Ju=uX [, , 1], v1lo=uy [, 1],
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LuLuLLL LU LU uouennl =,0, lowery=,-Inft,
LU LLLU L LU LU Lo ouuppery=uInt) [ [1]]

I_JI_I}

}

exp2fu=umatrix (NA, 1, (n.drawy—-unburngy+u,1))
for(ivinulou:ul) {
vufor(kuyingyly:u(n.drawy—unburng+u1) ) {
Luuwexp2fli,k]u=uintegrate (fmui, betayu=ubeta.newl[k, ],
LLLLLULLLULULULULULLUL UL uuuuudeltaZ2 y=udelta?2 .new k],
|_||_||_||_|uuuuuuuuuuuuuuuuuuuuuuuxj|_|=|_|X [,,171, y1u=uy [,11,
LU LU uuuuuuuuunnl o=,2, loweryu=u-Inf,
LULLLLLULLLLLLLLLLL Lo uppery=uInt) [ [11]] u/
Luuuuwuintgf [1, k]

uu}

}

expfu=umatrix (NA, 1, (n.drawgy—-unburngy+u,1))

varfyu=_ matrix (NA,1l, (n.drawy—-ounburn+,1))
for(ivuingulyo:ul) {
vufor(kuyingly:u(n.drawy—unburngy+01) ) {
vuuwexpfl[i,k]l]u=uintegrate (fmui, betayu=ubeta.newlk, ],
LU uuuuuuuuuuuudelta2 =, deltaZ2 .new[k],
I_II_II_II_JI_JLJI_JI_II_II_II_JI_JI_ILJI_II_II_II_II_JI_JLJI_JI_II_JI_II_JXjLJ:I_IX [ 1 l] ! yll_.l:l_ly [ ! l] !
LU LLULLLLL LU uuuuohnl =41, ylowery=u-Inf,
LULLULLULULULLLULULLLULLLuLLuuuoupperu=uInf) [[1]]Lu/uintgf[1i, k]
vuuwuvarf i, klu=uabs(exp2fli,k]lu-vwexpfli,klu"u2)

uut

}

lowerbyu=_expfu-u3u*usgrt (varf,/un.draw)
upperby,=_expfu+u3Lu*,sqgrt (varf,/un.draw)
fi,=ufunction (mui, beta,delta2,xj,yl){
uuXbetau=uc ()

uuXbetayu=uc ()

uufor(jJuingyly:umaxn) {
vuuuXbeta[Jlu=ut(xj[J,])u%*subetay+umui
Luuuxbetay [Jjlu=uxbeta [ Jlu*uylIl]jl]

I_II_I}

uusum (xbetay)u—umui*u2./0(2u*,delta2) u—usum (xbeta)
}
fprimaiou=ufunction (mui, beta, delta2, xj, yvl) {
LuuXbetau=uc ()

vufor(juinuly:umaxn) {

vuuuxbeta [ Jlu=ut(xj[j,1)u%*Subeta+umui

I_II_I}
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uusum (y1l) y—umuiyn/udelta2,+usum (1,/0 (1u+uexp (xbeta)) u—ul)
}

vOu=ypmatrix (NA, (n.drawy—-ounburngg+.,1), 1)
for(kuinguly:u(n.drawy—unburng+01)) {

uufor(iginglyo:ul) {

LuuuvO [k, i]lu=uvars(nu=ul, ufi, ofprimai, uxu=u0, umu=u1,
Luuuuuuuuuuuuuuuuulbu=uTRUE ,  x1lby=ylowerb [1i, k],

Lo uuuuuuuuwouuby=uTRUE , uxubyu=yupperb[1i, k],
LusLuuLuuuLuuuuuuuwuubetan=ubeta.new [k, ],

Lo uuuuwdeltaZ2 o =,delta2 .new[k],

uuuuuuuuuuuuuuuuuuxju:ux [, i] / uylu:uy [, il)

Lo}

}

f-————————- uEstamationyofprobabilitiesy—-————---—-—--——-- #

pi_empO,=,array (NA, dim=c (maxn,l, (n.draw,—onburng+u,1)))
for(kyuingul: (n.drawy—-ounburng+o1) ) {
vufor(igingl:1) {

vuuwufor (Juingl:ni[1i]) {

uuuuuupi_empo []1 i, ]ZeXp (t (X[]/ , 11)
LUuLLLLLULULLLULULLLUULLLuuLuL s *%chain . new [k, 3: (p+2) ]+vO0 [k, i1) /
vuuuuuun (I+exp (E(x[J, ,1]) %$*% (chain.new [k, 3: (p+2)1])

L.II_.II_JI_J}

I_JI_I}

}

plot (pi_empO, pi_emp, type="p")
abline (0, 1)
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B.2 R codes for IMNA method

#install.packages ("mvtnorm")

#install.packages ("biglm")

#install.packages ("speedglm")

# install.packages ("coda")

# install.packages ("statmod")

# install.packages ("gibbs.met")

library (coda)

library (statmod)

library (mvtnorm)

library (stats)

library (gibbs .met)

ptm=proc.time ()

- read data —-——————————-— #

house <—- read.table ("house.txt", quote = "\"")
nobsyu=ulength (house [, 1])

colu=u,c(5,6,7,8,9,11)

iiu=porder (house [, 3], house[,1], house[,2], house[,4],
Luuuuuuuuuuhouse [, 5], house [, 6], house [, 7],
Luuuuuuuuuuhouse [, 8], house [, 9], house[,10], house [,117,
LuuLuuLuuuuuuhouse [, 127)

housel_ =L,cbind (house 1], house[,2], house [, 3], house[,4],
5], house [, 6], house [, 7]
10

8], house [, 9], house [,

LUuLLLULULULLUUuuuhouse ’
LuLLLUUL LU house ] 1

[,
[,
[,
L

LULLLULLULLLLLL L ouse 11], house [,12]) [1i1,]
xyu=uhousel [, 5:9]

viu=uc ()

xy[,1]u=u(housel[,5].u—-wumean (housel[,5]))
/usgrt (var (housel[,5]))

for(ivuinyulyo:unobs) {
Luif (housel[i, 6]lu==u2)uxy[i,2]u=L0
uuelseuxy[i,2]lu=ul

Luuif (housel[i, 7]1u==u0)uxy[i,3]Lu=u0
uuelseuxy [i,31u=ul

Luif (housel[i,8]u==40)uxyl[i, 4]u=0u0
vuelseyxy[i,4]1u=ul

Luuif (housel[i, 9] u==0ul)uxy[i,5]lu=0ul
uuelseuxy [1i,5]1u=u0

uuwif (housel[i,11]lu==ul)uyl[ilu=ul
uuelseyyl [i] =0

}
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number =,factor (housel [, 3])
nor.yu=gpas.array (split (yl, number))
X.numg=,c(1,2,3,4,5)

pu=ulength (x.num)
nigy=uas.numeric (sapply (nor.y, length))
lu=ulength (ni)

maxng=pmax (ni)

x.listOyu=pas.array (split(xy[,x.num], number))
x.listyu=uas.array (list ())

for(iinuly:ul) {
uuX.list[[i]lu=umatrix(x.1listO[[di]],nifdi], p)
}

row.names (x.1list),=uNULL
row.names (nor .y) u=uNULL

yu=umatrix (0, maxn, 1)
x,=parray (0, dimyu=uc (maxn,p, 1))

yibaru=uc ()

for(iginulyo:nl) {

vufor(Juinuly:unili]){

LuwuX[J, ,i]lu=umatrix (data.matrix(x.list [[11]1[3J,1),
LU dimnames =, NULL)
LuuuyY[J,i]lu=umatrix (data.matrix(nor.y[[11]1[31]1),
UL LLLULLLLLLULLuuuudimnames =, NULL)

I_JI_I}

uuyibar[ilu=usum(y[,i])o/uni[1]

}
ybar,=_,sum(y) /unobs

#-_,0Obtainestimatesyofyuvuandyubeta—--vi.hatyuandyubeta. hat
#independentyofallparameters y——————-———— #

vi.staryu=4,z1
slu=urep (0, p)
s2u=umatrix (0, p, p)
for(ivuinulo:ul) {

vufor(Juinuly:uni[i]) {
vuuwusSluy=usluyto(yIJ,i]Ju—uwvi.star[i])o*out(t(x[J,,11))
vuuuS2u=us2utu(E(E(x[J,,1]1))u%s*sut(x[J,,11))

L)

}
beta.staryu=uso0lve (s2)u%*%,s1l
for(iouinulo:ul) {
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Lus3u=u0

uufor(juinulu:uni [1]) 1
vuuwus3u=us3utuexp (u—wut(x[J,,1])u%*Ssubeta.star)
L}

uuvi.hat[i]lou=ulog (s3L/u(ni[ilou*u(lu-uyibar[i] o+
LULLLLLLLLULUL L L LLLLLUU L UL LLuuu0 .50 /uni [11)))
}

#-Obtainutheymultivariate_normal japproximationy,————#
ratiou=umatrix (0, 1, maxn)

for(ioingulo:ul) {

vufor(juinguly:uni[i]) {
LuuwsSd4lyu=uexp(t(x[]j,,1i])u%*%Subeta.stary+uvi.hatl[i])
uuuwratio[i, Jlu=usd4lo/L (1u+us41)

I_JI_I}

}

au=uc ()

for(ivuinulo:ul) {

Lusd =010

vufor(Juinuly:unili]){
vuuwsdu=usdutuylj,ilu—wuratio[i, jl

I_II_I}

vualilu=usi

}

bu=urep (0, p)

for(iLinulo:nl) {

vufor(juinuloy:uni[i]){
|_||_||_||_|b|_|:|_|b|_|+|_lx[j/ ! i]I_I*I_I(Y[j/ i]l_l_l_lratio [ll j])
\_||_|}

}
for (ivinulo:ul) {

vufor(Juinulu:uni[i]) {
LuuuBLu=UuButuratioli, jlu*u(lu—-wratiol[i, J1)
vouo*o (E(E(x[J,,11))8*sut(x[J,,11))

I_JI_I}

}

Du=,diag (0,1, 1)

Dinu=udiag (0,1, 1)

for(ivinuly:ul)

Lusb5u=u0

vuwfor(juinulou:uni[1i]){
LuuusSu=usbuturatioli, jlu*u(lu—wratiofli, J1)

I_II_I}
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uuD[1,i]lu=usb

uuDin[i,i]lu=ulu/0us5

}

Cu=umatrix (0,p, 1)

for(ivuinulo:nl) {

LuusS6u=urep (0, p)

vufor (juinulou:uni[i]) {
LuuuSo6u=usoutut (b (x[J,,1]))u*uratiol[di, 7]
Luun*u(lu-uratioli, 31)

I_II_I}

uuCl,1]lu=usb6

}

I.=udiag(1,1,1)

Ju=urep (1, 1)

CDL=uCL%*%.Din

CDlo=,t (CD)

Glu=uBL-—LCL%$*%,CD1

Gu=usolve (G1)

Eu=0Din+,CD1%*%$L,GL%*%LCD
Flo=u-0GL%*%,t (CD1)

vau=uE %*%Souaut+tut (Fl1) u%$*Sobu+uvi.star
ub=uFl1o%*%uau+uGus*subu+tubeta.star
abu=Luau+uDin,$*$Lt (C) L¥*SLub
bGLu=Lt (ub) L%*%LG1

bGb =t (ub) L%*%LGlL%*%SLub

- uUseymultiplicationgyrulegytoyobtaingyposterior
#densitiespyofyuv’s, ubeta’spyandydelta2,
fp(v]beta,delta, data), up(betal|delta, data), up(deltal|data)
#Thenyrefineyup (v|beta, delta, data) . —————-————— #
n.draw=1500

- udensityoofuepsilony———--—-—--—- #
disu<=-ufunction (epsilon) u{
uuDDL=ydiag(l1./u(diag (Din) u+u (1lu—-Lepsilon) /Lepsilon))
LuCDDL=,CDL%*%.DD

LuDDJIL=uDDL%*% T

uwuwabDD=ut (ab) u%*%LDD
LuuDEL,=,CDDL%*%.CD1 +,.G1
uudel =4t (J)Lu%*%0uDDJ

I_H_.gam._,:._JCDD._.%*%._JJ
uucovy=pmatrix (0, pu+tul, put+ul)
uucov([1l,1]lou=Ldel

LuCov [20:0 (pu+u1) P20ty (pl_l+l_|1) ] u=uDEL
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uuwcov [1l, 2,y (pu+u1) 1 u=ugam

vucov [20:u(putuwl) , 1]lu=ut (gam)

Luulncovy=4usolve (cov)

LubO0,=,aDD%*%J

LumbO0,=,aDD%*%$,CD1_+.bG

uumbou=Lc (b0, mb0)

LuMUy=,incovy,%*%Sumb

uudcovy=,det (cov)

uudDu=ulog (diag ((lu-uepsilon)y/uepsilony* D) L+ul)
LuusDu=L,sum (dD)
uulogu=u-uw0.5u*,(log (dcov) u+usDu+LaDDL%*SLabu+ubGby -
LUuLLLUUULLUUUULUUuuuut (mMu) US*Sucovy%*Ssomu) L+u8670
uuexp (log)u*uepsilony,/uepsilon,/L283.01314L,/,0.9999999
}

intgu=uintegrate (dis, uloweryu=00, yupperu=ol) [[1]]

#-—-udrawsuofiepsilony,(grid), udelta2, ubetayandyuvy————#
epsilon.Int=matrix (NA, nrow=m, ncol=2)
epsilon.Area=matrix (NA, nrow=m, ncol=1)
epsilon.Mid=matrix (NA, nrow=m, ncol=1)
dist=matrix (NA, nrow=m, ncol=1)

for(iguingl:m) {

uuepsilon.Int[i,]l=c(i/m-1/m, i/m)
uuepsilon.Mid[i, ]=epsilon.Int[i,1]4+1/ (2%*m)
Luudist[i1i, ]=epsilon.dist (epsilon.Mid[1i,])
uuepsilon.Area[i, ]=dist[i,]*1/m

}
epsilon.Prob=(epsilon.Area)/sum((epsilon.Area))
epsilon=c ()

deltaz=c ()

beta=matrix (NA, nrow=n.draw, ncol=p+1)
for(kuinulyo:un.draw) {

uusll=sample (epsilon.Int[,1],n.draw, replace=TRUE,
LuuuLuLLLuLuuuuupPprob=epsilon.Prob)
uuepsilon(k]=runif (1,s11([k],sl11[k]+1/m)
uudelta2[k]=(l-epsilon[k])/epsilon[k]
uuDDu=ydiag (lu/u(diag (Din)+delta2[k]))
LuCDDL=,CDL%*%.DD

LuDDJL=uDD L %*% ., J

LuaDDo=yt (ab) u%*%.uDD

LuDEL=CDD%*%CD1+G1

uudel=t (J) $*%DDJ

Lugam=CDD%*%J
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uucovy=pmatrix (0, pu+ul, put+ul)
uucov[1l,1]u=Ludel
uuCOV[Zu:u(pu“‘ul) ’ 2|_|:l_|(p|_|+|_|l)]|_J:|_|DEL
uwcov I [l, 20 (putul)]lou=ugam
uucov ([2u:u(putul), 1]lou=ut (gam)
Luincov=solve (cov)
Lub0=aDD%*%J
Lumb0=aDD%*%$CD1+DbG
uumb=c (b0, mb0)

uumu=incov%*%$mb

uubetalk, ]J=rmvnorm (l, mu, incov)
}

chainl=cbind (delta2, beta)
proc.time () —ptm

sl=s2=s3=sd4=sb5=s6=s7=vector ()
for(iuinul:30) {

uwsl[i]=0

uufor (juinyul:50) {
Luwwusl[il=sl[il+chainl [50* (i-1)+7,1]
I_II_I}

Lusl[i]l=s1[11/50

}

for(iuinul:30) {

Lus2[1i1=0

vufor (Juinuwl:50) {
Luuws2[i]l=s2[i]l+chainl [50* (i-1)+7, 2]
\_ll_l}

Lus2(i]=s2[11/50

}

for(iLinul1l:30) {

Lus3[11=0

uufor (Juinul:50) {
LuuwsS3[i]l=sl[i]+chainl [50* (i-1)+7, 3]
I_JI_I}

Lus3[i]=s3[11/50

}

for(iuinul:30) {

uwsd4[i]=0

uufor (juingul:50) {
LuwwusS4[il=s4[i]l+chainl [50* (i-1)+7,4]
I_II_I}
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}

for(iuin,1:30) {

LusS5[1i1=0

vufor (Juinuwl:50) {
LuwwusS5[i]l=s5[i]l+chainl [50* (i-1)+7, 5]
L)

uuS5[i]:S5[i]/50

}

for (i ingul:30) {

Lws6[1]1=0

uufor (Juinuwl:50) {
Luuws6[i]l=s6[i]+chainl [50* (i-1)+7, 6]
I_JI_I}

Lus6[i]l=s6[11/50

}

for(iuinul1:30) {

uus7[1i1=0

uvufor (Juinul:50) {
LuuwsS7[il=s7[i]l4+chainl [50* (i-1)+7, 7]
I_II_I}

Lus7[i]l=s7[11/50

}
NSE,=wuc ()
NSE[l]—sd(sl)/sqrt(BO)

NSE [2]=sd (s2)/sqgrt (30)

NSE [3]=sd(s3)/sqgrt (30)
NSE[4]—sd(s4)/sqrt(30)

NSE [5]=sd (s5)/sqgrt (30)
NSE[6]—sd(s6)/sqrt(30)

NSE[7]=sd(s7)/sqgrt (30)

meang=,c¢ ()

sdu=wuc ()

error,=ucC ()

loweryu=uc ()

upperu=uc ()

for(iuinulou:u(putu2)) {
uumean[i] u=umean (chainl [, 1i])
uuwsdl[ilu=usd(chainl[,1i1)

uuerror [1]u=uqgt (0.975,dfu=un.drawy—ul) u*usd[i]
uu/usgrt (n.draw)

uulower [i]lou=umean[i]l]u—-uerror [1i]

uuupper [i]u=umean[i]u+uerror [1i]

}
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cvu=usd,/uLumean
IMNA.d_byu=urbind (chainl, mean, sd, cv, NSE, lower, upper)
d_b_imnag,=ucbind (IMNA.d_b[(n.drawy+ul), lu:u(put+u2)],
n.drawg+u2), lu:u(putu2)l,
) ]
) ]

[ ( (
Luuuuuuuuuuuuuuouu IMNALAd_b [ (n.drawg+u3) , 1ot u(putu? ’
Lo uwuuu IMNA.d_b[(n.drawg+u4) , 1u:u(putu? /
Luuuuuuuuuuuuuuou IMNA.d_bl(n.drawg+ub) , 1o (p\_l+ 2)1,

LuuLuLuLuuuLLuuuuuuu IMNA . d_b[(n.draw,+.,6) c Loty (pu+u2) 1)

colnames (d_b_imna) . o=,c ("Mean", ,"SD","CV", "NSE", "Lower",
LULuLULULLLLLULLLLLUU Lo | Upper ™)

rownames (d_b_imna).o=uc ("delta2", "betalO", "betal",

LU LLULULULLUULLLUULLLLLL Tbeta2", "beta3 ",
LuLLLLLLLLLLLLLLuuuuoun ' betad ", "betab")

f-—————- LDraw mu,,——-——-——-——-- #

v=matrix (NA,n.draw, 1)

vmu=matrix (NA,n.draw, 1)
vsig=function (delta2) {

uudiag (1/ (diag(D)+1/delta2))

}

Da=D%*%ua

for(ivuinul:n.draw) {

LuCbhb=t (C)%*% (chainl[i,2: (p+1)]-ub)
LuubJI=1/chainl[i,1]*chainl[i,2]1%*%J
LuV=vsig(chainl[i,117)

L vimu [l, ]:Vu%*%u (Da-Cb-l—t (bJ) )
uuvii,]l=rmvnorm (l, vmul[i,],V, method,u=,"chol")
}

f-—————- upu——————— #

pi_empu=parray (NA,dim=c (maxn,l,n.draw))
for (kuinul:n) {
vufor(igingl:1) {

vuuuwfor (Juingl:ni[i]){

vuwouwupPi_emp[J, i, ]l=exp(t(x[J,,1])
LULULULULLLLLULULULULLLLLLUULLLS*¥%chainl [k, 2: (p+1)1+vi[k,i])/
vuuuouoo (I+exp (E(x[3,,11)

vuLuuuLLuuuuuuuuus*¥% (chainl [k, 2: (p+1)]1)+v[k,1]1))

LJ|_||_||_|}

I_JI_I}

}

plot (pi_emp [, ,11)

plot (ts(pi_emp[,1,1]1))
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abline (0, 1)
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