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Abstract

This Major Qualifying Project considers a nonlinear elliptical steady-state

reaction-diffusion-conduction problem for solid oxide fuel cells (SOFCs). The

existence of a solution is proven by showing the existence of a minimum of

an appropriate energy functional, then using the Dirichlet principle to show

that the minimum is a solution to the original problem. The uniqueness of the

solution can be proven by application of Green’s first identity. Numerical com-

putations of the solution are performed, and comparisons are made to decide

on a range for the surface exchange current density parameter.
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I Introduction

A fuel cell generates electricity through oxidizing a fuel with an oxidizing agent. It is

similar to a battery, as they both convert chemical potential to electrical energy by

creating an electrical current. But unlike a battery, a fuel cell’s reactants are from

an external supply. A fuel cell has three essential components: the positive electrode

(cathode), the negative electrode (anode), and the electrolyte. At each electrode, an

oxidation-reduction reaction occurs. One of these reactions generates ions, which are

transferred to the other electrode through the electrolyte. They act as a reactant

for the other half-cell reaction. It is important that only these ions pass through the

electrolyte, and that the electrolyte not be a conductor of electrons. This is because

that free electrons are produced in the anode reaction, and these the free electrons

must flow through the external load, not through the electrolyte [1].

A solid oxide fuel cell (SOFC) is a fuel cell whose electrolyte is made of solid state

materials, and an oxide reacts at its cathode. In this case, oxygen ions are produced

from the reaction at the cathode, and the electrolyte carries them to the anode. In

the overall reaction, the oxide is the oxidizing agent, which ensures the occurrence of

the reaction and the functionality of the fuel cell [1].

A triple phase boundary (TPB) is a boundary where three distinct phases are

in contact. In this project, TPB refers to the boundary where the oxygen gas, the

solid cathode, and the electrolyte are all in contact with one another [2]. As shown

in Figure I.1, typically there are three possible reaction pathways near the TPB. The

first pathway is the electrode surface pathway. In this pathway, the oxygen gas is

adsorbed onto the cathode surface first, and then diffuses along the electrode surface

while ionizing and transferring into the electrolyte. Complete ionization is reached at

the TPB. The second pathway is the electrode bulk pathway. This pathway is very

similar to the electrode surface pathway, except that the adsorbed oxygen species

move inside of the electrode particle instead of moving along its surface. Complete
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Figure I.1: The three typical pathways of cathode reactions in SOFCs taken from
Ref. 2

ionization is reached at the electrode-electrolyte interface. The third pathway is the

electrolyte surface pathway. Oxygen molecules adsorb onto the electrolyte surface

first, then they move along this surface to the TPB, where they get ionized [3].

In Fehribach & O’Hayre [2], the electrode surface pathway and the electrode bulk

pathway are considered in detail; the electrolyte surface pathway, on the other hand,

is only briefly mentioned because it was considered less significant. The major goal

of this project is to study the electrolyte surface pathway in comparison with the

electrode surface pathway.

In this project, we assume the material of the cathode is lanthanum strontium

manganite (LSM), which is lanthanum manganite doped with strontium oxide. We

also assume that the material of the electrolyte is yttria-stabilized zirconia (YSZ),

which is zirconia doped with yttria. These materials are both nominal for their

respective applications in SOFCs, and they were also assumed in the previous study

[2].
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In this project, we consider a nonlinear steady-state reaction-diffusion-conduction

problem in solid oxide fuel cells cathodes. The equations are formulated in terms of

electrochemical potentials of the reactants and the products of each reaction using

the Butler-Volmer equation [4]. We then prove the existence and uniqueness of the

solution. Existence is established by first showing the existence of a minimizer of an

appropriate energy functional, then using the Dirichlet principle, to show that the

minimizer is a solution to the original problem. Uniqueness is proven by applying

Green’s first identity. Afterwards, we generated numerical computations of the so-

lution for reasonable parameter values. Due to lack of information on the exchange

surface current density for the adsorption number,a series of computations are per-

formed to determine its range. Finally, a counter example for the maximum principle

is also presented.
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II The Mathematical Model

In the electrolyte surface pathway, the first step of reaction is for oxygen gas molecules

to attach to the surface of the electrolyte through adsorption. Then they diffuse

along the electrolyte surface until they reach the TPB. During this process, the bond

between the oxygen atoms breaks. But none of these free oxygen atoms can gain

electrons, because free electrons only exist in or on the solid electrode. Once the

oxygen atoms reach the TPB, an oxidation-reduction reaction occurs, which turns

the oxygen atoms into oxygen ions with the charge of −2e. After this reaction, the

oxygen ions move from the electrolyte surface to its interior.

Figure II.1: The red hemisphere represents the solid electrode, and the blue plane
represents the electrolyte surface [2].

Figure II.1 is a geometric configuration for the process described above. The

hemispherical structure represents a particle of the solid electrode sitting on the elec-

trolyte surface (the x-y plane). The electrolyte extends in the −z direction, filling the

half-space under the electrolyte surface. The air, and especially oxygen gas, exists in

the region that is above the electrolyte surface and outside of the electrode particle.

The shape of the electrode particle is arbitrary; it does not need to be hemispherical,

or even convex.

In this pathway, since all concentrations would remain constant except on the
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Ω

Γ𝑖 Γ𝑜

Figure II.2: A top view of the domain Ω, the far field boundary Γo, and the cathode
boundar Γi

electrolyte surface, we are only interested in analyzing the physical and chemical

processes happening on this surface. Here, the intersection of the electrode and the

electrolyte is the TPB. Let Ω be the domain of our problem, which is the surface

with the outer boundary (dashed curve) being the far field with radius rf , and the

inner boundary (perimeter of the kidney-shaped object) being the intersection of the

electrode and electrolyte surfaces. Let Γo be the outer boundary, and Γi be inner

boundary. Γo would not necessarily have to be circular, but it has to be far enough

from the particle so that there is no oxygen flux passing through it. Figure II.2 gives

a top view of the domain. Notice that this process is in steady-state.

Looking at this process from a chemistry perspective, it can be broken down to

the following reaction steps:

1

2
O2 
 O,

O + 2e− 
 O=.

In order to analyze this process in greater detail, it is necessary to assume that cer-
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tain steps are rate determining. In this specific project, two cases are discussed,

with the first serving as a limiting case of the second. The first case is relatively

straightforward: the second reaction is assumed to be rate determining, and a math-

ematical model is built based on that. Being parameterized, the second case is more

complicated.

II.1 Fast Surface Transport

In this case, the second reaction is assumed to be rate determining. The first reaction

could occur anywhere in Ω, as it is simply the adsorption process of oxygen. The

second reaction cannot occur until the oxygen atoms reach the TPB, because the

electrode is the only source of electrons in this system. In this reaction, each oxygen

atom receives two electrons and becomes an oxygen ion. Notice that since this is the

rate determining step, the chemical potential of the reactants and the product may

be different. The oxygen current due to this potential difference can be modeled as an

analogy of the Butler-Volmer equation. This classical equation gives an expression

of current density as a function of the electrochemical potentials of reactants and

products. After the second reaction, the oxygen ions move from the surface of the

electrolyte to the interior of the electrolyte.

Let µX denote the electrochemical potential of substance X. Since the first and

the third reactions are in equilibrium, it is safe to assume

1

2
µO2 = µO.

Based on this assumption, the electrochemical potentials of the reactants (u) and the
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electrochemical potential product (v) for the second reaction could be defined:

u :=


1
2
µO2 (gas phase)

µO (electrolyte surface)
,

v := µO= (electrolyte surface/electrolyte interior).

As discussed earlier, the relationship between u and v is then modeled by the Butler-

Volmer equation:

jF =
j0

2

[
exp

(
αaF

RgT
η

)
− exp

(
−αcF
RgT

η

)]
, (1)

where jF is the oxygen current density, and j0 is the exchange current density on Ω.

αa and αc are the transfer coefficients of this reaction, whose values usually range

between 0.2 and 2. They are kinetic parameters that help describe the process. As

we assume this process is ideal, they are taken to be 1 throughout this project. Rg is

the ideal gas constant. η := (u− v)/F is the surface overpotential, a parameter that

accounts for the potential difference of the reactants and the product [4].

Notice that equation (1) can be simplified into the following form:

jF = j0 sinh

(
u− v
RgT

)
. (2)

Also, since the second reaction is rate determining, it is safe to assume that the

oxygen atoms exist in excess on the electrolyte surface. In Fehribach & O’Hayre [2],

the current density is also expressed using the potential of the oxygen species on the

surface:

−∇ · (κs∇v) = iF , (3)

where κs is the surface electrochemical conductance. However, the current density

modeled in Ref. [2] is an electric current density. To find an expression for the oxygen
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current density, we need to convert κs into a quantity with an appropriate physical

meaning. By applying an electrochemistry analysis, we have obtained the following

equation for our specific problem.

−∇ · (κ∇v) = jF , (4)

where κ := κs/2F , and F represents the Faraday constant. In Fehribach & O’Hayre

[2], κs := σs/2F , where σs is the surface electrical conductance. Therefore, in our

case, κ := σs/4F
2.

Thus, the following partial differential equation (PDE) system could be formu-

lated:

−∇ · (κ∇v) = j0 sinh

(
u− v
RgT

)
, x ∈ Ω, (5)

u = u0, x ∈ Γo, (6)

v = v0, x ∈ Γi. (7)

This model reflects the physical situation well, as the PDE describes the oxygen

flux in the domain, while the boundary conditions matching with the corresponding

potentials indicates that the system is in equilibrium. This case is less interesting

and is not considered in detail in this study.

II.2 Parameterized Surface Transport

The problem becomes more interesting without assuming fast transportation. Thus,

there may or may not be a sufficient amount of oxygen atoms on the surface of the

electrolyte. The analysis is based on the first case, with the electrochemical potential

of oxygen in different phases as parameters.
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Define the following electrochemical potentials:

u := 1
2
µO2 (gas phase) ,

w := µO (electrolyte surface) ,

v :=

 µO= (electrolyte surface)

µO= (electrolyte)
.

In this model, we assume that the distribution of oxygen molecules in gas phase

is uniform. The electrochemical potential of the oxygen molecules would then be

a constant everywhere in the gas. So, u = u0, while u0 is an arbitrary constant.

Similarly, after the second reaction, the oxygen ions would move into the electrolyte

directly. The electrochemical potential of O= ions would then be some constant v0 in

the electrolyte.

Using the derivation in the first case, the following Poisson Equation can be con-

structed:

−∇ · (κ∇w) = j0 sinh

(
u0 − w
RgT

)
, x ∈ Ω, (8)

where the function on the right is a source term that reflects the flow of oxygen. As

shown in the equation, it is a function of the potential difference between the oxygen

gas and the oxygen on the surface. For this equation to be physically meaningful, j0

is non-negative.

Physically, this difference should vanish when arbitrarily far from the origin. Since

Γo is the far field where there is no flux of oxygen atoms,

∂nw = 0, x ∈ Γo. (9)

On Γi, the second reaction occurs. Similar to the fast surface transport case, the

curreny desity, or the oxygen flux pointing out from Ω, can be expressed using the
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Butler-Volmer equation. Thus, the corresponding boundary condition is

κ∂nw = −i0 sinh

(
w − v0

RgT

)
, x ∈ Γi, (10)

where i0 is the oxygen current density on the boundary. Similarly, i0 is non-negative.

Figure II.3 gives a visualization of the problem set-up.

Ω

Γ𝑖 Γ𝑜

−𝛻 ∙ 𝜅𝛻𝑤 = 𝑗0sinh
𝑢0 − 𝑤

𝑅𝑔𝑇
1

2
𝑂2 𝑂

𝜅𝜕𝑛𝑤 = −𝑖0sinh
𝑤 − 𝑣0
𝑅𝑔𝑇

𝑂 + 2𝑒− 𝑂=

𝑢0: 𝑂2
𝑣0: 𝑂

=

𝑤: 𝑂

Figure II.3: Correspondence of equations (11)-(13) to the model domain of this prob-
lem

Notice that, when the j0 is large enough in comparison to i0, this model should

give the same solution as the Fast Transport model. This model is more interesting

not only because of the more general approach, but also due to the fact that, at first

glance, it is unclear whether this PDE system has a solution. Therefore, we decided

to examine the existence and uniqueness of the solution in the next section.
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III Existence and Uniqueness of the Solution

Before attempting to solve the PDE system in the parameterized surface transport

case, it is necessary to discuss the existence and uniqueness of the solution to the most

generic form of the problem. This problem has a unique solution. To show existence of

a solution, we first prove that the energy functional corresponding to this problem has

a minimizer. Then, using the Dirichlet principle, it can be shown that any minimizer

of the energy function is a solution to the proposed problem. The uniqueness of the

solution can be proved using Green’s identities. To make the discussion as simple as

possible, the problem can be non-dimensionalized. Let x = lX, y = lY , w = RgTW ,

and u0 = RgTU0; then the non-dimensionalized form of the problem is:

−4W = J0 sinh(U0 −W ),x ∈ Ω, (11)

∂nW = 0,x ∈ Γo, (12)

∂nW = −I0 sinh(W − V0),x ∈ Γi, (13)

where J0 = j0l2

κRgT
and I0 = i0

κRgT
. For simplicity, lower case letters are used in the

following analysis.

III.1 Existence of Energy Minimizer

Consider a functional I[w] =
∫

Ω
L(D(w(x)), w(x), x)dx. Then the expression L in the

integral can be parameterized as L(p, z, x). One way to show that it has a minimizer

is to apply the following theorem.

Theorem III.1 (Existence of Minimizer [5]). Assume that L satisfies the coercivity

condition and is convex in the variable p. Suppose also the set of admissible functions
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A is nonempty. Then there exists at least one function u∈A solving

I[u] = min
w∈A

I[w]. (14)

Notice that this theorem requires I[·] to be coercive and L(p, z, x) to be convex

with respect to p. Therefore, we will now introduce coercivity and convexity.

Suppose q ∈ (1,∞) is fixed, and there exist constants α > 0, β ≥ 0 such that

L(p, z, x) ≥ α|p|q − β for all p ∈ Rn, z ∈ R, x ∈ U . Then, I[w] ≥ α||Dw||qLq(U) − γ

for L(Dw,w, x). This is called the coercivity condition on I[·][5]. It is clear that

functionals that satisfy the coercivity condition are bounded below.

Another important property is the convexity of L(p, z, x) with respect to p. A

function f : D → (−∞,∞) is convex if given a ∈ [0, 1], f [au + (1 − a)v] ≤ af(u) +

(1 − a)f(v) for all u, v ∈ D. According to Evans [5], if the mapping p → L(p, z, x)

is convex for any z ∈ Rn and x ∈ Ω, then I[·] is weakly lower semicontinuous on

W 1,q(Ω). The lower semicontinuity ensures that I attains its infimum, given that it

is bounded below.

Define f(w) := j0 sinh(u0 − w) and g(w) := −i0 sinh(w − v0). Accordingly, let

F (w) :=
∫ w

0
f(w̃)dw̃ = −j0 cosh(u0−w)+j0, and G(w) :=

∫ w
0
g(w̃)dw̃ = −I0 cosh(w−

v0) + i0. Then, the energy functional for our problem is

I[w] =
1

2

∫
Ω

|∇w|2 −
∫

Ω

F (w)−
∫

Γi

G(w).

Notice that I[w] could only be applied to functions that satisfy the boundary condi-

tion equations (12)-(13). To get the corresponding L(Dw,w, x), we need to find an

equivalent functional over the domain. Especially, it is necessary to express the last

term in the energy functional as an integral over an area instead of a line integral.

Consider extending the domain inward. In the modeling section, Γi is defined

to an arbitrary shape; it needs to be a closed smooth curve of finite length and a
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curvature bounded above. Define the extended inner boundary, Γε, as a closed curve

bounded by Γi, such that dist(x,Γε) = ε for some ε > 0 and all x ∈ Γi, where ε is less

than the radius of curvature at any x ∈ Γi, and there is no oxygen flux on Γε. Notice

that we can form an one-to-one correspondence of the points on Γi and Γε based on

this definition. Denote the extended part of the domain as Ωε. For this system to be

stationary, we get the following using the divergence theorem:

∫
Ωε

4wε =

∫
Γi

−g(w),

where wε is the oxygen electrochemical potential in the extended domain. Specifically,

wε = w on Γi. Therefore, this extended problem is equivalent to the original problem

we were considering in the original domain.

Define the one-to-one correspondence such that for any two corresponding points

x ∈ Γi and y ∈ Γε, dist(x, y) = ε. Then, the integral of 4wε over the line segment

between x and y equals to g(w(x)). Using w∗ to express the oxygen electrochemical

potential in Ω
⋃

Ωε, the corresponding energy functional for the extended problem is

I[w∗] =
1

2

∫
Ω
⋃

Ωε

|∇w∗|2 −
∫

Ω
⋃

Ωε

F ∗(w∗)

=
1

2

∫
Ω
⋃

Ωε

|∇w∗|2 −
∫

Ω

F (w)−
∫

Ωε

F ∗(wε),

where F ∗(w∗) is the integral of the source term over Ω
⋃

Ωε. Since f ∗ is bounded

and Ωε is bounded,
∫

Ωε
F ∗(wε) is finite. Therefore, I[w∗] is coercive. Since it is also

convex with respect to ∇w∗, I[w∗] has a minimizer.

III.2 Existence of A Solution

By the Dirichlet principle, among all the functions that satisfy the given boundary

conditions, the minimum of the energy functional is attained by the solutions of the
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given PDE system [6].

To see this more clearly, suppose w1 is a solution of equations (11)-(13), and w2

is any function that satisfies the boundary conditions of the PDE system. In other

words,

−4w1 = J0 sinh(u0 − w1), x ∈ Ω,

∂nw1 = 0, x ∈ Γo,

∂nw1 = −I0 sinh(w1 − v0), x ∈ Γi,

∂nw2 = 0, x ∈ Γo,

∂nw2 = −I0 sinh(w2 − v0), x ∈ Γi.

Let ω := w1 − w2, then

I[w2] =
1

2

∫
Ω

|∇w2|2 −
∫

Ω

F (w2)−
∫

Γi

G(w2),

=
1

2

∫
Ω

|∇w1|2 +
1

2

∫
Ω

|∇ω|2 −
∫

Ω

∇w1 · ∇ω

−
∫

Ω

F (w1 − ω)−
∫

Γi

G(w1 − ω).

By Green’s first identity,

= I[w1] +
1

2

∫
Ω

|∇ω|2 +

∫
Ω

(F (w1)− F (w1 − ω)) +

∫
Γi

(G(w1)−G(w1 − ω))

−
∫

Ω

ωf(w1)−
∫

Γi

ωg(w1).

By mean value theorem, for any point in the domain, there exist constants c1 ∈

(min(w1 − ω,w1),max(w1 − ω,w1)), c2 ∈ (min(w1 − ω,w1),max(w1 − ω,w1)) such
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that F (w1)− F (w1 − ω) = ωf(c1) and G(w1)−G(w1 − ω) = ωg(c2), so

= I[w1] +
1

2

∫
Ω

|∇ω|2 +

∫
Ω

ω(f(c1)− f(w1)) +

∫
Γi

ω(g(c2)− g(w1)).

When ω = 0, it is clear that I[w2] = I[w1].

When ω > 0, we get c1, c2 ≤ w1. Since i0, j0 ≥ 0, then f(c1) < f(w1) and g(c2) <

g(w1).

When ω < 0, we get c1, c2 ≥ w1. Since i0, j0 ≥ 0, then f(c1) > f(w1) and g(c2) >

g(w1).

In all these cases, we can conclude that
∫

Ω
ω(f(c1) − f(w1)) ≥ 0 and

∫
Γi
ω(g(c2) −

G(w1)) ≥ 0. Thus, I[w2] ≥ I[w1]. Therefore, minimizers of the energy functional can

only be solutions of equations (11)-(13).

III.3 Uniqueness of The Solution

As the existence of a solution is proven, we now explore whether the PDE system has

a unique solution.

Suppose w1, w2 are solutions of the PDE system given in equations (11)-(13). By

Green’s First Identity, for any function p ∈ C1,

∫
Γi

p∇nw1 =

∫
Ω

∇p · ∇w1 +

∫
Ω

p4w1, (15)∫
Γi

p∇nw2 =

∫
Ω

∇p · ∇w2 +

∫
Ω

p4w2. (16)

Subtracting equation (16) from (15) and using the f(w) and g(w) defined in the

last section, we get

∫
Γi

p(g(w1)− g(w2))−
∫

Ω

p(f(w2)− f(w1)) =

∫
Ω

∇p · (∇w1 −∇w2).
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Now, choose p = w1 − w2. The equation above becomes

∫
Γi

(w1 − w2)(g(w1)− g(w2)) +

∫
Ω

(w1 − w2)(f(w1)− f(w2)) =

∫
Ω

|∇w1 −∇w2|2.

It is clear that the right hand side of the equation is non-negative. Meanwhile, by

definition, f(w) and g(w) are strictly decreasing, so both integrals on the left hand

side are non-positive. So this equation holds if and only if both sides of the equation

equal zero. To make the left hand side equal to zero, w1 = w2. Therefore, the solution

to the PDE system is unique.
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IV Computations

As mentioned before, this project is a continuation of a previous study [2]. One thing

we are highly interested in is to compare the electrolyte pathway with the electrode

surface pathway and electrode bulk pathway. To quantify the comparison, we would

like to find the solution to the PDE system and compute the total current produced

by the electrolyte surface pathway accordingly. The numerical computations for this

project are completed using COMSOL Multiphysics, version 4.3.

IV.1 Parameters

Before attempting to find a solution, it is necessary to know the parameters as accu-

rately as possible. For computation purposes, the following parameters are chosen.

Gas constant : Rg = 8.314 J/(mol·K)

Temperature : T = 1223 K

Faraday constant : F = 96490 C/mol

Surface electric conductance : σ = 10−11 S

Surface overpotential : η = 0.5 V

Current density : i0 = 5× 10−4 A/m

Also, choose u0 = 0 J/mol, then v0 = −2Fη = −96490 J/mol. As discussed in a

previous section, κ = σ/4F 2 = 2.69× 10−22 mol2/(J · s) [2].

All of the parameters above are either constants or typical values used for this

reaction, except for σ. σ is obtained by taking a typical representative value of ionic

conductivity for solid state electrolytes, which is 10−4 S/cm, and multiply it by a

thickness representative of a surface pathway, which is about 1 nm. Therefore, we

take σ = 10−11 S.

Notice that the parameter j0 is still yet to be determined. Unfortunately, there is
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no experimental data available for this. The following section discusses how a range

for j0 is found.

IV.2 Range for j0

As mentioned before, this study is based on a previous research about two different

reaction pathways, the electrode surface pathway and the bulk pathway [2]. To make

the electrolyte surface pathway not negligible yet not dominant, the total resulting

current from this pathway should be within, say, two orders of magnitude of the total

current in either of the other two pathways. For the computation, an elliptical particle

with major axis length 2.5 microns and minor axis length 1.32 microns to demonstrate

versatility of the model. The choice of ellipse dimensions allows the perimeter of the

ellipse to match the perimeter of the circular particle in the previous study [2]. The

particle is chosen to not be particle to demonstrate the compatibility of the model

with no annular symmetry.

In Fehribach & O’Hayre [2], it was computed that the nominal value of the total

currents in the electrode surface pathway has an order of magnitude of 10−10 A.

Also, the total current in the electrode bulk pathway is a constant, 3.5 × 10−10 A.

For the electrolyte surface pathway, different j0 values give very different computation

results, and therefore the total current varies by j0 greatly. For example, Figure IV.2.1

demonstrates the computed values of w, the solution to the PDE system (11)-(13),

when j0 = 5× 10−8 mol/(s ·m2).

As shown in Figure IV.2.1, the outer circle represents the far field, Γo; and the inner

ellipse represents the cathode particle, whose boundary is Γi. The electrochemical

potential of oxygen species drops rapidly within about 5 microns of the electrode

particle. To understand this solution better, notice that the oxygen atoms come from

the source term of equation (8). The value of j0 is proportional to the value of the

source term. Therefore, when a relatively small j0 value is chosen, less oxygen atoms
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Figure IV.2.1: Solution with j0 = 5 × 10−8 mol/(s ·m2). The corresponding total
current is I = 5.65× 10−11 A.

come into the domain. To ensure the continuation of the reaction at Γi, oxygen

atoms are drawn from the area nearby the particle. If j0 is small enough, such an

effect would cause a rapid decrease in electrochemical potential around the electrode

particle. The total oxygen current for j0 = 5×10−8 mol/(s ·m2) is 2.93×10−16 mol/s;

multiplying it by 2F , we can obtain that the total electrical current is 5.65 × 10−11

A.

On the contrary, if the j0 value is relatively large, as demonstrated in the following

Figure IV.2.2, the solution to our problem is almost uniform, except for a small area

right around Γi. The total current in this case is 2.95× 10−6 A.

As mentioned before, we are looking for a range for j0 such that the total current

in the electrolyte surface pathway is within two orders of magnitude of the other two

pathways. Since the total current of the other two pathways are both ∼10−10 A, the

total current of the electrolyte surface pathway should have an order of magnitude

between 10−12 and 10−8. We found the corresponding j0 range to be 5 × 10−12 to

5× 10−2 mol/(s ·m2).
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Figure IV.2.2: Solution with j0 = 5 mol/(s ·m2). The corresponding total current is
I = 2.95× 10−6 A.
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Figure IV.2.3: Log-log plot of j0 versus I for the electrolyte surface pathway. The
total current for the electrode bulk pathway is given as a comparison.
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Figure IV.2.4: Solution for two particles with j0 = 5× 10−8 mol/(s ·m2). The corre-
sponding total current is I = 1.13× 10−10 A.

Figure IV.2.3 gives a plot of the surface exchange current density j0 versus the

total current I for the electrolyte surface pathway and the electrode bulk pathway

over the range of j0 we have chosen. For demonstration purposes, the x-axis is shifted

to the left by log105. Notice that for the electrolyte surface pathway, j0 and I seem to

have a log-log linear relationship when j0 is between 10−8 to 10−2 mol/(s ·m2). Since

the I for the electrode bulk pathway is a constant, it is plotted as a reference value

in this figure. As this has shown, give a specific j0 value, we are able to determine

whether the electrolyte surface pathway is dominant.

Meanwhile, we would like to point out that our model works for multiple particles

as well. Figure IV.2.4 is a computation result for two elliptical particles, with their

centers apart by 10 microns, and symmetrically located in the domain. The j0 value

is 10−8 mol/(s ·m2), and the corresponding total current is 1.13×10−10 A. Therefore,

effects of various particle positions could be potentially studied.
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Figure IV.3.1: An counter example to the maximum principle. Notice that the max-
imum of the solution occurs as the center of the domain.

IV.3 Maximum Principle

The maximum principle states that the solution of a given PDE system always attain

its maximum value on the boundary of the domain [6]. No maximum principle exists

for this problem, as the following counter example shows. As shown in Figure IV.3.1,

we have a thin, “C”-shaped particle. As discussed, the particle we are interested in

is of an arbitrary shape that is not necessarily convex. This counter example makes

use of this fact. In this case, the maximum for this specific geometry occurs at the

center of the domain. This is because the area of the domain in the center is large

enough so that an excess of oxygen atoms is adsorbed. In comparison, the domain

on the side is relatively thin so that less oxygen atoms are available for the boundary

reaction.
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V Conclusion

In this project, we set up a model for the electrolyte surface pathway of the cathode

reaction for SOFCs. Next, we examined two main aspects of the model: the existence

and uniqueness of a solution, and a range for the surface exchange current density of

YSZ. We proved the existence and uniqueness of a solution mathematically and we

estimated a range of the unknown parameter with computational aids. With these

analyses, we compared our results with a previous study, where this project emerged

from.

There are several directions for future works on this topic. One topic could be a

discussion of how realistic the determined range for j0 is. This range is determined

purely based on the comparison with the other two pathways, but no experimental

data can be found to support this result. One could consider arguing physically to

justify this range. Another topic for future work could be the analysis of the case

with multiple particles in the domain. As the configuration differ, the total current

is expected to change. It may be practical to examine how to maximize the total

current.
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